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THE EDITOR'S PREFACE. 



In this edition of the Element^ of Eluj||id, the text and 
arrangement of Dr. Simson have been' atrictly adhered 
to, with the exception of seieodHprrecflions and modifica- 
tions, where the language- of tilta|^c|istingui8bed geometer 
b not in strict accordance with j^peoraetncdf accuracy. 

In many instances Euclid em^loytf^ indirect method' 
for establishing the truth of what he intends to prove, and 
deduces an inference which contradicts some self^evidetU^ 
or demonstrated truth. Whenever an inference b con- 
trary to a demonstrated truth, the language of Simson 
b frequently ambiguous, and does not clearly point out 
whether the inference or the demonstrated truth b im- 
possible. In the present edition this ambiguity has been 
removed by a slight change of the language, and in every 
instance the inference has been stated to be inconsistent 
with the demonstrated truth. 
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VI PREFACE. 

Numerous instances, too, occur in the Elements, where 
the demonstrations might be improved. For instance, in 
the demonstration of the Twenty-third Proposidon of the 
Fint Book, it is proved that the given rectilineal angle is 
equal to the rectilineal angle required to be made ; but 
this is precisely the reverse of what should have been de- 
monstrated ; because the luigle which is made should be 
proved equal to the angle which is g^ven, and the demon- 
stration is equall}' simple in either way. In one or two 
cases of this kind, the necessary modification of the de- 
monstration has been attended to, whilst in others the 
demonstrations have been allowed to remain, in deference 
to the general usage of geometers; but they may easily be 
demonstrated by the student, in strict conformity with the 
language of the enunciation of the Proposition. 

The demonstration of the First Proposition of the Third 
Book has been long known to be defective, and it is here 
rendered valid by the addition of a line or two to the 
original, text. Besides, wherever a looseness of the 
phraseology of Simson exists, the Editor has endeavoured 
to supply the defect by a slight alteration of the language. 

To the Elements have been added an Appendix, con* 
taining a selection of Propositions for exercise on the first 
nx Books; besides a number of critical questions on 
JSucHd, which, it b hoped, will be found useful in pro- 
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moling accuracy and persplcaity, and in improving tlie 
active investigating powers of intellect 

With a view to greater clearness, and to arrest the 
attention of the student at every step of the reasoning, 
marginal references have been added where they ajqieared 
to be wanting ; and, as utility rather than novelty has been 
the Editor's principal ot^ect throughout the work, it is 
presumed that the changes which have been made in this 
edition will be found to be real improvements. 

WILLIAM RUTHERFORD. 



RoTAL Military Academy, 
Woolwich, March, 1841. 
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BOOK I. 



DEFINITIONS. 

I. 

A paitU is that which hath no parts, or which hath no 

magnitude. 

II. 

A line is length without breadth. 

III. 
The esrtremiUet qfa line are pointv. 

IV. 

A etraighi line is that which lies evenly between its 
extreme points. 

V. 

A mperfieiet is that which hath only length and 
breadth. 

VI. 

The extremities qf a tuperfieiee are lines. 

VII. 

A plane mperfieiet is that in which any two points 
being taken, the straight line between them lies 
wholly in that superficies. 

VIII. 

** A plane angle is the inclination of two \\i\e« \o oivft 
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EUCLID'S ELEMENTS. 

" another in a plane, which meet together, hut are 
" not in the same direction." 

IX. 

A plane rectilineal angle is the inclination of two 
straight lines to one another, which meet together, 
but are not in the same straight line. 

A 




N. B. * When several angles aro at one point B, any 
' one of them is expressed by three letters, of which 

* the letter that is at the vertex of the angle, that is, 
' at the point in which the straight lines that contain 

* the angle meet one another, is put between the other 

* two letters, and one of these two is somewhere upon 

* one of those straight lines, and the other upon the 
' other line : thus the angle which is contained by the 
' straight lines AB, CB, is named the angle ABC, or 
' CBA; that which is contained by AB, BD, is named 

* the angle ABD, or DBA; and that which is con- 

* tained by BD, CB, is called the angle DBC, or CBD; 
' but, if there be only one angle at a point, it may be 
' expressed by a le:ter placed at that point; as the 

* angle at £*' 

X. 
When a straight line standing on ano- 
ther straight line makes the adjacent 
angles equal to one another, each of 
the angles is called a right angle; 



and the straight line which stands on the other is 
called a perpendicular to it 

XI. 
An obtute angle is that which is 
greater than a right angle. 



BOOK I. — DBFINITIONk 

XII. 

An acute angle is that which is leas 
than a right angle. 

XIII. 

" A term or boundary is the extremity of anything." 

XIV. 

A figure is that which is enclosed by one or more 
boundaries. 

XV. 

A drele is a plane figure contained by one line, which 
is called the circun^ereneei and is such that all 
straight lines drawn from a certain point within the 
figure to the circumference, are equal to one another. 




XVI. 

And this point is called the eWtre of the circle. 

XVII. 

A diameter of a circle is a straight line drawn through 
the centre, and terminated both ways by the circum- 
ference. 

XVIII. 

A eemieircle is the figure, contained by a diameter and 
the part of the circumference cut off by the di- 
ameter. 

XIX. 
" A aegment qf a circle is the figure contained by a 
straight line, and the circumference* it cuta oiS.** 



EUCLID'S ELEMENTS. 

XX. 

ReetUmeal figuret are those which are contained by 
straight lines. 

XXI. 
Trilateral figurett or iriangleaf by three straight lines. 

XXII. 
Quadrilateral figures, by four straight lines. 

XXIIL 

Multilateral flguree, or polggons, by more than four 
straight lines. 

XXIV. 

Of three-sided figures, an equilateral tri- 
angle is that which has three equal sides. 

XXV. 

An isoseeles triangle is that which has only 
two sides equaL 

XXVI. 

A ecalene triangle b that which has three 
unequal sides. 

XXVII. 

A right-angled triangle is that which has a 
right angle. 

XXVIII. 

An obtuee angled triangle is that which 
has an obtuse angle. 

XXIX. 

An acute-angled triangle is that which has 
three acute angles. 






BOOK f. — DEPINITI0N8. 

XXX. 

Of four- sided figures, a 9quare is that which 
has all its sides equal, and all its angles 
right angles. 

XXXI. 

An obhng, or rectangle, is that which has 
all its angles right angles, but has not 
all its sides equal. 
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XXXI L 

A rhombta is that which has all its 
sides equal, but its angles are not 
right angles. 

XXXIII. 

A rhomboid is that which has its op- 
posite sides equal to one another, but 
all its sides are not equal, nor its 
angles right angles. 



XXXIV. 

Any other four-sided figure, besides these, is called a 
/rapeztttfM. 

XXXV. 

Parallel straight lines are such as are in the same 
plane, and which, however far produced either way, 
do not meet 
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POSTULATES. 

I. 

Let it be granted, that a straight line may be drawn 
from any one point to any other point 

n. 

That a terminated straight line may be produced to 
any length in a straight line. 

IIL 

And that a circle may be described from any centre, 
at any distance from that centre. 



AXIOMS. 

L 

Things which are equal to the same thing, are equal 
to one another. 

IL 

If equals be added to equals, the wholes are equal. 

in. 

If equals be taken from equals, the remainders are 
equal. 

IV. 

If equals be added to unequals, the wholes are un- 
equal. 

V. 

If equals be taken from unequals, the remainders are 
unequal* 



BOOK I. — AXIOMS. 
VI. 

ThiDgs which are double of the same, are equal to one 
another. 

VII. 

Things which are halves of the same, are equal to one 
another. 

VIII. 

Magnitudes which coincide with one another, that is, 
which exactly fill the same space, are equal to one 
another. 

IX. 

The whole is greater than its part. 

X. 

Two straight lines cannot enclose a space. 

XI. 

All right angles are equal to one another. 

XII. 

" If a straight line meet two straight lines, which are 
" in the same plane, so as to make the two interior 
" angles on the same side of it, taken together, less 
" than two right angles, these straight lines being 
" produced, shall at length meet upon that side on 
** which are the angles which are less than two 
" right angles.' 
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8 Euclid's elements. 

PROPOSITION I. PROBLEM. 

To describe an equilateral triangle upon a given finite 

straight line. 

Let AB be the given straight line ; it is required to 
describe an equilateral triangle upon it 
From the centre A, at the dis- 

* 3 Pos- tance AB, describe* the circle 
tulaie. ^Qjy^ and from the centre B, at 

the distance BA, describe the 
circle ACE ; and from the point 
C, in which the circles cut one 

* 1 Post, another, draw the straight lines* CA, C£f, tu the 

points A, B ; ABC shall be an equilateral triangle. 
Because the point A is the centre of the circle BCD, 

* 15 De- AC is equal* to AB; and because the point B is the 
finition. centre of the circle ACE, BC is equal to BA: but it 

has been proved that CA is equal to AB; therefore 
CA, CB, are each of them equal to AB; but things 

* 1st which are equal to the same thing are equal* to one 
Axiom, another; therefore C A is equal to CB; wherefore CA, 

AB, BC, are equal to one another; and the triangle 
ABC is therefore equilateral, and it is described upon 
the given straight line AB. Which was required to 
be done. 

PROP. XL PROB. 

From a given point to draw a straight line equal to a 

given straight line. 

Let A be the given point, and BC the given straight 
line ; it is required to draw from the point A a straight 
line equal to BC. 

* 1 Post. From the point A to B draw* the straight line AB ; 

* 1. 1. and upon it describe* the equilateral triangle DAB, 

* 2 Post, and produce * the straight line DB to E ; from the 

* 3 Post, centre B, ac the distance BC, describe * the circle 

CFH, and from the centre D, at the distance DF, 
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describe the circle FGK: produce the straight Ime 
DA ta meet the circle FGK in L ; AL shall be equal 
to BC. 

Because the point B is the centre 
of the circle CFH, BC is equal* to 
BF; and because D is the centre 
of the circle FGK, DL is equal 
to DF, and DA, DB, parts of 
them, are equal; therefore the 
remainder AL is equal* to the 
remainder BF: but it has been 
shown, that BC is equal to BF; wherefore AL and 
BC are each of them equal to BF; and things that are 
equal to the same thing are equal* to one another; * i Ax. 
therefore the straight line AL is equal to BC. "Where- 
fore, from the given point A, a straight line AL has 
been drawn equal to the given straight line BC. 
Which was to be done. 

PROP. III. PROB. 

From the greater qf two given straight Unm to cut of 
apart equal to the lete. 

Let AB and C be the two 
given straight lines, whereof AB 
is the greater. It is required to | ^ 
cut off from AB, the greater, a 
part equal to C, the less. 

From the point A draw* the ^^"^ ' * 2. i. 

straight line AD equal to C ; and from the centre A, 
and at the distance AD, describe * the circle DEF: * s Poet. 
then A£ shall be equal to C. Because A is the centre 
of the circle DEF, AE is equal* to AD; but the* '5 Def. 
straight line C is likewise equal to AD; whence AE 
and C are each of them equal to AD; wherefore the 
■tndglit liae AE is equal* to C, and therefore from * i Ax. 
AB, the greater of two straight lines, a part AE has 
been cnt off equal to C the Jess. WhicYi waa lo \)e ^otv«« 
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PROP. IV. THEOREM. 

If two triangles have two sides of the one equal to two 

sides of the other ^ each to each; and have likewise 

the angles contained by those sides equal to one 

another; they shall likewise have their bases, or third 

sides, equal: and the two triangles shall be equal; 

and their other angles shall be equal, each to each, 

viz, those to which the equal sides are opposite. 

Let ABC, DEF be two tri- A 

angles, which have the two 

sides AB, AC equal to the 

two sides DE, DF, each to 

each, viz. AB to DE, and AC 

to DF; and the angle BAC 

equal to the angle EDF, the base BC shall be equal 

to the base EF; and the triangle ABC to the triangle 

DEF; and the other angles to which the equal sides 

are opposite, shall be equal, each to each, viz. the 

angle ABC to the angle DEF, and the angle ACB to 

the angle DFE. 

For, if the triangle ABC be applied to DEF, so that 
the point A may be on D, and the straight line AB 
upon DE ; the point B shall coincide with the point E, 
because AB is equal to DE ; and AB coinciding with 
DE, AC shall coincide with DF, because the angle 
BAC is equal to the angle EDF: wherefore, also, the 
point C shall coincide with the point F, because the 
straight line AC is equal to DF: but the point B was 
proved to coincide with the point E ; wherefore the 
base BC shall coincide with the base EF; because the 
point B coincidiiig with E, and C with F, if the base 
BC did not coincide with the base EF, two straight 
* ]0/iX. lines would enclose a space, which is impossible.* 
Therefore the base BC coincides with the base EF, 
and is therefore equal, to it Wherefore the whole 
triangle ABC coincides with the whole triangle DEF, 
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and is equal to it; and the other angles of the .one 
coincide with the remaining angles of the other, and 
are equal to them, viz. the angle ABC to the angle 
DEF, and the angle ACB to DFE. Therefore, if two 
triangles have two sides of the one equal to two sides 
of the other, each to each, and have, likewise, the 
angles contained by those sides equal to one another, 
their bases shall likewise be equal, and the triangles 
shall be equal, and their other angles, to wliich the 
equal sides are opposite, shall be equal, each to each. ■ 
Which was to be demonstrated. 

PROP. V. THEOR. 

7^ angles at the hose of an isosceles triangle are equal 
to one another; and if the equal sides be produced^ 
the angles -upon the other side of the base shall be 
equal. 

Let ABC be an isosceles triangle, of which the side 
AB is equal to AC, and let the straight lines AB, AC, 
be produced to D and E: the angle ABC shall be 
equal to the angle ACB, and the angle CBD to the 
angle BCE. 

In BD take any point F, and from AE the greater, 
cut off AG equal* to AF, the less, and join FC, GB. * 3. i. 

Because AF is equal to AG, and AB to AC, the two 
sides FA, AC, are equal to the two GA, AB, each to 
each; and they contain the angle FAG common to 
the two triangles AFC, AGB; there- 
fore the base FC is equal* to the 
base GB, and the triangle AFC to 
the triangle AGB; and the remain- 
ing angles of the one are equal* to "/^^X^^ * 4. i. 
the remaining angles of the other, 
eacli to each, to which the equal 
sides are opposite; viz. the angle ^ 
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12 EUCLID'S ELEMENTS. 

ACF to the angle ABG, and the angle AFC to the 
angle AGB : ai)d because the whole AF is equal to the 
whole AG, of which the parts AB, AC, are equal ; the 

* 3 Ax. remainder BF is equal * to the remainder CG; and 

FC was proved to be equal to GB ; therefore the two 
sides BF, FC are equal to the two CG, GB, each to 
each ; and the angle BFC has been proved to be equal 
to the angle CGB; wherefore the two triangles BFC, 
« 4. 1. CGB are equal,* and their remaining angles are equal, 
each to each, to which the equal sides are opposite; 
therefore the angle FBC is equal to the angle GCB, 
and the angle BCF to the angle CBG. And, since it 
has been demonstrated, that the whole angle ABG is 
equal to the whole ACF, the parts of which, the angles 
CBG, BCF are also equal; the remaining angle ABC 
is therefore equal to the remaining angle ACB, which 
are the angles at the base of the triangle ABC : and it 
has also been proved that the angle FBC is equal to 
the angle GCB, which are the angles upon the other 
side of the base. Therefore the angles at the base, &c. 

aE. D. 

CoROLLART. Hence every equilateral triangle is 
also equiangular. 

PROP. VI. THEOR. 

Jif two angles of a triangle ^ be equal to one another, the 
sides also which subtend, or are opposite to, the equal 
angles, shall be equal to one another. 

Let ABC be a triangle having the angle ABC equal 
to the angle ACB; the side AB shall he equal to the 
side AC. 

For, if AB be not equal to AC, one of them is 
greater than the other; let AB be the greater, and 

* a. 1. from it cut off* DB equal to AC, the less, and join 

DC; therefore, because in the triangles DBC, ACB, 
DB is equal to AC, and BC common to both, the two 
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sides DBy BC are equal to the two AC, CB, each to 
each; and the angle DBC is equal to the angle ACB; 
dierefore the base DC is equal to the base 
AB, and the triangle DBC is equal* to ^>( \ *4. i 
the triangle ACB, the less to the greater, 
which is absurd. Therefore AB is not 
unequal to AC, that is, it is equal to it 
Wherefore, if two angles, &c. Q. E. D. b q 

Cor. — Hence every equiangular triangle is also 
equilateraL 

PROP. VII. THEOR. 
Upon the Mme baw^ and on the same aide of it, there 
cannot be two trianglee thai have their ndee which 
are terminated in one extremity of the baee equal to 
one another^ and likewise those which are terminated 
in the other extremiiy, equal to one another. 
If it be possible, upiHi the same base AB, and on 
the same side of it, let ACB, ADB be two triangles, 
which have their sides CA, DA terminated in A, one 
extremity of the base, equal to one 
another, and likewise their sides CB, 
DB, terminated in B, the other ex- 
tremity, equal to one another. 

Join CD; then, in the case in 
which the vertex of each of the tri- A b 

angles is without the other. triangle, because AC is 
equal to AD, the angle ACD is equal* to the angle * 5. t. 
ADC; but the angle ACD is greater than the angle 
BCD^ therefore the angle ADC is also greater than 
the angle BCD; much more then is the angle BDC 
greater than the angle BCD. Again, because CB is 
equal to DB, by hypothesis, the angle BDC is equal* * 5. 1. 
to the angle BCD; but this is impossible, because it 
has been proved that the angle BDC is greater than 
the angle BCD. 
But if one of the vertices, as D, be within t\\e olVvei 

c 
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14 Euclid's elements. 

triangle ACB; produce AC, AD to E, F; therefore, 
because in the triangle ACD, AC is 
equal to AD, the angles ECD, FDC 
upon the other side of the base CD 
* 5. 1 . are equal • to one another ; but the 
angle ECD is greater than the angle 
BCD; therefore the angle FDC is 
likewise greater than BCD; much -^ » 

more then is the angle BDC greater than the angle 
BCD. Again, because CB is equal to DB, the angle 
BDC is equal* to the angle BCD; but this is impos- 
sible, because the angle BDC has been proved to be 
greater than the same angle BCD. The case in which 
the vertex of one triangle is upon a side of the other, 
needs no demonstration. 

Therefore, upon the same base, and on the same side 
of it, there cannot be two triangles that have their 
sides which are terminated in one extremity of the base 
equal to one another, and likewise those which are 
terminated in the other extremity. Q. E. D. 

PROP. VIII. THEOR, 

If two triangles have two sides of the one equal to two 
sides of the other, each to each, and have likewise 
their bases equal; the angle which is contained by the 
two sides of the one shall be equal to the angle con- 
tained by the two sides equal to them, of the other. 
Let ABC, DEF be two triangles, having the two 

sides AB, AC equal to the two sides DE, DF, each to 

each, viz. AB to DE, and AC to DF; and also the 

base BC equal to the base 

EF; the angle BAC shall 

be equal to the angle 

EDF. 

For, if the triangle ABC 

be applied to DEF, so 




BOOR I. PROP. IZ. 15 

that the point B be on E, and the straight line BC 
upon EF; the point C shall also coincide with the 
point F, because BC is equal to EF. Therefore BC 
coinciding with EF, BA and AC shall coincide with 
ED and DF; for, if the base BC coincide with the 
base EF, but the sides BA, CA do not coincide with 
the sides ED, FD, but have a different situation as 
EG, FG ; then, upon the same base EF, and upon the 
same side of it, there can be two triangles that have 
their sides which are terminated in one extremity of 
the base equal to one another, and likewise their sides 
terminated in the other extremity: but this is impos- 
sible ; * therefore, if the base BC coincide with the base * 7- i* 
£F, the tddes BA, AC cannot but coincide with the 
sides ED, DF; wherefore likewise the angle BAC 
coincides with the angle EDF, and is equal* to it. **^' 
Therefore if two triangles, &c. Q. K D. 

PROP. IX. PROB. 

To bisect a given rectilineal angle, that is, to divide it 

into two equal angles. 

Let BAC be the given rectilineal angle, it is re- 
quired to bisect it. 

Take any pomt D in AB, and from AC cut off* AE * 3- 1- 
equal to AD; join DE, and upon it describe,* on the * 1. 1. 
side remote from A, an equilateral 
triangle DEF; then join AF: the 
straight line AF shall bisect the angle 
BAC. 

Because AD is equal to AE, and 
AF is common to the two triangles B ' c 
DAF, EAF; the two sides DA, AF, are equal to the 
two sides EA, AF, each to each; and the base DF is 
equal to the base EF; therefore the angle DAF is 
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16 EUCLID'S ELEMENTS. 

*8. 1. equal* to the angle EAF; wherefore the given rec- 
tilineal angle BAG is bisected by the straight line AF. 
Which was to be done. 

PROP. X. PROS. 
To bisect a given Jinite straight line, thai is, to divide it 

into two equal parts. 

Let AB be the given straight line ; it is required to 
divide it into two equal parts. 

* 1* 1. Describe* upon it an equilateral triangle ABC, and 

* 9. 1. bisect* the angle ACB by the straight line CD; then 

AB shall be cut into two equal parts in the point D. 

Because AC is equal to CB, and c 

CD common to the two triangles 
ACD, BCD; the two sides AC, CD 
are equal to BC, CD, each to each; 
and the angle ACD is equal to the 
angle BCD; therefore the base AD ^ 

* 4. 1. is equal* to the base DB, and the straight line AB is 

divided into two equal parts in the point D. Which 
was to be done. 

PROP. XI. PROB. 

To draw a straight line at right angles to a given 
straight line,Jrom a given point in the same. 

Let AB be a given straight line, and C a point given 
in it; it is required to draw from the point C a straight 
line at right angles to AB. 

* 8. 1. Take any point D in AC, and* make CE equal to 

CD, and upon DE describe* the equilateral triangle 
DFE, and join FC; the straight line FC drawn from 
the given point C shall be 
at right angles to the given 
straight line AB. 

Because DC is equal to 

CE, and FC common to the 
two triangles DCF, ECF; a 




BOOK I. PROP. UI. 



•10 De 



the two sides DC, CF are equal to the two EC, CF, 
each to each ; and the base DF is equal to the base 
EF; therefore the angle DCF is equal* to the angle *«• K 
ECF; and they are adjacent angles. But, when the 
adjacent angles which one straight line makes with 
another straight line are equal to one another, each of 
them is called a. right* angle; therefore each of the *iODe 
angles DCF, ECF, is a right angle. Therefore, from 
the given point C, in the given straight line AB, FC 
has been drawn at right angles to AB. Which was to 

be done. 

Cor. By help of this problem, it may be demon- 
strated, that two straight lines catinot have a common 
segment. 

If it be possible, let the two straight lines ABC, ABD 
have the segment AB common to both of them. From 
the point B draw BE at right angles to AB ; and be- 
cause ABC is a straight line, x 
the angle CBE is equal* to the 
angle EBA ; in the same man- 
ner, because ABD is a straight 
line, the angle DBE is equal to 
the angle EBA; wherefore the 
angle DBE is equal to the angle 
CBE, the less to the greater; which is impossible: 
therefore two straight lines cannot have a common 
segment. 

PROP. XII. PROB. 
To draw a straight line perpendicular to a given 

straight line of an unlimited length, from a given 

point without it. 

Let AB be the given straight 
line, which may be produced 
any length both ways, and let 
C be a point without it. It is 
required to draw from the point 
C a straight line perpendicular 
to AB. c 2 
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Take any point D upon the other side of AB, and 
« SPo«t. from the centre C, at the distance CD, describe* the 

♦ 10. 1. circle EGF meeting AB in F, G; and bisect* FG in 

. H, and join CH ; the straight line CH, drawn from 
the given point C, shall be perpendicular to the given 
straight line AB. 

. Join CF, CG, and because FH is equal to HG, and 

HC common to the two triangles FHC, GHC, the two 

sides FH, HC are equal to the two GH, HC, each to 

*i5Def. each; and the base CF is equal* to the base CG; 

* 8. 1. therefore the angle CHF is equal* to the angle CHG; 

and they are adjacent angles; but when a straight line 
standing on another straight line makes the adjacent 
angles equal to one another, each of them is a right 
angle; and the straight line which stands upon the 
other is called a perpendicular to it; therefore from 
the given point C a perpendicular CH has been drawn 
to the given straight line AB. Which was to be done. 

PROP. XIII. THEOR. 

The angles which one straight line makes with another 
upon one side qfit, are either two right angles, or are 
together equal to two right angles. 

Let the straight line AB make with CD, upon one 

side of it, the angles CBA, ABD; these shall be either 

two right angles, or shall be together equal to two 

right angles. 

For if the angle CBA be equal to ABD, each of 
*iODef. them is a right* 

angle: but if not, 

from the point B 

draw* BE at right 
♦H. I. angles to CD; 

therefore the angles » « « v 

*iODef. CBE, EBD are two right angles;* and because the 

angle CBE is equal to the two angles CBA, ABE, add 
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the angle EBD to each of these equals; therefore the 
angles CBE, EBD are equal * to the three angles CBA, * 2 Ax. 
ABE, EBD. Again, because the angle DBA is equal 
to the two angles DBE, EBA, add the angle ABC to 
each of these equals; therefore the angles DBA, ABC 
are equal to the three angles DBE, EBA, ABC; but 
the angles CBE, EBD have been demonstrated to be 
equal to the same three angles; and things that are 
equal to the same thing are equal* to one another; * i Ax. 
therefore the angles CBE, EBD are equal to the angles 
DBA, ABC; but CBE, EBD are two right angles; 
therefore DBA, ABC are together equal to two right 
angles. Wherefore, the angles, &c. Q. E. D. 

PROP. XIV. THEOR. 

If^ at a point in a straight Itne, two other straight lines, 
tqton the opposite sides qf it, make the adjacent angles 
together equal to two right angles, these two straight 
Hnes shall be in one and the same straight line. 

At the point B in the straight 
line AB, let the two straight lines 
BC, BD upon the opposite sides 
of AB, make the adjacent angles 
ABC, ABD together equal to two 
right angles ; then BD shall be in 
the same straight line with CB. 

For, if BD be not in the same straight line with CB, 
let BE be in the same straight line with it; therefore, 
because the straight line AB makes with the straight 
line CBE, upon one side of it, the angles ABC, ABE, 
these angles are together equal* to two right angles; ♦ 13. i, 
but the angles ABC, ABD are likewise together equal 
to two right angles; therefore the angles CBA, ABE 
are equal to the angles CBA, ABD: take away the 
common angle ABC, and the remaining angle ABE is 
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* 3 Ax. equal * to the remaining angle ABD, the less to the 

greater, which is impossible; therefore BE is not in 
the same straight line with BC. And, in like manner, 
it may be demonstrated, that no other can be in the 
same straight line with it but BD, which therefore is 
in the same straight line with CB. Wherefore, if at a 
point, &c. Q. £. D. 

PROP. XV. THEOR. 

If two straight lines cut one another, the vertical, 
or opposite, angles shall be equaL 

Let the two straight lines AB, CD cut one another 
in the point E ; the angle AEC shall be equal to the 
angle DEB, and CEB to AED. 

Because the straight line AE makes with CD 
the angles CEA, AED, these 

* 13. 1. angles are together* equal* to 

two right angles. Again, be- 
cause the straight line D£ 
makes with AB the angles 

* 13. 1. AED, DEB, these also are together equal * to two 

right angles-; and the angles CEA, AED have been 
demonstrated to be together equal to two right angles ; 
wherefore the angles CEA, AED are equal to the 
angles AED, DEB. Take away the common angle 

* 3 Ax. AED, and the remaining angle CEA is equal * to the 

remaining angle DEB. In the same manner it can be 
demonstrated that the angles CEB, AED are equal. 
Therefore, if two straight lines, &c. Q. E. D. 

Cor. 1. From this it is manifest, that, if two straight 
lines cut one another, the angles which they make at 
the point where they cut, are together equal to four 
right angles. 

Cor. 2. And consequently that all the angles madQ 
by any number of lines meeting in one point, are to- 
gether equal to four right angles. 
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PROP. XVL THEOR. 

JftmB nde qf a Mangle be produced, the exterior angle 
it greater than either qf the interior oppoeite anglet. 

Let ABC be a triangle, and let its side BC be pro- 
duced to Dy the exterior ungle ACD shall be greater 
than either of the interior oppoeite angles CBA, BAG. 

Bisect* AC in £, join BE a x * lO. i. 

and in BE produced make EF 
equal to BE, and join FC. 

Because AE is equal to EC, 
and BE to EF; AE, EB are 
equal to CE, EF, each to each; 

and the angle AEB is equal* \ * 15. i. 

to the angle CEP, because 
they are opposite vertical an- 
gles; therefore the base AB is equal* to the base CF, *4. i. 
and the triangle AEB to the triangle CEF, and the 
remaining angles to the remaining angles, each to 
each, to which the equal sides are opposite; wherefore 
the angle BAE is equal to the angle ECF; but the 
angle BCD is greater than the angle ECF; therefore 
the angle ACD is greater than BAE. In like manner, 
if the side BC be bisected, and AC be produced to 6, 
it may be demonstrated that the angle BCG, that is,* * 15. i. 
the angle ACD, is greater than the angle ABC. There- 
fore, if one side, &c. Q. E. D. 

PROP. XVIL THEOR. 

Anjf two anglet qf a triangle are together less than two 

right anglet. 

Let ABC be any triangle ; any two of its angles to- 
gether shall be less than two right angles. 
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Produce BC to D; and be- 
cause ACD is the exterior angle 
of the triangle ABC, ACD is 
* 16. 1. greatej* than the interior and 
opposite angle ABC; to each of 




these add the angle ACB; there- 

fore the angles ACD, ACB ^re greater than the angles 
*13. 1. ABC, ACB; but ACD, ACB are together equal* to 
two right angles; therefore the angles ABC, BCA are 
less than two right angles. In like manner, it may be 
demonstrated, that BAC, ACB, as also CAB, ABC, 
are less than two right angles. Therefore any two 
angles, &c. Q. £. D. 

PROP. XVIII. THEOR. 

The greater side of every triangle ie opposite to the 

greater angle. 

Let ABC be a triangle, of which 
the side AC is greater than the 
side AB; the angle ABC shall be 
greater than the angle BCA. 

Because AC is greater than AB, B 

*S. 1. make* AD equal to AB, and join BD; and because 

ADB is the exterior angle of the triangle BDC, it is 

* 16. 1. greater* than the interior and opposite angle DCB; 

* 5. 1. but ADB is equal * to ABD, because the side AB is 

equal to the side AD; therefore the angle ABD is like- 
wise greater than the angle ACB; much more then is 
the angle ABC greater than ACB. Therefore the 
greater side, &c. Q. E. D. 

PROP. XIX. THEOR. 

The greater angle of every triangle is subtended by the 
greater side, or has the greater side opposite to it. 

Let ABC be a triangle of which the angle ABC is 
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greater than the angle BCA; the side AC shall be 
greater than the side AB. 

For, if it be not greater, AC must either be equal to 
AB, or less than it; it is not equal, because then the 
angle ABC would be equal* to the angle ACB; but it * 5. i. 
is not ; therefore AC is not equal to AB : neither is it 
less; because then the angle ABC 

would be less* than the angle /N^ * 18. 1. 

ACB; but it is not: therefore the 
side AC is not less than AB; and 
it has been shown that it is not » c 

equal to AB; therefore AC is greater than AB. 
Wherefore the greater angle, &c. Q. E. D. 

PROP. XX. THEOR. 

Any two sides of a triangle are together greater than 

the third side. 

Let ABC be a triangle: any two sides of it together 
shall be greater than tlie third side, viz. the sides BA, 
AC greater than the side BC; and AB, BC greater 
than AC ; and BC, C A greater than AB. 

In BA produced take AD equal 
to AC ; and join DC. 

Because AD is equal to AC, the 
angle ADC is equal* to ACD; but 
the angle BCD is greater than the 
angle ACD ; therefore the angle BCD is greater than 
the angle ADC ; and because the angle BCD of the 
triangle DCB is greater than its angle BDC, and that 
the gpreater* angle is subtended by the greater side; * 19- *• 
therefore the side DB is gpreater than the side BC ; but 
BD is equal to BA and AC, because AC is equal to 
AD ; therefore the sides BA, AC are greater than BC. 
In the same manner it may be demonstrated, lYvoit \!ci^ 




*5. 1. 
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sides AJBf BC are greater than CA, and BC» CA 
greater than AB. Therefore any two sides, &c. 
Q.E.D. 

PROP. XXI. THEOR. 
If /rom the ends of the side of a triangle, there be 
drawn two straight lines to a point within the tri" 
angle, these shall be less than the other two sides of 
the triangle, but shall contain a greater angle. 
Let ABC he a triangle, and from the points B, C, 
the ends of the side BC, let the two straight lines BD, 
CD be drawn to a point D within the triangle; BD 
and DC shall be less than the two sides BA, AC of the 
triangle, hut shall contain an angle BDC greater than 
the angle BAC. 

Produce BD to meet AC in E; and because two 
sides of a triangle are greater than the third side, the 
two sides BA, AE of the triangle -ABE are greater 
than BE. To each of these unequals add EC ; there- 
fore the sides BA, AC are greater a. 
than BE, EC. Again, because the 
two sides CE, ED of the triangle 
CED are greater than CD, add DB 
to each of these unequals; there- 
fore the sides CE, EB are greater ^ 
than CD, DB; but it has been shown that BA, AC 
are greater than BE, EC; much more then are BA, 
AC greater than BD, DC. 

Again, because the exterior angle of a triangle is 
greater than the interior and opposite angle, the ex- 
terior angle BDC of the triangle CDE is greater than 
CED ; for the same reason, the exterior angle CEB of 
the triangle ABE is greater than BAC; and it has 
been demonstrated that the angle BDC is greater than 
the angle CEB ; much more then is the angle BDC 
greater than the angle BAC. Therefore, if from the 
ends of, &c, Q. E. D. 
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PROP. XXII. PROB. 

T\) make a triangle of which the sides shdU he equai to 
three given straight lines, but ang two whatever qf 
these must be greater than the third.* * 20. i. 

Let A, B, C, be the three given straight lines, of 
which any two whatever are greater than the third, 
viz. A and B greater than C ; A and C greater than B ; 
and B and C than A. It is required to make a tri- 
angle of which the sides diall be equal to A» B, C, each 
to each. 

Take a straight line DE terminated at the point D, 
but unlimited towards 

E, and make* DP equal /^ ^\^ ♦8.1. 
to A, FG equal to B, 
and 6H equal to C; 
and from the centre F, 
at the distance FD, de- 
scribe* the circle DKL; "^^-^ ^ » * 8 Post. 

and from the centre G, 
at the distance GH, describe * another circle HLK ; * 8 Post, 
and join KF, KG; the triangle KFG shall have its 
sides equal to the three straight lines, A, B, C. 

Because the point F is the centre of the circle DKL, 
FD is equal* to FK; but FD is equal to the straight * 15 Def. 
line A; therefore FK is equal to A. Again, because G 
is the centre of the circle LKH, GH is equal* to GK; * 15 Def. 
but GH is equal to C ; therefore also GK is equal to C ; 
and F6 is equal to B; therefore the three straight 
lines KF, FG, GK, are respectively equal to the three 
A, B, C : and therefore the triangle KFG has its three 
sides KF, FG, GK, equal to the three given straight 
lines A, B, C. Which was to be done. 

PROP. XXIII. PROB. 
At a givtn point in a given straight line, to make a ree- 
tilineal angle equal to a given rectilineal angle. 
Let AB be the given straight line, and A tVve ^Neiv 

D 
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point in it, and DCE the given rectilineal angle ; it is 

required to make an angle at 

the given point A in the given 

straight line AB, that shall be 

equal to the given rectilineal 

angle DCE. 

In CD, CE, take any points ^^ 
D, E, and join DE; and . 

* 22. 1. make* the triangle AFG the ^ 

sides of which shall be equal to the three straight lines 

CD, DE, CE, so that CD be equal to AF, CE to AG, 
and DE to FG ; then shall the angle FAG be equal to 
the given angle C. Because FA, AG are equal to DC, 

CE, each to each, and the base FG to the base DE; 
« 8. 1. therefore the angle FAG is equal* to the angle DCE. 

Wherefore, at the given point A in the given straight 
line AB, the angle FAG is made equal to the given 
rectilineal angle DCE. Which was to be done. 

PROP. XXIV. THEOR. 
(jT two triangles have two sides of the one equal to two 
sides of the other, each to each, but the angle con- 
tained by the two sides qf one of them greater than 
the angle contained by the two sides equal to them, of 
the other; the base of that which has the greater 
angle shall be greater than the base qf the other. 
Let ABC, DEF be two triangles, which have the 
two sides AB, AC equal to the two DE, DF, each to 
each, viz. AB equal to DE, and AC to DF; but the 
angle BAC greater than the angle EDF; the base BC 
shall be greater than the base EF. 

Of the two sides DE, DF, let DE be the side which 
is not greater than the other, and at the point D, in 

* 23. 1. the straight line DE, make • the angle EDG equal to 

* 8. 1. the angle BAC; and make DG equal* to AC or DF, 

and join EG, GF. 
because DE is equal to AB, and DG to AC, the 
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two sides ED, D6 are equal to the two BA, AC» each 

to each, and the angle EDO 

is equal to the angle BAG; 

therefore the base EG is 

equal * to the base BC ; and 

because DO is equal to DF, 

the angle DFG is equal* to 

the angle DGF; but the 

angle DGF is greater than the angle EGF; therefore 

the angle DFG is greater than the angle EGF; much 

more then is the angle EFG greater than the angle 

EGF; and because the angle EFG of the triangle EFG is 

greater than its angle EGF, and that the greater* angle * ^^' *• 

is subtended by the greater side ; therefore the side EG 

is greater than the side EF; but EG has been proved 

to be equal to BC ; and therefore BC is greater than 

EF. Therefore, if two triangles, &c. a E. D. 

PROP. XXV. THEOR. 

If two triangles have two sides of the one equal to two 
sides of the other, each to each, but the base of the 
one greater than the base of the other; the angle 
contained by the sides of that which has the greater 
base, shall be greater than the angle contained by the 
sides equal to them qf the other. 

Let ABC, DEF be two triangles which have the two 
sides AB, AC equal to the two sides DE, DF, each to 
each, viz. AB equal to DE, and AC to DF; but the 
base CB greater than the base EF; the angle BAC 
shall be greater than the angle EDF. 

For, if it be not greater, it 
must either be equal to it, or 
less than it; but the angle 
BAG is not equal to the angle 

EDF, because then the base , . 

BC would be equal* to EF; " ^ ^ ' **^*'^' 
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but it is not; therefore the angle BAC is not equal U 
the angle £DP; neither ia it lerai because then the 
- base BC mould be less'than the base EF; but it " 
not; therefnTe the angle BAC ia not less than tbe an(;I< 
EDF; and it vas proved thut it is not equal tc 
therefore Ilic angle BAC is greater than llie angle 
EDF. Wherefore, if two trianglea, Src. U. E. D. 

PROP. XXVI. THEOR. 

fftvio Irianglea have tino angUt qf the qm egval lo /« 

anglei qf the other, tach to tacA: and vae lide tqtial 

to one tide, vit. eithtr the sidft adjacent In the fqua 

angles, or tAf ridea appoiile to the eijval angUt a 

tarhi then thalt the other lidei be eq«al, eacA to 

eaehi and the third angle <if the one equal to tkt- 

third angle of the other. 

Let ABC, DEF he two triangles which have llio 

ungleo ABC, BCA equal to the onjfles DEP. EFD, 

each to each. viz. ABC lo DEP, and BCA to EFDi 

also one aide equal toane sidei and flrat let those sidaa 

he equal which are adjacent lo the Bngles 

equal in the two trianBles, 

viz. BC to EP; the alher 

Miles shall be equal, each lu 

such, vii.AB to DE,and AC 

to DP; and the third angle 

BAC Co the third angle EDF. 

Por.if AB be not equal lo DE. one , 
greater than the other. Let AB be Che greater, 
make BG equal to KD, and join GC; Ihercfore, b«- 
cause BG is equal to ED, and BC to EF, the Iv 
OB, BC are equal to the two DE, EP, each to eacht 
and the angle GBC is equal to the angle DEPi lhere«, 
fore the triangle GBC is equal Te the triangle DEIV. 
Mid the other ang]es lo the uther sngles, each to eacl^. 
"» which the equal sirfes are oppoalc-, liicitttore >])«' 
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angle GCB is equal to the angle* DFE; but DFE is, * l Ax. 
by the hypothesis, equal to the angle ACB; wherefore 
also the angle BCG is equal to the angle BCA, the less 
to the greater, which is impossible; therefore AB is 
not unequal to DE, that is, it is equal to it ; and BC 
is equal to £F; therefore the two sides AB, BC are 
equal to the two DE, EF, each to each ; and the angle 
ABC is equal to the angle DEF ; therefore - the base 
AC is equal* to the base DF, and the third angle BAC *^'^ 
to the third angle EDF. 

Next, let the sides which 
are opposite to the equal an- 
gles in each triangle be equal 
to one another, viz. AB to 
DE; likewise in this case, 
the other sides shall be equal, 
viz. AC to DF, and BC to EF ; and also the third angle 
BAC to the third angle EDF. 

For, if BC be not equal to EF, let BC be the greater, 
and make BH equal* to EF, and join AH; then, be- ♦ S. i. 
cause BH is equal to EF, and AB to DE, the two sides 
AB, BH are equal to the two DE, EF, each to each; 
and they contain equal angles; therefore the triangle 
ABH is equal* to the triangle DEF, and the other * <• i. 
angles to the other angles, each to each, to which the 
equal sides are opposite; therefore the angle BHA is 
equal to the angle £FD; but EFD is equal to the 
angle BCA; therefore the angle BHA is also equal* to * i Ax. 
the angle BCA, that is, the exterior angle BHA of the 
triangle AHC is equal to its interior and opposite angle 
HCA; which is impossible:* wherefore BC is not un- * i^ *• 
equal to EF, that is, it is equal to it; and AB is equal 
to DE; therefore the two sides AB, BC are equal to 
the two DE, EF, each to each ; and they contain equal 
angles; wherefore the base AC is equal* to the base *4. i. 

d2 
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DF, and the third angle BAC to the third angle EDF. 
Therefore, if two triangles, &c. Q. E. D. 

PROP. XXVII. THEOR. 
If a straight line, falling upon two other straight lines, 

make the alternate angles equal to one another, these 

two straight lines shall be parallel. 

Let the straight line £F, which falls upon the two 
straight lines AB, CD make the alternate angles AEP, 
EFD equal to one another; AB shall be parallel to CD. 

For, if AB be not parallel to CD, AB and CD being 
produced will meet either towards B, D, or towards 
A, C; let them be produced and meet towards B, D in 
the point G; therefore GEF is a triangle, and its ex- 

* 16. 1. terior angle AEF is greater* than the interior and 

opposite angle EFG ; but this 
is impossible, because the 
angle AEF is equal to the 
angle EFG, by hypothesis; 
therefore AB and CD being 
produced do not meet to- 
wards B, D. In like manner it may be demonstrated 
that they do not meet towards A, C; but those straight 
lines which do not meet, though produced either way 

* S5Det continually, are parallel* to one another: therefore AB 

is parallel to CD. Wherefore, if a straight line, &c. 

aE.D. 

PROP. XXVIII. THEOR. 
^a straight line, falling upon two other straight lines, 
makes the exterior angle equal to the interior and 
opposite upon the same side of the line: or make the 
interior angles upon the same side together equal to 
two right angles; the two straight lines shall be 
parallel to one another, . 

Let the straight line EF, which falls upon the two 
straight lines AB, CD, make the exterior angle EGB 
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equal to the interior and opposite angle GHD upon 

the same side; or make on the n 

same side the interior angles 

BGH, GHD together equal to 

two right angles; AB shall be 

parallel to CD. 

Because the angle £GB is equal ♦ \» « Hyp. 

to the angle GHD, and the angle EGB equal* to the * 15. i. 
angle AGH, therefore the angle AGH is equal to the 
angle GHD; and they are alternate angles; therefore 
AB is parallel* to CD. Again, because the angles * 27. i. 
BGH, GHD are together equal* to two right angles, « Hyp. 
and AGH, BGH, are also together equal* to two right * is. i. 
angles; therefore the angles AGH, BGH are equal* to « i Ax. 
the angles BGH, GHD: take away the common angle 
BGH; and the remaining angle AGH is therefore 
equal* to the remaining angle GHD; and they are «8Ax. 
alternate angles: therefore AB is parallel to CD. 
Wherefore, if a straight line, &c. Q. E. D. 

PROP. XXIX. THEOR. 

If a straight line fall upon two parallel straight lines, it 
makes the alternate aisles equal to one another; and 
the exterior angle equal to the interior and opposite 
upon the same side; and likewise the two interior angles 
upon the same side together equal to two right angles. 

Let the straight line EF fall upon the parallel 
straight lines AB, CD; the alternate angles AGH, 
GHD shall be equal to one another; and the exterior 
angle EGB shall be equal to the interior and opposite 
angle GHD, upon the same 
side; and the two interior an- 
gles BGH, GHD upon the same 
side, shall be together equal to 
two right angles. 

For, if AGH be not equal to 




82 Euclid's elements. 

6HD, one of them must be greater than the other: let 
AGH be the greater; and because the angle AGH is 
greater than the angle GHD, add to each of these un- 
cquals the angle BGH; therefore the angles AGH, 

* 4 Ax. BGH are greater* than the angles JBGH, GHD; but 

* 13. 1. the angles AGH, BGH are together equal* to two right 

angles; therefore the angles BGH, GHD are less than 
two right angles ; but those straight lines which, with 
another straight line falling upon them, make the in- 
terior angles on the same side less than two right 

* 12 Ax. angles meet,* if far enough produced; therefore the 

straight lines AB, CD, if produced far enough, will 
meet; but they never meet, since they are parallel by 
the hypothesis; therefore the angle AGH is not un- 
equal to the angle GHD, that is, it is equal to it: but 

* 15. 1. the angle AGH is equal* to the angle EGB; therefore 

£GB is also equal to GHD : add to each of these equals 
the angle BGH; then will the angles EGB, BGH be 

* 2 Ax. equal* to the angles BGH, GHD ; but EGB, BGH are 

* IS- 1- equal* to two right angles; therefore BGH, GHD are 

* 1 Ax. also equal* to two right angles. Wherefore, if a 

straight, &c. Q. E. D. 

PROP. XXX. THEOR. 

Straight lines which are parallel to the eame straight 
line are parallel to each other. 

Let AB, CD be each of them parallel to EF; AB 
shall be parallel to CD. 

Let the straight line GHK cut AB, EF, CD; and 
because GHK cuts the parallel 
straight lines AB, EF, the angle 

* 29. 1. AGH is equal* to the alternate 

angle GHF. Again, because the , 
straight line GK cuts the parallel 
straight lines EF, CD, the angle 

* 29. 1 . G H F is equal * to the angle GKD; 
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and it was proved that the angle AGK it equal to the 
angle GHF; therefore AGK is also equal to GKD; 
and they are alternate angles; therefore AB is pa- 
rallel* to CD. Wherefore straight lines, &c. Q. E. D. * «'• >• 

PROP. XXXI. PROB. 

To draw a straight line through a given point parotid 
to a given straight line. 

Let A be the given point, and BC the given straight 

line; it is required to draw a ■ a w 

straight line through the point A, 
parallel to the straight line BC. 

In BC take any point D, and ■ » *-' 

join AD; and at the point A, in the straight line AD 
make* the angle DAE equal to the angle ADC; and * ^' '' 
produce the straight line EA to F. 

Because the straight line AD meets the two straight 
lines BC, £F, and makes the alternate angles EAD, 
ADC equal to one another, EF is parallel* to BC. *S7. i. 
Therefore the straight line EAF is drawn through the 
given point A, parallel to the given straight line BC. 
Which was to be done. 

PROP. XXXII. THEOR. 

If a side of any triangle be produced, the exterior angle 
is equal to the two interior and opposite angles; and 
the three interior angles qf every triangle are equal 
to two right angles. 

Let ABC be a triangle, and let one of its sides BC 
be produced to D; the exterior angle ACD shall be 
equal to, the two interior and opposite angles CAB, 
ABC : and the three interior angles of the triangle, viz. 
ABC, BCA, CAB, shall be together equal to two right 
angles. 
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Through the point C draw 

* SI- 1- CE parallel* to the straight 

line BA; and because CE 
is parallel to BA, and AC 
meets them, the alternate an- 

* 29. 1. gles BAC, ACE are equal.* Again, because CE is pa- 

rallel to AB, and BD falls upon them, the exterior angle 

* 29. 1. ECD is equal* to the interior and opposite angle ABC; 

but the angle ACE was proved to be equal to the angle 

* 2 Ax. BAC ; therefore the whole exterior angle ACD is equal * 

to the two interior and opposite angles CAB, ABC ; to 
each of these equals add the angle ACB, and the angles 

* 2 Ax. ACD, ACB are equal* to the three angles CBA, BAC, 

* 18. 1, ACB; but the angles ACD, ACB are equal* to two 

right angles; therefore the angles CBA, BAC, ACB, 

* 1 Ax. are also equal* to two right angles. Wherefore, if a 

side of a triangle, &c. Q. E. D. 

Cor. 1. All the interior angles 
of any rectilineal figure, together 
with four right angles, are equal to 
twice as many right angles as the 
figure has sides. 

For any rectilineal figure ABCDE can be divided 
into as many triangles as the figure has sides, by draw- 
ing straight lines from a point F within the figure to 
each of its angles. And, by the preceding proposition, 
all the angles of these triangles are equal to twice as 
many right angles as there are triangles, that is, as 
there are sides of the figure ; and the same angles are 
equal to the angles of the figure, together with the 
angles at the point F, which is the common vertex of 

* t Cor, the triangles; that is* together with four right angles. 
15. 1. Xherefore all the angles of the figure, together with 

four right angles, are equal to twice as many right 
angles as the figure has sides. 
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Cor. 2. All the exterior angles of any rectilineal 
figure are together equal to four right angles. 

Because every interior angle ABC, with its adjacent 
exterior angle ABD, is equal* to two right angles^ *I3. i. 
therefore all the interior, to- 
gether with all the exterior an- 
gles of the figure, are equal to 
twice as many right angles as 
there are sides of the figure; 
that is, by the foregoing corol- 
lary, they are equal to all the interior angles of the 
figure, together with four right angles; therefore all 
the exterior angles are equal to four right angles. 

PROP. XXXm. THEOR. 

The straight lines wldch join the extremities qf two 
equal and parallel straight lines towards the same 
parts, are also themselves equal and parallel. 

Let A6, CD be equal and parallel 
straight lines, and joined towards 
the same parts by the straight lines 
AC, BD; AC, BD shall be equal 
and parallel. 

Join BC; and because AB is parallel to CD, and 
BC meets them, the alternate angles ABC, BCD are 
equal;* and because AB is equal to CD, and BC com- * 29. i. 
mon to the two triangles ABC, DCB, the two sides 
AB, BC are equal to the two DC, CB; and the angle 
ABC was proved to be equal to the angle BCD; 
therefore the base AC is equal* to the base BD, and * 4. i. 
the triangle ABC to the triangle BCD, and the other 
angles to the other angles,* each to each, to which the * 4. i. 
equal sides are opposite ; therefore the angle ACB is 
equal to the angle CBD ; and because the straight line 
BC meets the two straight lines AC, BD, axvOi Kv^ks^ 
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the alternate angles ACB, CBD equal to one another, 

* 27. 1. AC is parallel* to BD; and it was proved to be equal 

to it Therefore, straight lines, &c. Q. £. D. 

PROP. XXXIV. THEOR. 

The opposite sides and angles of parallelograms are 
equal to one another, and the diameter bisects thenif 
that is, divides them into two equal parts, 
N. B. A parallelograin is a four-sided figure, of which the 

opposite sides are parallel : and the diameter is the straight line 

Joining two of its opposite angles. 

Let ACD6 be a parallelogram, of which BC is a 
diameter: the opposite sides and angles of the figure 
shall be equal to one another; and the diameter BC 
shall bisect it. 

Because AB is parallel to CD, 
and BC meets them, the alter- 
nate angles ABC, BCD are 

* 29. 1. equal* to one another; and be- 

cause AC is parallel to BD, and 
BC meets them, the alternate angles ACB, CBD are 
*29. 1. equal* to one another; wherefore the two triangles 
ABC, CBD have two angles ABC, BCA in the one, 
equal to two angles BCD, CBD in the other, each to 
each, and one side BC, which is adjacent to their equal 
angles, common to the two triangles; therefore their 
other sides are equal, each to each, and the third angle 

* 26. 1. of the one to the third angle of the other,* viz. the 

side AB to the side CD, and AC to BD, and the angle 
BAC equal to the angle BDC : and because the angle 
ABC is equal to the angle BCD, and the angle CBD 
to the angle ACB, the whole angle ABD is equal to 
the whole angle A CD: and the angle BAC has been 
proved to be equal to the angle BDC; therefore the 
opposite sides and angles of parallelograms are equal 
to one another; also, their diameter bisects them; for 
AB being equal to CD, and BC common, the two AB, 
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BC are equal to the two DC, CB, each to each ; and the 
angle ABC has been proved equal to the angle BCD; 
therefore the triangle ABC is equal* to the triangle **• '• 
BCD, and the diameter BC divides the parallelogram 
ACDB into two equal parts. Q. E. D. 

PROP. XXXV. THEOR. 

ParaUelograma upon the 9ame base, and between the 
same parallels, are equal to one another. 

Let the parallelograms ABCD, DBCF be upon the See the 
same base BC, and between the same parallels AF, BC; 3^ ^^ 
the parallelogram A BCD shall be equal to the paral- figoret. 
lelogram DBCF. 

If the sides AD, DF of the 
parallelograms ABCD, DBCF op- 
posite to the base BC be termi- 
nated in the same point D ; it is 
plain that each of the parallelo- * 

gram? is double* of the triangle BDC; and they are * 84. 1. 
therefore equal* to one another. . • e Ax, 

But, if the sides AD, EF, opposite to the base BC 
of the parallelograms ABCD, EBCF, be not terminated 
in the same point; then, because ABCD is a paralle- 
logram, AD is equal* to BC; for the same reason EF * ^*- *• 
is equal to BC; wherefore AD is equal* to EF; and * lAx. 
DE is common ; therefore the whole, or the remainder, 
AE is equal* to the whole, or the remainder DF; AB * 2 or 8 
is also equal to DC ; and therefore the two EA, AB ^^' 
are equal to the two ^ p a j a k j y 
FD, DC, each to each; 
and the exterior angle 

FDC is equal* to the fi c ^ ^ *29. i. 

interior EAB, therefore the base EB is equal to the 

base FC, and the triangle EAB equal* to the triangle * 4- 1. 
FDC; take the triangle FDC from the trapezium 

E 
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ABCF, and from the same trapezium take the triangle 
EAB| which has heen proved equal to the triangle 

* S Ax. FDC ; and the remainders are equal,* that is, the 

parallelogram ABCD is equal to the parallelogram 
EBCF. Therefore parallelograms upon the same 
base, &c. Q. E. D. 

PROP. XXXVI. THEOR. 

Parallelograms upon equal base»f and between the same 
parallels, are equal to one another. 

Let ABCD, EFGH be 

parallelograms upon equal 
bases BC, FG, and between 
the same parallels AH, BG; 
the parallelogram ABCD 
shall be equal to EFGH. 

* Hyp. Join BE, CH ; and because BC is equal* to FG, and 

* Si. 1. FG to* EH, BC IS equal to EH; and they are paral- 

lels, and joined towards the same parts by the straight 
lines BE, CH: but straight lines which join the ex- 
tremities of equal and parallel straight lines towards 
*33. 1. the* same parts, are themselves equal and parallel;* 
therefore EB, CH are both equal and parallel, and 

* 35. 1. therefore EBCH is a parallelogram; and it is equal* 

to ABCD, because they are upon the same base BC, 
and between the same parallels BC, AH: for the same 
reason, the parallelogram EFGH is equal to the same 
EBCH: therefore the parallelogram ABCD is equal 
to EFGH. Wherefore parallelograms, &c. Q. E. D. 

PROP. XXXVII. THEOR. 

Triangles upon the same base, and between the same 
parallels, are equal to one another. 

Let the triangles ABC, DBC be upon the same base 
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BC, and between the same 
parallels AD, BC: the tri- 
angle ABC shall be equal to 
the triangle DBC. 

Produce AD both ways, 
and through B draw* BE 
parallel to CA ; and through C draw CF parallel to BD : #- 
therefore each of the figures EBCA, DBCF is a paral- 
lelogram; and EBCA is equal* to DBCF, because * **• *• 
they are upon the same base BC, and between the 
same parallels BC, EF; and the triangle ABC is the 
half of the parallelogram EBCA, because the diameter 
AB bisects* it; and the triangle DBC is the half of * 34. i. 
the parallelogram DBCF, because the diameter DC 
bisects it : but the halves of equal things are equal ;* * ^ Ax. 
therefore the triangle ABC is equal to the triangle 
DBC. Wherefore triangles, &c. Q. E. D. 

PROP. XXXVIII. THEOR. 

Triangles upon equal bases, and between the same pa- 
rallelSf are equal to one another. 

Let the triangles ABC, DEF be upon equal bases 
BC, EF, and bertween the same parallels BF, AD : the 
triangle ABC shall be equal to the triangle DEF. 

Produce AD both ways, and through B draw B6 
parallel* to CA, and through F draw FH parallel to * si. i. 
ED: then each of the figures 6BCA, DEFH is a 
parallelogram; and they 
are equal to * one another, ~ 
because they are upon 
equal bases BC, EF, and 
between the same paral- 
lels BF, GH; and the 
triangle ABC is the half* of the parallelogram GBCA, * 34. i. 
because the diameter AB bisects it; and the triangie 
DEF is the half* of the parallelogram DEFH, be- * 84. i 
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cause the diameter DF bisects it: but the halves of 

* 7 Ax. equal things are equal ;* therefore the triangle ABC 

is equal to the triangle DEF. Wherefore triangles, &c. 

a E. D. 

PROP. XXXIX. THEOR. 

^ Eqttal triangles, upon the same base and upon the same 
side qf it, are between the same parallels. 
Let the equal triangles ABC, DBC be upon the 
same base BC, and upon the same side of it ; they shall 
be between the same parallels. 

Join AD; AD shall be parallel to BC; for, if it is 

♦ 81. 1. not, through the point A draw* AE parallel to BC, and 
♦87. 1. join EC; then the triangle ABC is equal* to the tri- 
angle EBC, because they are upon the 
same base BC, and between the same 
parallels BC, AE: but the triangle 
ABC is equal to the triangle DBC;/ 
therefore the triangle BDC is also 
equal to the triangle EBC, the greater 
to the less, which is impossible : therefore AE is not 
p^allel to BC. In the same manner, it can be demon- 
strated that no other line but AD is parallel to BC ; 
therefore AD is parallel to BC. Wherefore equal tri- 
angles upon, &c. Q. £. D. 

PROP. XL, THEOR. 

Equal triangles, upon equal bases in the same straight 
line, vend towards the same parts, are between the 
same parallels. 
Let the equal triangles 

ABC, DEF be upon equal 

bases BC, EF, in the same 

straight line BF, and towards / 

the same parts; they shall be v 

between the same parallels. 
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Join AD: AD shall be parallel to BC; for, if it ift 
not, through A draw* AG jparallel to BF, and join * si. i. 
GF. The triangle ABC is equal • to the triangle GEF, * 88. i. 
because they are upon equal bases BC, EF, and be- 
tween the same parallels BF, AG: but the triangle 
ABC is equal to the triangle DEF; therefore the tri- 
angle DEF is also equal to the triangle GEF, the 
greater to the less, which is impossible : therefore AG 
is not parallel to BF. And in the same manner it can 
be demonstrated that there is no other parallel to it 
but AD; therefore AD is parallel to BF. Wherefore 
equal triangles, &c. Q. £. D. 

PROP. XLI. THEOR. 

Jf a parallelogram and a triangle be t^yon the tame ba$e, 

and between the tame parallels; the parallelogram 

ehall be double of the triangle. 

Let the parallelogram ABCD and the triangle EBC 
be upon the same base BC, and between the same 
parallels BC, AE; the parallelogram 
ABCD shall be double of the triangle 
EBC. 

Join AC ; then the triangle ABC is 
equal • to the triangle EBC, because \X ^^ * ^'^' '• 
they are upon the same base BC, and 
between the same parallels BC, AE. But the paral- 
lelogram ABCD is double* of the triangle ABC, be- « 34. 1. 
cause the diameter' AC divides it into two equal parts; 
wherefore ABCD is also double of the triangle EBC. 
Therefore, if a parallelogram, &c. Q. E. D. 

PROP. XLII. PROB. 

To describe a parallelogram that shall be equal to a 
given trianghj and have one of its angles equal to a 
given rectilineal angle. 

Let ABC be the given triangle, and D the ^ven 

£ 2 
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rectilineal angle. It is required to describe a paral- 
lelograta that shall be equal to the given triangle ABC, 
and have one of its angles equal to D. 

* 10. 1. Bisect* BC in E, join AE, and at the point E in the 
*23. 1. straight line EC make* the angle CEF equal to D; 

* Si. 1. and through A draw* AG parallel to EC, and through 

* SI. 1. C draw* CG parallel to EF: a_p 

therefore FECG is a parallelo- 

* Def. gram.* And because BE is equal 
**-^- to EC, the triangle ABE is 

* 88. 1. equal* to the triangle AEC, 

since they are upon equal bases 

BEj EC, and between the same parallels BC, AG; 

therefore the triangle ABC is double of the triangle 

* 41. 1. AEC. But the parallelogram FECG is likewise double* 

of the triangle AEC, because they are upon the same 
base EC, and between the same parallels EC, AG: 

* 6 Ax. therefore the parallelogram FECG is equal * to the tri- 

angle ABC, and it has one of its angles CEF equal to 
the given angle D : wherefore a parallelogram FECG 
has been described equal to the given triangle ABC, 
having one of its angles CEF equal to the given angle D. 
Which was to be done. •- 

PROP. XLIII. THEOR. 

The complements of the parallelograms which are about 
the diameter of any parallelogram, are equal to one 
another. 

Let ABCD be a parallelogram, of which the 'dia- 
meter is AC, and EH, GF the 
parallelograms about AC, that w, 
through which AC passes, and 
BK, KD the other parallelograms 
which make up the whole figure 
ABCD, which are therefore called 
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the complements: the complement BK shall be equal 
to the complement KD. 

Because ABCD is a parallelogram, and AC its dia- 
meter, the triangle ABC is equal* to the triangle ADC. * *^* ** 
Again, because EKHA is a parallelogram, the diametei 
oi which is AK, the triangle AEK is equal* to the tri- * *<• *• 
angle AHK: for a like reason, the triangle KGC is 
equal to the triangle RFC. But the triangle AEK 
was proved equal to the triangle AHK, and the triangle 
KGC to KFC; therefore the triangle AEK together 
with the triangle KGC is' equal to the triangle AHK 
together with the triangle KFC: and the whole tri- 
angle ABC was proved equal to the whole ADC; 
therefore the remaining complement BK is equal* to * S Ax. 
the remaining complement KD. Wherefore the com- 
plements, &c. Q. E. D. 

PROP. XLIV. PROB. 

To a given straight line to eyjpfy a parallelogram, which 
shall be equal to a given triangle, and have one qf it» 
angles equal to a given rectilineal angle. 

Let AB be the given straight line, and C the given 
triangle, and D the given rectilineal angle. It is re*> 
quired to apply to the straight line AB a parallelogram 
equal to the triangle C, and having an angle equal 
to D. 

Make* the parallel- , j g x **^*** 

ogram BEFG equal 

to the triangle C, and 

having the angle EBG 

equal to the angle D, 

80 that BE be in the — ^— ^^ £ -^^ ^ 

same straight line with AB, that is, in AB produced, 

and produce FG to H; and through A draw* AH * 81. i. 

parallel to BG or EF, and join HB. Then, because 

the straight line HF falls upon the parallels AH, EF, 
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*29 1. the angles AHF, HFE, are together equal* to two 
right angles J therefore the angles BHF, HFE are less 
than two right angles : but straight lines, which, with 
another straight line, make the intericnr angles upon 

* 12 Ax. the same side less than two right angles, will meet* if 

produced far enough: therefore HB, FE will meet, if 
produced; let them meet in K, and through K draw 
KL parallel to EA or FH, and produce HA, GB to 
the points L, M : then HLKF is a parallelogram, of 
which the diameter is HK, and AG, ME are the paral- 
lelograms about HK; and LB, BF are the comple- 

* 43. 1. ments; therefore LB is equal* to BF: but BF is equal 

to the triangle C; wherefore LB is equal to the tri- 

* 15. 1. angle C; and because the angle GBE is equal* to the 

angle ABM, and likewise to the angle D; the angle 
ABM is equal to the angle D. Therefore, to the 
straight line AB, the parallelogram LB is applied equal 
to the triangle C, having the angle ABM equal to the 
angle D. Which was to be done. 

PROP. XLV. PROB. 

To describe a parallelogram equal to a given rectilineal 
figure, and hoeing an angle equal to a given rectilineal 
angle. 

Let ABCD be the given rectilineal figure, and E 
the given rectilineal angle. It is required to describe 
a parallelogram that shall be equal to ABCD, and have 
an angle equal to £. 
*42. 1. Join DB; and describe* the parallelogram FH 
equal to the triangle ADB, and having the angle HKF 
equal to the angle E; and to the straight line GH 
* 44. 1. apply* the parallelogram GM equal to the triangle 
DBC, having the angle GHM equal to the angle E: 
then FRLM shall be the parallelogram required. 

Because the angle E is' equal to each of the angles 
FKH, GHM, the angle FKH is equal to GHM; add 
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to each of these equals 
the angle KHG; there- 
fore the angles FKH, 
KHG are equal to the 

angles KHG, OHM; but 

FKH, KHG are equal* » ^^ ° " * 2»- »• 

to two right angles: therefore KHG, GHM are also 
equal to two right angles ; and because at the point H, 
in the straight line GH, the two straight lines KH, 
HM, upon the opposite sides of it, make the adjacent 
angles equal to two right angles, KH is in the same 
straight line* with HM; and because the straight line * i4. i. 
HG meets the parallels KM, FG, the alternate angles 
MHG, HGF are equal.:* add, to each of these equals * 29. i. 
the angle HGL; therefore the angles MHG, HGL, 
are equal to the angles HGF, HGL: but the angles 
MHG, HGL are equal* to two right angles; where- *29. i. 
fore the angles HGF, HGL are also equal to two right 
angles, and FG is therefore in the same straight line* * 14. i. 
with GL : and because KF is parallel to HG, and HG 
to ML, KF is parallel* to ML: and KM, FL are * 30. i. 
parallels; wherefore KFLM is a parallelogram; and 
because the triangle ABD is equal to the parallelogram 
HF, and the triangle DBC to the parallelogram GM; 
the whole rectilineal figure A BCD is equal to the whole 
parallelogram KFLM; therefore the parallelogram 
KFLM has been described equal to the given recti- 
lineal figure ABCD, having the angle FKM equal to 
the given angle £. Which was to be done. 

CoR. From this it is manifest how to a given straight 
line to apply a parallelogram, which shall have an 
angle equal to a given rectilineal angle, and shall be 
equal to a given rectilineal figure, viz. by applying* ***•»• 
to the given straight line a parallelogram equal to the 
first triangle ABD, and having an angle equal to the 
given angle. 
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PROP. XLVI. PROB. 
To describe a square upon a given straight Une, 
Let AB be the given straight line; it is required to 
describe a square upon AB. 

* 11. 1. From the point A draw* AC at right angles to AB; 

* 3. 1. and make* AD equal to AB, and through the point D 

* SI. 1. draw DE parallel* to AB, and through B draw BE 

parallel to AD; then ABCD shall be the square re- 
quired. Since ADEB is a parallelogram, therefore 

* 34. 1. AB is equal* to DE, and AD to BE: , 

but B A is equal to AD ; therefore the 
four straight lines BA, AD, DE, EB ' 
are equal to one another, and the pa- 
rallelogram ADEB is equilateral. 
Likewise all its angles are right an- 
gles; for, since the straight line AD - 
meets the parallels AB, DE, the angles BAD, ADE 

*29. 1. are equal* to two right angles; but BAD is a right 
angle ; therefore also ADE is a right angle ; but the 

*34. 1. opposite angles of parallelograms are equal;* there- 
fore each of the opposite angles ABE, BED is a right 
angle ; therefore the figure ADEB is rectangular, and 
it has been demonstrated that it is equilateral; it is 
therefore a square, and it is described upon the given 
straight line AB. Which was to be done. 

Cor. Hence every parallelogram that has one right 
angle has all its angles right angles. 

PROP. XLVIL THEOR. 

In any right-angled triar^le, the square which is de- 
scribed upon the side subtending the right angle, is 
equal to the squares described upon the sides which 
contain the right angle. 

Let ABC be a right-angled triangle having the 
right angle B AC ; the square described upon the side 
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* 14. I. 



BC shall be equal to the squares described upon 
BA, AC. 

On BC describe* the square BDEC, and on BA, *<6. i. 
AC the squares GB, HC; and through A draw* AL * si- 1. 
parallel to BD, or CE, and join AD, FC; then, be- 
cause each of the angles BAC, BAG is a right angle*, * WDcf. 
the two straight lines AC, AG upon the opposite sides 
of AB, make with it at the 
point A the adjacent angles 
equal to two right angles; 
therefore CA is in the same 
straight line* with AG; for 
the same reason, AB and AH 
are in the same straight line ; 
and because the angle DBC 
is equal to the angle FBA, 
each of them being a right 
angle, add to each of these equals the angle ABC, 
therefore the whole angle DBA is equal* to the whole * 2 Ax. 
FBC ; and because the two sides AB, BD are equal 
to the two FB, BC, each to each, and the angle ABD 
equal to the angle FBC ; therefore the triangle ABD 
is equal* to the triangle FBC: but the parallelogram * 4. i. 
BL is double* of the triangle ABD, because they are * **• >• 
upon the same base BD, and between the same paral- 
lels BD, AL; and the square GB is double of the tri- 
angle FBC, because these also are upon the same base 
FB, and between the same parallels FB, GC. But the 
doubles of equals are equal* to one another : therefore * 6 Ax. 
the parallelogram BL is equal to the square GB : and, 
in like manner, by joining AE, BK; it can be demon- 
strated that the parallelogram CL is equal to the 
square HC : therefore the whole square BDEC is equal 
to the two squares GB, HC ; and the square BDEC 
is described upon the straight line BC, and the 
squares GB, HC upon BA, AC : therefore the square 
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upon the side BC is equal to the squares upon the 
sides BA, AC. Therefore, in any right-angled tri- 
angle, &c. Q. E. D. 

PROP. XLVIII. THEOR. 

If the square described upon one of the sides of a tri- 
angle f be equal to the squares described upon the other 
two sides qfit^ the angle contained by these two sides 
is a right angle. 

Let the square descrihed upon BC, one of the sides 
of the triangle ABC, he equal to the squares upon the 
other sides B A, AC : the angle BAC shall be a right 
angle. 

* 11. 1. From the point A draw* AD at right angles to AC, 

and make AD equal to BA, and join DC : then, be- 
cause DA is equal to AB, the square of DA is equal to 
the square of AB: to each of these 
equals add the square of AC ; there- 
fore the squares of DA, AC, are equal 
to the squares of BA, AC: but the 

* 47. 1 square of DC is equal* to the squares 

of DA, AC, because DAC is a right 
angle ; and the square of BC, by hy- 
pothesis, is equal to the squares of B A, AC ; therefore 
the square of DC is equal to the square of BC ; and 
therefore the side DC is equal to the side BC. And 
because the side DA is equal to AB, and AC common 
to the two triangles DAC, BAC, the two DA, AC are 
equal to the two BA, AC, each to each ; and the base 
DC has been proved equal to the base BC ; therefore 

* 8. 1. the angle DAC is equal* to the angle BAC : but DAC 

is a right angle ; therefore also BAC is a right angle. 
Therefore, if the square, &c Q. E. D. 
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BOOK II. 



DEFINITIONS. 



Every right-angled parallelogram is called a rectangle, 
and is said to be contained hg any two of the straight 
lines which contain one of the right angles. 



n. 

In every parallelogram, any of the parallelograms 
about a diameter, together with 
the two complements, is called a 
gnomon. * Thus the parallelogram 
' HG, together with the comple- 
* ments AF, FC, is the gnomon, 
' which is more briefly expressed 
' by A6K, or EHC, the letters at the opposite angles 
' of the parallelograms, which make the gnomoiv.' 

F 




PROP. T. TF 

Xf then be (wo straight linea, om of ahith it divided^ 
into any waiJier qf pnrit: the rectangle eontaiaed iy 
the taia straight linet, is equal to the rectoHglrt con- i 
tained by the undiBided line, and the leveral porta qf ■ 
Ue divided line. 

Let A and DC be two atraight lines; and let BC bl 
divided into any parte in ihe poiola D, E; the re« 
tnngle contojned by the slraight lines A, BC aliaU bl 
equal to Ihe rectangle contained 
by A, BD, together with that con- 
tained by A, DE, Slid that caa- 
lained by A, EC. 

From the point B draw" BF at " 

right angles to BC, and make BG 

equal* to A; and through G' 

. draw* GH parallel to BC; and through D. '. 

. draw'DK, EL, CHparalle] toBG; then the reelan^ 

BH is equal to the rectangles BK. DL, a^ 

BH is contained by A. BC, for ii in contained hy OB 

BC, and UB ii equEd to A; and BK it contained b) 

BO, for it is contaitsed by GB, BD, of which GB^ 

equal to Ai and DL is contained by A, DE, becBM 

I. DR, that is* BG is equal to A; and in lUte mamM 

the rectangle EH is contnined by A, EC: therefore a 

reclatigle contained !>y A, BC is equ 

contained by A, BD, by A, DE. and by A, EC, Whan 

fore, if there be two straight lines, &c. Q. E. D. 

PROP. II. THEOR. 

ff a itraighl Hat he divided inia any fwo part; d 
reclanylet cmlaiKed by Ihe whole and eocA l)f f) 
parti, are together ejaal to the egiiari nf Ihe viht 



Let Ihe euaig'nx. Ywc \B \ii: & 



parts in the p 
BC, logether 



il C: the 



rectangle contained by AB, 
tang-le'AB, 



le square ol 



AC. shall 

Upon AB 
ADEB, and through C dmw* CF, pa- 
rallel to AD or BE! then AE is equal 
to the rectanglee AF, CEi but AE u 
the square of AB ; and AF ia the rect- 
angle contained h; BA, AC; far it ia cODtaiued by 
DA, AC, of which AD is equal to AB: andCEiscon- 
tained by AB, BC, for -BE ia oqual loAB; therefore 
the rectangle contained by AB, AC, together with the 
rectangle AB, BC, is equal to the square of AB. If 
thereTore a straight tine, &c Q, E. D. 

PROP. 111. THEOB. 

If a ftraight fine Se dimded inio any huo porta, the 
reeldngle eonlalnei by the v/iolt and one of the parti, 
ia eqaal la the rectangle contained by the lieo parts, 
together with Ihetguare nfthe i^areiaid part. 
Let the straight line AB he divided into any two 

paru in the point C: the recCangle AB, BC shall he 

equal to (he rectangle AC, CB, together with the square 

oFBC. 

Upon BC describe' the square i 

CDEB, and produce ED to F, rtJid 

ibrough A draw' AF parallel t 

— ■■- ■ ■ angleAE 

IB equal to the rectangles AD, CE; 

but AE ia the rectangle contained < 

br AB, BC, for it is contained by AB, BE, of which 

BE is equal to BCi and AD ia contained by AC, CB, 



I reetUEk co 



ulM (As ncUngli 
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for CD is equal to CB ; and BD is the square of BC ; 
therefore the rectangle AB, BC is equal to the rectangle 
AC, CB, together with the square of BC. If therefore 
a straight, &c. Q. £. D. 



PROP. IV. THEOR. 

If a strmghi line be divided into any two partSj the. 
square of the whole line is equal to the squares of the 
two parts, together with twice the rectangle contained 
by the parts. 

Let the straight line AB be diyided into any two 
parts in C ; the square of AB is equal to the squares 
of AC, CB, and to twice the rectangle contained by 
AC, CB. 

* 46. 1. Upon AB describe • the square ADEB, and join BD, 

* 31. 1. and through C draw* CGF parallel to AD or BE, and 

through G draw HK parallel to AB, or DE. Then, 

because CF is parallel to AD, and BD falls upon them, 

*29. 1. the exterior angle BGC is equal* to the interior and 

* 5. 1. opposite angle ADB; but ADB is equal* to the angle 

ABD, because BA is equal to AD, being sides of a 
square; wherefore the angle CGBis equal to the angle 

CBG; and therefore the side CB is <& S- 

*6. 1. equal* to the side CG: but CB is 
*34. 1. equal* also to GK, and CG to BK; « 
therefore the %ure CGKB is equi- 
lateral; it is likewise rectangular; for 
since KBC is a right angle, by con- 
struction ; therefore all the angles of the parallelogram 

* Cor. CGKB are right angles;* therefore CGKB is rectan- 

gular: but it is also equilateral, as was demonstrated; 
therefore it is a square, and it is upon the side CB ; for 
the same reason HP is also a square, and it is upon the 

* 34. 1, side HO, which is equal • to AC : therefore HP, CK are 
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the Bqttares of AC, CB; and because the complement 
AG is equal* to the complement 6E, and that AG is * ^^* '* 
the rectangle contained by AC, CB, for GC is equal to 
CB ; therefore GE is also equal to the rectangle AC, 
CB : therefore AG, GE are equal to twice the rectangle 
AC, CB: and HF, CK are the squares of AC, CB; 
wherefore the four figures HF, CK, AG, G£ are equal 
to the squares of AC, CB, and to twice the rectangle 
AC, CB: but HF, CK, AG, GE make up the whole 
figure ADEB, which is the square of AB: therefore 
tile square of AB is equal to the squares of AC, CB, 
and twice the rectangle AC, CB. Wherefore if a 
straight line, &c. Q. E. D. 

CoK. From the demonstration, it is manifest that 
parallelograms about the diameter of a square are like- 
wise squares. 



PROP. V. THEOR. 

V <i iiraighi Vine he divided into two equal parts, and 
alto into two unequal parte; the rectangle contained 
by the unequal parts, together with the square qf the 
line between the points qf section, is equal to the 
square of half the ^>^* 

Let the straight line AB be divided into two equal 
parts in the point C, and into two unequal parts at the 
point D; the rectangle AD, DB, together with the 
square of CD, shall be equal to the square of CB. 

Upon CB describe* the. square CEFB, join BE, and * 46. i. 
tiirough D draw* DHG parallel to CE or BF; and *8i'. i. 
through H draw KLM parallel to CB or £F; and also 
through A draw AK parallel to CL or BM. And be- 
cause the complement CH is equal* to the comple- * 43. i. 
ment HF, to each of these equals add DM ; therefore 
the whole CM is equal to the whole DF; but CM is 
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* 36. 1. equal* to AL, because AC is equal to CB; therefore 

also AL is equal to DF : to each of these equals add 
CH, and the whole AH is equal 
to DF and CH: but AH is the 
rectangle contained by AD, DB, 

* Cor. for DH is equal* to DB; and 
*• ^* DF, together with CH, is the 

gnomon CMG; therefore the 

gnomon CMG is equal to the rectangle AD, DB: to 

* Cor. each of these equals add LG, which is equal * to the 
*• ^* square of CD; therefore the gnomon CMG, together 

with LG, is equal to the rectangle AD, DB, together 
with the square of CD : but the gnomon CMG and LG 
make up the whole figure CEFB, which is the square 
of CB ; therefore the rectangle AD, DB, together with 
the square of CD, is equal to the square of CB. 
Wherefore, if a straight line, &c. Q. £. D. 

From this proposition it is manifest, that the dif- 
ference of the squares of two unequal lines AC, CD, is 
equal to the rectangle contained by their sum and 
difference. 

PROP. VI. THEOR. 

If a straight line be bisected, and produced to any point, 
the rectangle contained by the whole line thus pro- 
duced, and the part of it produced, together with the 
square qf half the line bisected, is equal to the square 
of the straight line which is made up of the half and 
the part produced. 

Let the straight line AB be bisected in C, and pro- 
duced to the point D : the rectangle AD, DB, together 
with the square of CB, shall be equal to the square 
of CD. 
♦ 4«. I. Upon CD describe* the square CEFD, join DE, 
*3i. J. and through B draw* BEG parallel to CE, or DF: 
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♦ 36. I. 
iBC * 43. I. 



through H draw KLM parallel to AD or EF, and 
through A draw AK parallel to CL or DM. TheD, 
since AC is equal to CB, the 
rectangle AL is equal* to CH; 
butCH is equal* to HF; there- 
fore AL is also equal to HF: 
to each of these equals add CM ; 
therefore the whole AM is 
equal to the gnomon CMG : but AM is the rectangle 
contained by AD, DB, for DM is equal* to DB: *^« 
therefore the gnomon CMG is equal to the rectangle 
AD, DB: add to each of these equals LG, which is 
equal to the square of CB ; therefore the rectangle AD, 
DB, together with the square of CB, is equal to ihe 
gnomon CMG, and the figure LG : but the gnomon 
CMG and LG make up the whole figure CEFB, which 
is the square of CD;' therefore the rectangle AD, DB, 
together with the square of CB, is equal to the square 
of CD. Wherefore, if a straight line, &c. Q. E. D. 



PROP. VIL THEOR. 



If a straight line be divided into any two partSy the 
squares of the whole line, and of one of the parts, are 
equal to twice the rectangle contained by the whole 
and that part, together with the square qf the other* 
part. 

Let the straight line AB be divided into any two 
parts in the point C ; the squares of AB,. BC shall be 
equal to twice the rectangle AB, BC, together with the 
square of AC. 

Upon AB describe* the square ADEB, and con- * 46. i. 
struct the figure as in the preceding propositions. 
Because AG is equal* to GE, add to each of them CK ; * 43. L 
therefore the whole AK is equal to the vjholt CE\ 
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therefore AK, CE, are double of AK: ^ 
but AK, CE are the gnomon AKF, 
together with the square CK; there- ^ 
fore the gnomon AKF> together with 
the square CK, is double of AK: but 
twice the rectangle AB, BC is double ^ 

* Cor. of AK, for BK is equal* to BC : therefore the gnomon 
' ' AKF, together with the square CK, is equal to twice 

the rectangle AB, BC : to each of these equals add HP, 
which is equal to the square of AC ; therefore the 
gnomon AKF, together with the squares CK, HF, is 
equal to twice the rectangle AB, BC, and the square 
of AC : but the gnomon AKF, together with the- squares 
CK, HF, make up the whole figure ADEB and CK, 
* which are the squares of AB and BC : therefore the 
squares of AB and BC are equal to twice the rectangle 
AB, BC, together with the square of AC. Wherefore) 
if a straight line, &c. Q. E. D. 

PROP. VIII. THEOR. 

ff a straight line be divided into any two parts, fowr 
times the rectangle contained by the whole line, and 
one of the parts, together with the square qf the other 
part, is equal to the square of the straight line which 
is made up qf the whole and that part. 

Let the straight line AB be divided into any two 
parts in the point C ; four times the rectangle AB, BC, 
together with the square of AC, shall be equal to the 
square of the straight line made up of AB and BC 
together. 

In AB produced take BD equal to CB, and upon 
AD describe the square AEFD; and construct two 
figiures such as in the preceding. Because CB is equal 

* 34. 1. to BD, and that CB is equal* to GK, and BD to KN ; 

therefore GK is equal to KN: for the same reason, 
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PR is equal to RO; and because CB is equal to BD, 
and GK to KN, the rectangle CK is equal* to BN, *8«. i. 
and GR to RN: but CK is equal* to RN, because * *8. i- 
they are the complements of the parallelogram CO; 
therefore, also, BN is equal to GR ; therefore the four 
rectangles BN, CK, GR, RN are equal to one another, 
and so are quadruple of one of them, CK. Again, be- 
cause CB is equal to BD, and that 
BD is equal* to BK, that is, to CG ; 
and CB equal to GK, that is,* to 
GP; therefore CG is equal to GP; 
and because CG is equal to GP, and 
PR to RO, the rectangle AG is 
equal to MP, and PL to RF: but MP '* 
is equal * to PL, because they are the complements of * 43. i. 
the parallelogram ML; wherefore AG is also equal 
to RF: therefore the four rectangles AG, MP, PL, RF 
are equal to one another, and so are quadruple of one 
of them, AG. But it was demonstrated, that the four 
CK, BN, GR, and RN are quadruple of CK: there- 
fore the eight rectangles which contain the gnomon 
AOH, are quadruple of AK: and because BN is a 
square,* BK is equal to BD: but BD is equal to BC; *SOI>ef. 
therefore BK is equal to BC; and because AK is the '* 
rectangle contained by AB, BC, for BK has been 
proved equal to BC; therefore four times the rect- 
angle AB, BC is quadruple of AK : but the gnomon 
AOH was demonstrated to be quadruple of AK; 
therefore four times the rectangle AB, BC, is equal to 
the grnomon AOH : to each of these equals add XH, 
which is equal • to the square of AC : therefore four * Cor. 
times the rectangle AB, BC, together with the square ** ^' 
of AC, is eqiud to the gnomon AOH and the square 
XH: but the gnomon AOH and XH make up the 
figure AEFD, which is the square of AD : therefore 
four times the rectangle AB, BC, together with the 
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square of AC, is equal to the square of AD, that 
of AB and BC added together in one straight lin 
Wherefore, if a straight line, &c. Q. R D. 

PROP. IX. THEOR. 

jjT a straight line be divided into two equal, and al 
into two vnequal parts, the sqtuires of the two vmtqik 
parts are together double of the square qf hatf t 
line, and qf the square qf the line between thepoin 
qf section. 

Let the straight line AB be divided into two equ 
parts at the point C, and into two unequal parts at tl 
point D: the squares of AD, DB shall be togeth 
double of the squares of AC, CD. 

* 11. 1. From the point C draw* CE at right angles to A 

* s. 1. and make* it equal to AC or CB, and join EA, E] 

* SI. 1. through D draw* DP parallel to CE, and through 

draw F6 parallel to AB ; and join AF. Then, becau 
*5. 1. AC is equal to CE, the angle AEC is equal* to t 

angle EAC; and because the angle ACE is a rig 

angle, the two others AEC, EAC, together make oni 
*S2. 1. right angle; and they have been proved equal to o 

another ; therefore each of them is half of a right ang 

For the same reason each of the angles CEB, EBC 

half a right angle; and therefore 

the whole AEB is a right angle: 

and because the angle GEF is half 

a right angle, and EGF a right 

* 29.1. angle, for it is equal* to the in- 

terior and opposite angle ECB ; therefore the remai 
ing angle EFG is half a right angle; therefore 1 
angle GEF is equal to the angle EFG, and the si 

* 6. 1. EG* to the side GF. Again, because the angle at 

is half a right angle, and FDB a right angle, for U 

* 29. 1. equal* to the interior and opposite angle ECB, thei 

fore the remaining angle BFD is half a right ang 
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therefore the angle at B is equal to the angle fi'PD, 
and the side DF to* the side DB. And because AC * ^* *• 
Is equal to C£* the square of AC is equal to the square 
of CE; therelHK the squares of AC, CE are double of 
the square of AC: but the square of A£ is equal* to * 47. i. 
the squares of AC, CE, because ACE is a right angle; 
therefore the square of EA is double of the square of 
AC. Again, because EG is equal to 6F, the square of 
£6 is equal to the square of GF; therefore tbe- squares 
of EG, GF are double of the square of GF; but the 
square of EP is equal* to the squares of EG, GF; * 47. i. 
therefore the square of EF is double of the square GF; 
and GF is equal* to CD; therefore the square of EF * 34. i. 
Is double of the square of CD : but the square of AE 
is likewise double of the square of AC ; therefore the 
squares of AE, EF are double of the squares of AC, 
CD: but the square of AF is equal* to the squares of * 47. i. 
AE, EF, because AEF has been proved to be a right 
angle; therefore the square of AF is double of the 
squares of AC, CD : but the squares of AD, DF are 
equal to the square of AF, because the angle ADF is a 
right angle; therefore the squares of AD, DF are 
double of the squares of AC, CD : but DF is equal to 
DB ; therefore the squares of AD, DB are double of 
the squares of AC, CD. Therefore, if a straight line, 
&c. a E. D. 

PROP. X. THEOR. 

ya ttrmghi line be bisected, and produced to any point, 
the square qf the whole line thus produced, and the 
square qf the part qf it produced, are together dofible 
qf the square of half ^^^ ^*^ bisected, and qf the 
square qf the line made up qf the ha^f and the part 
produced. 

Let the straight line AB be bisected in C, and pro- 
duced to the point D ; the squares of AD, DB shall be 
doable of the squares of AC, CD. 
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* 11. 1. From the point C draw* C£ at right angles to AB» 

* s. 1. and make* it equal to AC or CB, and Join AE, £B; 

* 81. 1, through E draw* EF parallel to AB, and through D 

draw DF parallel to CE. And becafU the straight 
line EF meets the parallels EC, FD, the angles CEF, 
*29. 1. EFD are equal* to two right angles; and therefore 
the angles BEF, EFD are less than two right angles : 
but straight lines, which with another straight line 
make the interior angles upon the same side less than 

* 12 Ax. two right angles, will meet* if produced far enough: 

therefore EB, FD will meet, if produced towards B, D; 
let them meet in G, and join AG: then, because AC 

* 5. 1. is equal to CE, the angle AEC is equal* Ao the angle 

EAC; and the angle ACE is a right angle; therefore 

* 32. 1. each of the angles CEA, EAC is half a right angle;* 

for the same reason, each of the angles CEB, EBC is 
half a right angle; therefore AEB is a right angle. 

* 15. 1. And because EBC is half a right angle, DBG is also* 

half a right angle, for they are vertically opposite ; but 

* 29. 1. BDG is a right angle, because it is equal* to the alter- 

nate angle DCE; therefore the remaining angle DGB 
is half a right angle, and is therefore equal to the 
angle DBG; therefore the 

* 6. 1. side BD is equal* to the side 

D6. Again, because EGF is 
half a right angle, and that 
the angle at P is a right an- 
*34. i. gle, because it is equal* to 
the opposite angle £CD, the 
remaining angle FEG is half a right angle, and equal 

* 6. 1. to the angle EGF; therefore the side GF is equal* to 

the side FE. And because EC is equal to CA, the 
square of EC is equal to the square of CA; therefcnre 
the squares of EC, CA are double of the square of CA: 

* 4'- !• but the squjire of EA is equal* to the squares EC, CA; 

Aerefore the square of EA is double of the square of 
AC, Again, because GF is ec^ual to FE, the square 
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of GF is eqaa] to the square of F£; and therefore the 
squares of GF, FE are double of the square of £F : 
but die square of EG is equal* to the squares of £F, * 47. i. 
FG; therefor^iie square of EG is double of the square 
of EF: but EF is equal* to CD; therefore the square * 34. i. 
of EG is double of the square of CD: but it was de- 
monstrated, that the square of E A is double of the 
square of AC; therefore the squares of A£, EG are 
double of the squares of AC, CD : but the square of 
AG is equal * to die squares of AE, EG ; therefore the * 47. i 
square of AG is double of the squares of AC, CD : but 
the squares of AD, DG are equal * to the square of AG ; * 47. i. 
therefore the squares of AD, DG are double of the 
squares of AC, CD: but DG is equal to DB; therefore 
the squares of AD, DB are double of the squares of 
AC, CD. Wherefore, if a straight line, &c. Q. E. D. 



PROP. XL PROS. - 

7b divide a given straight line into two parts, so that 
the rectangle contained by the whole and one t^f the 
parts, shaU be equal to the square qfthe other part. 

Let AB be the given straight line; it is required to 
divide it into two parts, so that the rectangle contained 
by the whole and one of the parts, shall be equal to 
the square of the other part 

Upon AB describe* the square ABDC; bisect* AC * *^- >• 
in E, and join BE; produce CA to F, making* EF * s '| ' 
equal to EB, and upon AF describe* the square « 46. i. 
FGHA; then AB shaJl be divided in H, so that the 
rectangle AB, BH is equal to the square of AH. 

Produce GH to K : and because the straight line AC 
is bisected in E, and produced to thc^ point F, the rect- 
angle CF, FA, together with the square of K&, \% 

G 




62 EUCLID'S ELEMENTS. 

* 6. 2. equal* to the square of EF: but EF is equa] to EB; 

therefore the rectangle CF, FA, together with the 
square of AE, is equal to the square of EB : but the 

* 47. 1. squares of BA, AE are equal* to the 

square of EB, because the angle EAB 
is a right angle; therefore the rect- 
angle CF, FA, together with the 
square of AE, is equal to the squares 
of B A, AE : take away the square of 
AE, which is common to both ; there- 
fore the rectangle contained by CF, 
FA is equal to the square of AB : and 
the figure FK is the rectangle contained by CF, FA, 
for AF is equal to FG ; and AD is the square of AB ; 
therefore FK is equal to AD : take away the common 
part AK, and the remainder FH is equal to the re- 
mainder HD : but HD is the rectangle contained by 
AB, BH, for AB is equal to BD ; and FH is the square 
of AH ; thetefore the rectangle AB, BH is equal to 
the square of AH. Wherefore the straight line AB is 
divided in H, so that the rectangle AB, BH is equal 
to the square of AH. Which was to be done. 



PROP. Xn. THEOR. 

In obiuse^angled triangles, if a perpendicular be drawn 
Jrom either qf the acute angles to the opposite side 
produced, the square of the side subtending the obtuse 
angle, is greater than the squares qf the sides con- 
taining the obtuse angle, by twice the rectangle con- 
tained by the side upon which, when produced, the 
perpendicuiar falls, and the straight line intercepted 
without the triangle between the perpendicular and 
the obtuse angle. 

Let ABC be an obtuse-angled triangle, having the < 
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obtuse angle ACB, and from the point A let AD be 
drawn* perpendicular to BC produced: the square of* >*• '• 
AB shall be greater than the squares of AC, CB, by 
twice the rectangle BC, CD. 

Because the straight line BD is 
divided into two parts in the point 

C, the square of BD is equal* to ^^ * *' *' 

the squares of BC, CD, and twice 
the rectangle BC, CD: to each of 
these equals add the square of DA; 
therefore the squares of BD, DA 
are equal to the squares of BC, CD, DA, and twice the 
rectangle BC, CD: but the square of BA is equal* to * 47. i. 
the squares of BD, DA, because the angle at D is a 
right angles and the square of CA is equal* to the *47. i. 
squares of CD, DA: therefore the square of BA is 
equal to the squares of BC, CA, and f^ce the rect- 
angle BC, CD; that is, the square of BA is greater 
than the squares of BC, CA, by twice the rectangle 
BC, CD: Therefore, in obtuse-angled triangles, &c. 
Q.E. D. 

PROP. Xm. THEOR. 

In every triangle, the square qf the side subtending on 
acute angle, is less than the squares qfthe sides eon' 
• tainmg that angle, by twice the rectangle contained 
by either of these sides, and the straight line inter^ 
cepted between the acute angle and the perpendicular 
let fall upon it from the opposite angle. 

Let ABC be any triangle, and the angle at B one of 
its acute angles, and upon BC, one of the sides con- 
taining it, let fall the perpendicular* AD from the * 12. i. 
opposite angle : the square of the side AC, opposite 
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to the angle B, shall be less than the squares of CB, 
BA, by twice the rectangle CB, BD. 

First, let AD fall within the triangle ABC ; and be- 
cause the straight line CB is divided into two parts in 

* 7. 2. the point D, the squares of CB, BD are equal* to 

twice the rectangle contained by CB, BD, and the 
sqitare of DC : to each of these a 

equals add the square of AD ; there- 
fore the squares of CB, BD, DA, are 
equal to twice the rectangle CB, BD, 
and the squares of AD, DC : but the 

* 47. 1, square of A B is equal ♦ to the squares ^ ^ c 

of BD, DA, because the angle BD A is a right angle ; 
and the square of AC is equal to the squares of AD, 
DC : therefore the squares of CB, BA are equal to the 
square of AC, and twice the rectangle CB, BD ; that is, 
the square of AC alone is less than the squares of CB, 
BA, by twice the rectangle CB, BD. 

Secondly, let AD fall without the jA 

triangle ABC: then, because the 
angle at D is a right angle, the an- 

* 16. 1. gle ACB is greater* than a right 

angle; therefore the square of AB 

* 12. 2. is equal ♦ to the squares of AC, CB, "^ 

and twice the rectangle BC, CD: to each of these 
equals add the square of BC ; therefore the squares of 
AB, BC are equal to the square of AC, and twice the 
square of BC, and twice the rectangle BC, CD : but 
because BD is divided into two parts in C, the rect- 

* 8. 2. angle DB, BC is equal* to the rectangle BC, CD, and 

the square of BC ; and the doubles of these are equal : 
therefore the squares of AB, BC are equal to the 
square of AC, and twice the rectangle DB, BC : there- 
fore the square of AC alone is less than the squares of 
AB, BC, by twice the rectangle DB, BC. 
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Lastly, let the side AC be perpendicular 
to BC; then BC is the straight line be- 
tween the perpendicular and the acute angle 
at B ; and it is manifest that the squares of 
AB, BC, are equal* to the square of AC, 
and twice the square of BC. Therefore, in 
every triangle, &c. Q. E. D. 
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PROP. XIV. PROB. 

To describe a equare that shall he equal to a given 

rectilineal figure. 

Let A be the given rectilineal figure ; it is required 
to describe a square that shall be equal to A. 

Describe* the rectangular parallelogram BCD£*46 i. 
equal to the rectilineal figure A. Then, if the sides 
of it, BE, ED are equal to one another, it is a square, 
and what was required 
is now done : but if they 
are not equal, in BE 
produced, take EF 
equal to ED, and bi- 
sect BF in G ; and from 
the centre G, at the distance GB, or GF, describe the 
semicircle BHF, and produce DE to meet the circum- 
ference in H; then the square described on EH shall 
be equal to the given rectilineal figure A. Join GH ; 
and because the straight line BF is divided into two 
equal parts in the point G, and into two unequal at E, 
the rectangle BE, EF, together with the square of EG, 
is equal* to the square of GF: but GF is equal to * 5. 2. 
GH; therefore the rectangle BE, EF, together with 
the square of EG, is equal to the square of GH; but 
the squares of HE, EG are equal * to the square of * 47. i. 
GH : therefore the rectangle BE, EF, to^ethex ¥(ith 

o2 
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the square of EG, is equal to the squares of HE, EG: 
take away the square of EG, which is common to hoth; 
therefore the rectangle contained by BE, EF, is equal 
to the square of EH: but the rectangle contained by 
BE, EF is the parallelogram BD, because EF is equal 
to ED; therefore BD is equal to the square of EH; 
* Ck>nBt. but BD is equal ♦ to the rectilineal figure A ; therefore 
the square of EH is equal to the rectilineal figure A ; 
wherefore a square has been made equal to the given 
rectilineal figure A, viz. the square described upon EH. 
Which was to be done. 
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THE 

ELEMENTS OF EUCLID. 



BOOK III. 



DEFINITIONS. 

I. 

Equal circles are those of which the diameters are 

equal, or from the centres of which the straight lines 

to the circumferences are equal. 

' This is not a definition, but a theorem, the truth of 

' which is evident ; for, if the circles be applied to one 

' another, so that their centres coincide, the circles 

* must likewise coincide, since the straight lines from 

* the centres are equal.' 

II. 

A straight line is said to touch 
a circle, when it meets the 
circle, and being produced 
does not cut it 

III. 

Circles are said to totteh one another, which meet, but 
do not cut one another. 




i 
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IV. 

Straight Iin£s are said to be equally 
distant from the centre of a circle, 
when the perpendiculars drawn to 
them from the centre are equal. 



V. 

And the straight line on which the greater perpen- 
dicular falls, is said to be farther from the centre. 

VI. 

A segment of a circle is the figure con- 
tained by a straight line and the 
circumference it cuts oS. 

VII. 

" The angle of a segment is that which is contained by 
** the straight line and the circumference." 

VIII. 

An angle in a segment is the angle 
contained by two straight lines 
drawn from any point in the cir- 
cumference of the segment, to the 
extremities of the straight line 
which is the base of the segment 

IX. 

And an angle is said to insist or stand upon the cir- 
cumference intercepted between the straight lines 
that contain the angle. ' 

X. 

A sector of a circfe is the figure con- 
tained by two straight lines drawn 
&om the centre, and the circumference 
between them. 
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XI. 

Similar segments of circles 
are those in which the 
angles are equal, or which 
contain equal angles. 



^^s 



PROP. I. PROB. 

Ty>yind the centre of a given circle. 

Let AfiC be the given circle ; it is required to find 
its centre. 

Draw any chord AB, and bisect* it in D; from the * lO. i. 
point D draw* DC at right angles to AB, and produce * ii. i. 
CD to £, and bisect CE in F: the point F shall be the 
centre of the circle ABC. 

For, if it be not, let, if possible, G be the centre, 
and join GA, GD, GB: then, because DA is equal to 
DB, and DG common to the two tri- 
angles ADG, BDG, the two sides AD, 
DG are equal to the two BD, DG, 
each to each; and the base GA is 
equal to the base GB, because they 
are drawn from the centre G :* there- 
fore the angle ADG is equal* to the « • 8. i. 
angle GDB: but when a straight line, standing upon 
another straight line, makes the adjacent angles equal 
to one another, each of the angles is a right* angle: *iOI>ef. 
therefore the angle GDB is a right angle : but FDB '* 
is likewise a right angle ; wherefore the angle FDB is 
equal to the angle GDB, the greater to the less, which 
is impossible: therefore G is not the centre of the 
circle ABC. In the same manner it can be shown, 

• Whenever the expression " straight lines from the centre," 
or " drawn from the centre," occurs, it is to be understood that 
they are drawn to the dreumference. 
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that no other point, which is not in the line CE, is the 
centre; the centre is therefore in CE, and any other 
point than F divides CE into unequal parts, and cannot 
be the centre; therefore F is the centre of the circle 
ABC. Which was to be found. 

Cor. From this it is manifest, that if in a circle a 
straight line bisect another at right angles, the centre 
of the circle is in the line which bisects the other. 



PROP. II. THEOR. 

If any two points be taken in the circumference of a 
circle, the straight line which Joins them shall faU 
within the circle. 

Let ABC be a circle, and A, B any two points in 
the circumference ; the straight line 
drawn from A to B shall fall within 
the circle. 

For, if it do not, let it fall, if pos- 
*i. 3. sible, without, as AEB; find* D 
the centre of the circle ABC, and 
join DA, DB. In the circumference 
AB take any point F; join DF, and produce it to meet 
AB in E : then, because DA is equal to DB, the angle 
DAB is equal* to the angle DBA; and because AE, 
a side of the triangle DAE, is produced to B, the angle 

* 16. 1. DEB is greater* than the angle DAE; but DAE was 

proved equal to the angle DBE: therefore the angle 
DEB is greater than the angle DBE ; but the greater 

* 19. 1. angle is subtended by the greater side ;* therefore DB is 

greater than D£ : but DB is equal to DF ; wherefore 
DF is greater than DE, the less than the greater, 
which is impossible : therefore the straight line drawn 
from A to B does not fall without the circle. In the 
same manner, it may be demonstrated that it does not 



* 5. 1. 
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fall upon the circumference ; therefore it falls within it. 
Wherefore, if any two points, &c. Q. E. D. 



PROP. III. THEOR. 

If a straight line drawn through the centre of a circle 
bisect a straight line in it which does not pass through 
the centre, it shall cut it at right angles; and, \f it 
cut it at right angles, it shall bisect it. 

Let ABC be a circle; and let CD, a straight line 
drawn through the centre, bisect any straight line AB, 
which does not pass through the centre, in the point F : 
it shall cut AB at right angles. 

Take* E the centre pf the circle, and join EA, EB; * i. 3. 
then, because AF is equal to FB, and FE common to 
the two triangles AFE, BFE, the two sides AF, FE 
are equal to the two BF, FE, and the base EA is equal 
to the base EB; therefore the angle 

AFE is equal* to the angle BFE: /^ ^N^ * 8. i. 
but when a straight line, standing 
upon another straight line, makes the 
adjacent angles oqual to one another, 
each of them is a right* angle: 
therefore each of the angles AFE, 
BFE is a right angle ; wherefore the straight line CD, 
drawn through the centre bisecting another, AB, that 
does not pass through the centre, cuts the same at right 
angles. 

But let CD cut AB at right angles; CD shall also 
bisect it, that is, AF shall be equal to FB. 

The same construction being made, because EA, EB 
from the centre are equal to one another, the angle 
EAF is equal* to the angle EBF; and the right angle * 5. i. 
AFE is equal to the right angle BFE : therefore, the 
two triangles EAF, EBF, have two angVeB m \)[i^ QH^ 
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equal to two angles in the other, and the side EF, 
which is opposite to one of the equal angles in eachi 
is common to both; therefore the other sides are 
• 16. 1. •equal ; and therefore AF is equal to FB. Where- 
fore, if a straight line, &c. Q. £. D. 



PROP. IV. THEOR, 

y ina circle two straight lines cut one another, tahiek 
do not both pass through the centre, they do not Heeet 
each other. 

Let ABCD be a circle, and AC, BD two straight 
lines in it which cut one another in the point E, uid 
do not both pass through the centre: AC, BD shall 
not bisect one another. 

For, if it is possible, let AE be equal to EC, and 
BE to ED; then, if one of the lines pass through the 
centre, it is plain that it cannot be bisected by the 
other which does not pass through . 
the centre: but if neither of them 

* 1. S. pass through the centre, take* F the 
centre of the circle, and join EF: 
and because FE, a straight line 
through the centre, bisects another *" 
AC which does not pass through the centre, it cuts it 

*9. 3. at right* angles; wherefore FEA is a right angle. 
Again, because the straight line FE bisects the straight 
line BD, which does not pass through the centre, it. 

*S. S. cuts it at right* angles; wherefore FEB is a right 
angle: but FEA was proved to be a right angle; 
therefore FEA is equal to the angle FEB, the less to 
the greater, which is impossible: therefore AC, BD 
do not bisect one another. Wherefore, if in a circle, &c. 
(IE.D. 
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PROP. V. THEOR. 

If two eirelea cut one another^ they ehaU not kaoe tk€, 

eame centre. 

Let the two circles ABC, CDG cut one another in 
the points B, C ; they shall not have the same centre. 

For, if it be possible, let E be their centre : join EC, 
and draw any straight line EFG, meeting them in F 
and G : and because E is the centre 
of the circle ABC, CE is equal to 
EF. Again, because E is ^e centre 
of the circle CDG, CE is equal to 
EG: but CE was proved to be equal 
to EF; therefore EF is equal to EG, 
the less to the greater, which is impossible: therefore 
E is not the centre of the circles ABC, CDG. Where- 
fore, if two circles, &c. Q. E. D. 

PROP.VL THEOR. 

(f one circle touch another mtemaliy, they ehaU not 

have the tame centre. 

Let the circle CDE touch the circle ABC inter- 
nally in the point C: they shall not have the same 
centre. 

For, if they have, let it be F; join FC, and draw 
any straight line FEB, meeting 
them in E and B ; and because F 
is the centre of the circle ABC, FC 
is equal to FB: also, because F is 
the centre of the circle CDE, FC is 
equal to FE: but FC was proved 
equal to FB; therefore FE is equal 
to FB, the less to the greater, which is im^poaBihl«\ 

B 
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therefore F is not the centre of the circles ABC, CDE. 
Wherefore, if one circle, &c. Q^ E. D. 

PROP. VII. THEOR. 

If any point be taken in the diameter of a circle which 
is not the centre, of all the straight lines, which can 
be dravm/rom it to the circur^ference, the greatest is 
that in which the centre is, and the other part of that 
diameter is the least; and, of any others, that which 
is nearer to the line which passes through the centre 
is always greater than one more remote: and from 
the same point there can be drawn two, and only two, 
straight lines to the circuniference, that are equal to 
one another, one upon each side qf the diameter. 

Let A BCD be a circle, and AD its diameter, in 
which let any point F be taken which is not the centre: 
let E be the centre; of all the straight lines FB, FC, 
FG, &c. that can be drawn from F to the circum- 
ference, FA, that in which the centre is, shall be the 
greatest, and FD, the other part of the diameter AD, 
shall be the least : and of the others, FB, the nearer to 

FA, shall be greater than FC the more remote, and 
FC than FG. 

. Join BE, CE, G£ ; and because two sides of a tri- 

•20. 1. angle are greater* than the third, therefore FE, EB 

are greater than FB ; but E A is equal to EB ; therefore 

FE, EA, that is, FA, is greater than 

FB. Again, because EB is equal to 
EC, and EF common to the triangles 
FBE, FCE, the two sides FE, EB are 
equal to the two FE, EC, each to each; 
but the angle FEB is greater than the 
angle FEC ; therefore the base FB is 

*^A i. ^eater* than the base FC. In like manner it may 
be proved that FC is greatex \.\\«ci\ ¥G» A^gain, be- 
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cause £F, FG are greater* than EG, and EG is equal * to. i. 
to ED; therefore EF, FG are greater than ED: take 
away the common part £F, and the remainder FG is 
greater than the remainder FD. Therefore, FA is the 
greatest, and FD the least of all the straight lines from 
F to the circumference ; and FB is greater than FC, 
and FC than FG. 

Also, there can be drawn only two equal straight 
lines from the point F to the circumference, one upon 
each side of the diameter. At the point E, in the 
straight line EF, make* the angle FEH^qual to the * 23. i. 
angle FEG, and join FH: then, because EG is equal 
to EH, and EF common to the two triangles FEG, 
FEH; the two sides FE, EG are equal to the two 
FE, EH; and the angle FEG is equal to the angle 
FEH; therefore the base FG is equal* to the base *4. i. 
FH : but, besides FH, no other straight line can be 
drawn from F to the circumference equal to FG; for, 
if there can, let it be FK; and because FK is equal 
to FG, and FG to FH, FK is equal to FH; that is, a 
line nearer to that which passes through the centre, is 
equal to one which is more remote; which has been 
proved to be impossible. Therefore, if any point be 
taken, &c. Q. E. D. 

PROP. VIII. THEOR. 
Jfceny point be taken without a circle, and straight line$ 
he drawn from it to the nrcun^erence, whereof one 
passes through the centre; of those which fall upon 
the concave circumference^ the greatest is t?Mt which 
passes through the centre; and of the rest, that which 
is nearer to the one through the centre is always 
greater than one more remote: but of those which 
faU upon the convex circumference, the least is thai 
between the point without the circle, and the diametet ; 
and qf the rest, that which is nearer to the least ts 
always less than one more remote: and otdy (too eqiuU 



IHa eailre. 

Let ABC be a circle, and D any point without iff 
from nhich llie Btraighi lines DA, DE, DF. DC, an) 
dcavn to tbc circumference, wliereof DA passes Ihrou^ 
the centre. Of those which fall upon the concave pi 
of the circumference AEFC, the greatest ahall be Di^ 
which ps»es through the centre: and Boy line new 
to it shall he greater than one more rem 
shall be greater ihnn DF, and DF than 
those which fall upon Che convex circumference HLKQ^ 
the least shall be DC between the point D and IT 
diameter OA; and any line nearer to il ahaU be U 
than one more remote, viz. DK less than DL, and DIi 
than DH. 

' I. a. Take* M the centre of the circle ABC, and j^ 
MB, MF, MC, MK, ML, MH. Because AM U eqa 
to BM. add MD' to each, ihereCore AD U equal ID Bl 
'"■'■ MDi but BM, MDare grealec* than EDi therefi* 
also AD is gjeater than ED. Again, because EH i 
equal (0 PM, and MD common to the trisnglei EUIl| 
FMD; the two sides EM, M Dare ■» 

equal to PM, MD, each to each; 
but the angle EMD ia greater than 
ihe angle FMD; therefore the 

it- 1- base ED is greater* titan the base 
FD. In like manner it may be 
■hewn that FD ia greater ihanCD: 
therefore DA ia the greatoat: and 
DK greater than DF, and DF than 
DC. And because MK., KD'are 

so. I. greater* than MD, and MK is 

6Ajt. equal to MG, llic remainder KD iagrcBlcr* than I 
remainder CD, that ia, GD ia leas than KD: and 1 
cause MK, DK are drawn to <i,W ^uA.%.W\>Iiuai 
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triangle MLD from M, D, the extremities of its side 
MD, therefore MK, KD are less* than ML, LD;*Sl. 1. 
but MK is equal to ML; therefore the remainder DK 
is less* than the remainder DL. In like manner it * 5 Ax. 
may be proved, that DL is less than DH : therefore 
DG is the least, and DK less than DL, and DL than 
DH. Also, there can be drawn only two equal straight 
lines from the point D to the circumfierence, one upon 
eafih side of the line through the centre. At the point 
M, in the straight line MD, make* the angle DMB *SS. i. 
equal to the angle DMK, and join DB: and because 
MK is equal to MB, and MD common to the triangles 
KMD, BMD, the two sides KM, MD are equal to the 
two BM, MD, each to each; and the angle KMD is 
equal to the angle BMD; therefore the base DK is 
equal* to the base DB: but, besides DB, there can be * ^* '• 
no straight line drawn from D to the circumference 
equal to DK: for, if there can, let it be DN; and be- 
cause DK is equal to DN, and also to DB; therefore 
DB is equal to DN, that is, a line nearer to the least 
equal to one more remote, which has been proved to 
be impossible. If, therefore, any point, &c. Q. E. D. 

PROP. IX. THEOR. 

^ a point be taken within a circle, from which there 

fall more than two equal straight lines upon the cir^ 

cun^ference, that point is the centre qfthe circle. 

Let the point D be taken within the circle ABC, 

from which to the circumference there fall more than 

two equal straight lines, viz. DA, .DB, DC: the point 

D shall be the centre of the circle. 

For, if not, let E be the centre ; join DE, and pro- 
duce it to the circumference in F, G; then FG is a 
diameter of the circle ABC : and because in FG, the 
diameter of the circle ABC, the point D is taken, 
which is not the centre, DG is the greatest line from 

H 2 
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it to the circumference, and DC 
*7. 8. greater* thanDB, andDBthan DA: 
but this is impossible, because DA, 
Dfi, DC are equal by hypothesis; 
therefore E is not the centre of the 
. circle ABC. In like manner, it may 
be demonstrated, that no other point but D is the 
centre; therefore D is the centre. Wherefore, if a 
point be taken, &c. Q. E. D. 

PROP. X. THEOR. 

One eircwnrfertnee qf a circle cannot cut another ha 
more than tteopomte. 

If it be possible, let the circum- 
ference FAB cut the circumference 
DEF in more than two points, viz. in 

* I. 8. B, G, F; take* K, the centre of the 

circle ABC, and join KB, KG, KF: 

therefore KB, KG, KF are aU equal to 

each other: and hecause within the circle DEF the 

point K is taken, from which more than two equal 

straight lines KB, KG, KF fall on the circumference 

* 9. 8. DEF, the point K is* the centre of the circle DEF: 

but K is also the centre of the circle ABC ; therefore 
the Same point is the centre of two circles that cut 

* 5. 3. one another, which is impossible.* Tlierefore the 

circumference of a circle cannot cut that of another in 
more than two points. Q. E. D. 

PROP. XI. THEOR. 

ff one circle touch another intemally in any point, the 
straight line which joins their centres being pro* 
duced, shall pass through that point. 

Let the circle ADE toucVi \>[v^ c\tt\^ ^.liC inter- 
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Daily in the point A, and let F be the centre of the 
circle ABC, and 6 the centre of the circle AD£: the 
straight line which joins the centres 
F, G, being produced, shall pass through 
the point A. 

For, if not, let it fall otherwise, if 
possible, as FGDH, and join AF, AG: ^ _^ 

and because FG, GA are greater* than > 

FA, and FA is equal to FH; therefore FG, GA are 
greater than FH: take away the common part FG; 
therefore the remainder GA is greater* than the re- * 5 Ax. 
mainder GH: but GA is equal to GD; therefore GD 
is greater than GH, the less than the greater, which is 
impossible. Therefore the straight line which joins 
the points F, G being produced, cannot fall otherwise 
than upon the point A, that is, it must pass through it 
Therefore, if one circle, &c. Q. £. D. 

PROP. XH. THEOR. 

If two circles touch each other externally m any pointy 
the straight line which joins their centres shall pass 
through that point. 

Let the two circles ABC, AD£ touch each other 
externally in the point A; and let F be the centre of 
the circle ABC, and G the centre of AD£ : the straight 
line which joins the points F, G, shall pass through A, 
the point of contact. 

For, if not, let it pass otherwise, if possible, as 
FCDG, and join FA, AG: and because F is the centre 
of the circle ABC, FA is 
equal to FC : also, because G 
is the centre of the circle 
AD£, GA is equal to GD: 

therefore FA, AG are equal* \^ ' ^^V^l^ ♦2 Ax. 
to FCy DG: wherefore the 
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whole FG is greater than FA, AG ; but this is imj 
*«0. 1. sible, for FG is less* than FA, AG. Therefore 
straight line which joins the points F, G, cannot { 
otherwise than through A, the point of contact, thai 
it must pass tlurough it. Therefore, if two circles, 
Q.E. D. 

PROP. Xni. THEOR. 

One circle cannot touch another in more points than < 
whether it touch it on the inside or on the outside 

For, if it be possible, let the circle EBF touch 

circle ABC in more points than one, and first on 

* 10. 11. inside, in the points B, D: join BD, and draw* ( 

*• bisecting BD at right angles : then, because the po 

B, D are in the circumference of each of the circ 




*2. 8. the strught line BD falls within each* of them: ; 

* Cor. their centres are* in the straight line GH, which 
^* ' sects BD at right angles : therefore GH passes throi 

* 11. 8. the point of contact;* but it does not pass througl 

because the points B, D are without the straight ] 
GH, which is absurd: therefore one circle can 
touch another on the inside in more points than on< 
Nor can one circle touch another ' on the outside 
more than one point: for, if it be possible, let the ci 
ACK touch the circle ABC in the points A, C, 
join AC: then, because the two points A, C are in 
circumference of the circle ACK, the straight line 
*a. 3. which joins them falls within* the circle ACK: 
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the circle ACK is without the circle 
ABC ; and therefore the straight line 
AC IS without this last circle; but, 
because the points A, C are in the 
circumference of the circle ABC, the 

straight line AC must be within* the [ j * S. 8. 

same circle, which is absurd: there- 
fore one circle cannot touch another 
on the outside in more than one point : 
and it has been proved, that one circle cannot touch 
another on the inside in more points than one. There- 
fore, one circle, &c Q. £. D. 

PROP. XIV. THEOR. 

Bgjtal itraight lme$ m a circle are eguatty diettmtjrom 
the centre; and thoee which are equally dietant from 
the centre, are equal to one another. 

Let the straight lines AB, CD, in the circle ABDC, 
be equal to one another; they shall be equally distant 
from the centre. 

Take • E the centre of the circle ABDC, and from it * i. 8- 
draw * EF, £6 perpendiculars to AB, CD, and join AE, * is. i. 
EC : then, because the straight line EF, passing through 
the centre, cuts the straight line AB, which does not 
pass through the centre, at right an- 
gles, it also bisects* it: therefore AF "/^ /\\ * '• '• 
is equal to FB, and AB double of AF. 
For the same reason CD is double of 
CG; but AB is equal to CD; there- 
fore AF is equal to C6: and because 
AE is equal to CE, the square of AE is equal to the 
square of CE : but the squares of AF, FE are equal * * 47. i. 
to the square of AE, because the angle AFE is a right 
angle ; and for a like reason, the squares of CG, GE 
are equal to the -square of CE: therefore the squares 
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of AF, F£ are equal to the squares of CG, 6E; but 
the square of AFis equal to the square of C6, because 
AF is equal to CG; therefore the remaining square of 
£F is equal to the remaining square of GE, and the 
straight line £F is therefore equal to EG: but straight 
lines in a circle are said to be equally distant from the 
centre, when the perpendiculars drawn to them from 
* 4 Def. the centre are equal :• therefore AB, CD are equally 
distant from the centre. 

Next, if the straight lines AB, CD be equally dis- 
tant from the centre, that is, if F£ be equal to EG; 
AB shall be equal to CD. For, thf same construction 
being made, it may, as before, be demonstrated, that 
AB is double of AF, and CD double of CG, and that 
the squares of EF, FA are equal to the squares of EG, 
GC ; but the square of EF is equal to the square of 
EG, because EF is equal to EG; therefore the remain- 
ing square of AF is equal to the remaining square of 
CG ; and the straight line AF is therefore equal to CG ; 
but AB was proved to be double of AF, and CD double 
*6Ax. of CG; wherefore AB is equal* to CD. Therefore, 
equal straight lines, &c. Q. £• D. 

PROP. XV. THEOR. 

• 7%e diameter it the greatest straight Une in a circle: 
andy of all others^ that which is nearer to the centre 
is always greater than one more remote; and the 
greater is nearer to the centre than the less. 

Let A BCD be a circle, of which 
the diameter is AD, and the centre £ ; 
and let BC be nearer to the centre 
than FG; AD shall be greater than 
any straight line BC whjich is not a 
diameter, and BC shall be greater 
than FG. 

From £ the centre dxa.^ ^^^^'^^^^T^'^dvculars to 




BC, FG, and join ED, EC, EF; and hecnuse AE 
equal to £B, and ED lo EC, tlicrcCoFe AD is equal 
EB, EC: but EB. EC are greater" than BC; wlier 
fore AD is also giiiaior than BC. 
And, bersuse BC is 



EH ii 



n EK; 



FG, 






Ihe preceding, BC is duuble of BH, and FG JoubJe of ' 
FK, and the squares of EH, UB ore gijubI to the 
■quarcs of EK, KFj but the square o( EH ia k'ss (bun 
thesquareofEK, because EH is less than F.K; llierc- 
fore the square of BH is greater thau the square of 
FK, and the etraigbt line BH greater tlian FKj and 
therefore BC U greater thau FG. 

Neil, let BC be greater than FG; EC shall be 
nearer ID tlic centre tban FG, that ia,* the same con- * i 
struction being made, EH abaU be less than EK. '■ 
BecBuae BC ia greater than FG, BH is greater tlian 
PK; and tlie squares of BH, HE are equal to tbe 
squares of FK, RE ; but the square of BH is greater 
' tban the square of FK, becauae BH is greater than 
FK: therefore the aquare of EH is less than the square 
of EK, and ibe straight line CH lesa than EK; there- 
fore BC is nearer* to ilie centre than FG. Wherefore, • ' 
the diameter, &c. Q. E. D. ^ 

PROP. XVI. THEOR. 
Tht ttraight tint dravm at right migleg to Ihe diaaater 

qf a circle, from the txlTemlty qf U, falls teilhoul 
I /Ae circlei and no tlraii/ht line can it draum from 
I tht eitrenuty tettceen t/lal straight line and the cir- 
I emi^trenee, lo wi not to cnl the circte; or, icliich ia 

lit tame Ihtttg, no ilraighl Hue em mate lo great oi 
' aatit angle leilh Ihe dinmeter at itt exlremily, or w> 

tmatl an angle with the ttraight line which it at right 

mifftet lo II, as not to cut the circle. 

Let ABC be a circle, the centre of mhkh is "D, uni 
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the diameter AB: the straight line drawn at right 
angles to AB from its extremity A, shall fidl without 
the circle. 

For, if it does not, let it £all, if posiilile, within the 
circle, as AC, and draw DC to the 
point C, where it meets the drcnm- 
ference: and because DA is equal 

* 5. 1. to DC, the angle DCA is equal * to 

the angle DAC; but DAC is a right 

angle, therefore DCA is a right 

angle, and the angles DAC, DCA are therefore equal 

* 17. 1. to two right angles; which is impossible:* therefore 

the straight line drawn from A at right angles to BA, 
does not fall within the circle. In the same manner, 
it may be demonstrated, that it does not foil upon the 
circumference; therefore it must foil widiout the 

* See ' circle, as A£.* 

^^' *' Also, between the straight line AE and die circum- 
ference no straight line can be drawn from the point A 
which does not cut the circle. For, if possible, let AF 

* 12. 1. be between them, and from the point D draw* DQ 

perpendicular to AF, and let it meet the circum- 
ference in H : and because DGA is a right angle, and 

* 17. 1. DAG less* than a right angle; therefore DA is 

* 19. 1. greater * than DG : but DA is equal to DH; therefore 

DH is greater than DG, the less than 
the greater, which is impossible: 
therefore no straight line can be 
drawn from the point A, between AE 
and the circumference, which does 
not cut the circle ; or, which amounts 
to the same thing, however great an 
acute angle a straight line makes with the diameter at 
the point A, or however small an angle it makes with 
AE, the circumference must pass between that straight 
line and the perpendicular KE». ^^ NxA ^V^ \& «II that 
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is to be understood, when, in the Greek text and 
translations from it, the angle of the semicircle is said 
to be greater than any acute rectilineal angle, and the 
remaining angle less than any rectilineal angle." 

Cor. From this it is manifest, that the straight line 
which is drawn at right angles to the diameter of a 
circle from the extremity of it, touches the circle ; and 
that it touches it only in one point, because, if it did 
meet tbe circle in two, it would fell within it* " Also, * 2* *• 
it is evident, that there can be but one straight line 
which touches the circle in the same point" 

PROP. XVIL PROB. 
7b draw a tiraight line /rom a given point, either 
without or in the circun^ference, which shall touch a 
given circle. 

First, let A be a given point without the given circle 
BCD, it is required to draw a straight line from A, 
which shall touch the circle. 

Find* E the centre of the circle, and draw AE, cut- * i. 8. 
ting the circle in D ; and from the centre E, at the 
distance EA, describe the circle AFG ; from the point 
D draw* DF at right angles to EA, and draw EBF, * ii. i. 
AB: then AB shall touch the circle BCD. 

Because E is the centre of the 
circles BCD, AFG, EA is equal 
to EF, and ED to EB; therefore 
the two sides AE, EB are equal 
to the two FE, ED, each to each, 
and they contain the angle at E 
common to the two triangles 
AEB, FED; therefore the base DF is equal to the 
base AB, and the triangle FED to the triangle AEB, 
and the other angles to the other angles:* therefore *4. i. 
the angle EBA is equal to the angle EDF: but EDF 
is a right angle, wherefore EBA is a right angle: and 

I 
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EB is drawn firom the centre: but a straight line 

drawn from the extremity of a diameter, at right angles 

*Cor. to it, touches* the circle: therefore AB touches the 

Ifi s 

circle ; and it is drawn from the given point A. Which 
was to be done. 

But if the given point be in the circumference of the 
circle, as the point D, draw DE to the centre E, and 

* Cor. DF at right angles to DE; DF touches* the circle. 
16. s. 

PROP. XVIII. THEOR. 

y a straight line touch a circle, the straighi Uiu 

draum/rom the centre to the point qf contact, shall 

be perpendicular to the line touching the circle 

Let the straight line DE touch the circle ABC in 

the point C ; take the centre F, and draw the straight 

line FC : then FC shall be perpendicular to DE. 

For, if it be not, from the point F draw FBG per- 
pendicular to DE ; and because FGC is a right angle, 

* 17. 1. FCG is* an acute angle; and to the greater angle the 

* 19. 1. greater* side is opposite: therefore FC is greater than 

FG; but FC is equal to FB; therefore 
FB is greater than FG, the less than 
the greater, which is impossible : there- 
fore FG is not perpendicular to DE. 
In the same manner it may be proved, 
that no other is perpendicular to it be- 
sides FC, that is, FC is perpendicular to DE. There- 
fore, if a straight line, &c. Q. E. D. 

PROP. XIX. THEOR. 

If a straight line touch a circle, and from the point 
of contact a straight line be drawn at right angles to 
the touching line, the centre qf the circle shall be in 
that line. 

Let the straight Vine I>^ tou<^lL the circle ABC in C, 
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and from C let C A be drawn at right angles to DE ; 
the centre of the circle shall be in CA. 
For if not, let F be the centre, if 
possible, and join FC. Because DE 
touches the circle ABC, and FC is 
drawn from the centre to the point of 
contact, FC is perpendicular* to DE: 
therefore FCE is a right angle: but 
ACE is also a right angle; therefore the angle FCE is 
equal to the angle ACE, the less to the greater, which 
is impossible: therefore F is not the centre of the 
circle ABC. In the same manner, it may be proved, 
that no other point which is not in CA, is the centre; 
that is, the centre is in CA. Therefore, if a straight 
line, &c. Q. E. D. 

PROP. XX. THEOR. 



*18. S. 



T%e angle ai the centre qfa circle is double qf the angle 
at the circumference, upon the same base, that is, 
upon the same part qfthe circun^ference. 

Let ABC be a circle, and BEC an angle at the 
centre, and B AC an angle at the circumference, which 
have the same circumference BC for their base; the 
angle BEC shall be double of the angle BAC. 

First, let E the centre of the circle be within the 
angle BAC, and join AE, and produce 
itto F: then, because EA is equal to 
£B, the angle EAB is equal* to the 
angle EBA; therefore the angles EAB, 
EBA are double of the angle EAB; 
but the angle BEF is equal* to the 
angles EAB, EBA; therefore also the angle BEF is 
doable of the angle EAB : for the same reason, the 
angle FEC is double of the angle EAC: therefore 




*5. 1. 



* 32. 1. 
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the whole angle BEC is double of the whole angle 
BAG. 

Again, let £ the centre of the circle 
be without the angle BAG. It may 
be demonstrated, as in the first case, 
that the angle FEG is double of the 
angle FAG, and that FEB, a part of 
the first, is double of FAB, a part of 
the other; therefore the remaining angle BEG is 
double of the remaining angle BAG. Therefore the 
angle at the centre, &c. Q. E. D. 

PROP. XXL THEOR. 
The anglea m the same segment qf a circle are equal to 

one another. 

Let ABGD be a circle, and BAD, 
BED angles in the same segment 
6AED: the angles BAD, BED shall 
be equal to one another^ 

First, let the segment 6AED be 
greater than a semicircle ; find F the 
centre of the circle, and join BF, FD. 
Then, because the angle BFD is at the centre, and 
the angle BAD at the circumference, and that they 
have the same part of the circumference, viz. BGD for 

* 20. 3. their base; therefore the angle BFD is double* of the 

angle BAD : for the same reason, the angle BFD is 
double of the angle BED : therefore the angle BAD 

* 7 Ax. is equal * to the angle BED. 

But, let the segment BAED be not greater than a 
semicircle, then, also, the angles BAD, 
BED shall be equal to one another. 
Draw AF to the centre, and produce 
it to G, and join GE: therefore the 
segment BADG is greater than a se- 
micircle ; and the angles in it, BAG, 
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BEC are equal, by the fint case. For the same reason, 
because CBED is greater than a semicircle, the augles 
CAD, CED are equal : therefinre the whole angle BAD 
is equal * to the whole angle BED. Wherefore, the * S Ax. 
angles in the same segment, &c. Q. £. D. 

PROP. XXII. THEOR. 

The opporite angles of any quadrilateral figure hueribed 
in a circle, are together equal to two right angles. 

Let ABCD be a quadrilateral figure in the circle 
ABCD ; any two of its opposite angles shall together 
be equal to two right angles. 

Join AC, BD ; and because the three angles of every 
triangle are equal * to two right angles, the three * 8S. i. 
angles*of the triangle CAB, viz. the angles CAB, ABC, 
BCA are equal to two right angles: but the angle CAB 
is equal * to the angle CDB, because ^ * 21. 8. 

they are in the same segment BADC, 
and the angle ACB is equal to the 
an^e ADB, because they are in the ( 
same segment ADCB: therefore the 
two angles CAB, ACB are together 
equal* to the whole angle ADC ; to each of these equals * 2 Ax. 
add the angle ABC; therefore the angles ABC, CAB, 
BCA are equal* to the angles ABC, ADC: but ABC, * 2 Ax. 
CAB, BCA are equal to two right angles; therefore 
the angles ABC, ADC are also equal* to two right * 1 Ax. 
angles. In like manner, the angles BAD DCB may 
be proved to be equal to two right angles. Therefore, 
the opposite angles, &c. Q. £. D. 

PROP. XXIII. THEOR. 

Up<m the same straight line, and upon the same side qf 
it, there cannot be two similar segments of circles, 
not coinciding with one another. 

i2 




I 
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If it be possible, upon the same straight line AB, 
and upon the same side of it, let ACB, ADB be two 
similar segments of circles not coinciding with one 
another; then, because the circle ACB cuts the circle 
ADB in the two points A, B,. they 
cannot cut one another in any other 

* 10. 8. point;* one of the segments must 

therefore &11 within the other; let 

ACB fall within ADB, and draw the 

straight line BCD, and join CA, DA : and because the 

•Hyp. segment ACB is similar* to the segment ADB, and 

* 11 Def. that similar segments of circles contain equal* angles; 
^* the angle ACB is equal to the angle ADB; that is, 

the exterior angle ACB of the triangle ACD is equal 
to the interior and opposite angle ADC, which is im- 

* 16. 1. possible.* Therefore, there cannot be two similar 

s^^ents of circles upon the same side of the same 
line, which do not coincide. Q. E. D. 



PROP. XXIV. THEOR. 

Similar segments of eirclea upon equal straight lines, 
are equal to one another. 

Let AEB, CFD be similar segments of circles upon 
the equal straight lines AB, CD; the segment AEB 
shall be equal to the segment CFD. 

For, if the seg- 
ment AEB be ap- 
plied to the segment 
CFD, so that the 
point A may be on C, and the straight line AB upon 
CD, the point B shall coincide with the point D, be- 
cause AB is equal to CD: therefore the straight line 
*28. 3. AB coinciding with CD, the segment AEB must* 
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coincide with the segment CFD, and therefore is equal 

to it* Wherefore, similar segments, &c. Q. £. D. • 8 Ax. 

PROP. XXV. PROB. 

A teffment qf a circle being given, to deecribe the eirde 
qf which it ie the segment. 

Let ABC he the given segment of a circle; it is 
required to describe the circle of which it is the 
segment. 

Bisect* AC in D, and from the point D draw* DB * lO- 1- 
at right angles to AC, and join AB. First, let the 
angles ABD, BAD be equal to one another; then the 
straight line DB is equal* to DA, and also to DC, * 6. i. 
since AC is bisected in D; and because the three 
straight lines DA, DB, DC, are all equal, therefore D 
is the centre of the circle.* From the centre D, at * 9. 8. 
the distance of any of the three DA, DB, DC, de- 
scribe a circle; this shall pass through the other 
points : and the circle of which ABC is a segment is 
described: and because the centre D is in AC, the 



B B 




s^^ent ABC is a semicircle. But if the angles ABD, 
BAD are not equal to one another, at the point A, in 
the straight line AB make* the angle BAE equal to * 28. i. 
the angle ABD, and produce BD, if necessary, to meet 
A£ in £, and join EC : then, because the angle ABE 
is equal to the angle BAE, the straight line BE is 
equal * to EA : and because AD is equal to DC, and * 6. i. 
DE common to the triangles ADE, CDE, the two 
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sides AD, DE are equal to the two CD, D£, each to 
each ; and the angle ADE is equal to the angle CDE, 

* Const, for each of them is a right* angle; therefore the base 

* "*• !• AE is equal ♦ to the base EC ; but EA was proved to 

* 1 Ax. be equal to EB, wherefore also EB is equal* to EC: 

and the three straight lines EA, EB, EC are therefore 

* 9. 3. equal to one another ; therefore * E is the centre of 

the circle. From the centre E, at the distance of any 
of the three EA, EB, EC, describe a circle; this shall 
pass through the other points; and the circle, of which 
ABC is a segment, is described: and it is evident, that ' 
if the angle ABD be greater than the angle BAD, the 
centre £ falls without the segment ABC, which there- 
fore is less than a semicircle : but if the angle ABD 
be less than BAD, the centre E falls within the seg- 
ment ABC, which is therefore greater than a semi- 
circle : therefore, a segment of a circle beit^ given, 
the circle is described of which it is a segment. Which 
was to be done. 

PROP. XXVI. THEOR. 

In equal circles, equal angles stand upon equal etrettm- 
ferences, whether they be at the centres or circum- 
ferences. 

Let ABC, DEF be equal circles, and let the angles 
BGC, EHF at their centres be equal, or BAC, EDF 
at their circumferences, be equal to each other: the 
circumference BKC shall be equal to the circumference 
ELF. 

Join BC, EF; and because the circles ABC, DEF 

are equal, the straight lines drawn irom their centres 

« 1 Def. are equal :* therefore the two sides BG, GC are equal 

•Hyp. ^ ^^^ ^^ ^^* ^^* ^^^ ^^ angle at G is efqual* to 
*4. 1. the angle at H; therefore the base BC is equal* to 

* Hyp. the base EF: and because the angle at A is equal* to 



segment EDF; and they ore upon equal Btroight linea 
BC, EF; bul similar legmenM al circles upon equal 
Btrniglil lineH, are equal* to one SDOllieii Ihcreforc the * 
segmcnl BAG a eqaal to the segment EDF: but the 




PROP. XXVU. THEOR. 
In tqval eirvlei, the aaslts ifAicA stand upon equal nV- 
cvm/erennet art equal to one anolAer, viAftter tAei/ be 
at tit centre* or ciremifermett. 
Let ABC, DEF be equal circles, and let the anglRS 
BGC. EHF at their centres, or BAC, EDF at Ilieir 
circumfereDceE, Ktand upon the equal parts BC, EF of 
the circumferencea : the angle BGC ahall be ctjual to 
the angle EHF.ond the angle BAC to ilie angle EDF. 
ir die angle BOO be equal Co the angle EliF, it is 
manifen* thai the angle BAC is also equal to EDF: * 
but, ir not, one dF Ihem must be greater (li.m the oiher. 
Let BGC be the 
greater, and at the 
point O, in the 
ilraigfat lina BG, 
i' tnakB* the angle 
\\ BCK eqoMt to the 
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angle EHF; but equal angles stand upon equal cir- 

* 26. 8. cumferences,* when they are at the centre; therefore 

the circumference BK is equal to tiie circumference 

* Hyp. £F: but £F is equal* to BCj therefore also BK is 

* 1 Az. equal* to BC, the less to the greater, which is impos- 

sible: therefore the angle BGC is not unequal to the 
angle EHF ; that is, it is equal to it: but the angle at 

* 20. 8. A is half* of the angle BGC, and the angle at D half 

* 7 Ax. of the angle EHF: therefore the angle at A is equal* 

to the angle at D. Wherefore, in equal circles, &c 
a E. D. 



PROP. XXVni. THEOB. 

In equal circles, eptal straight Vnes cut oJT equal cir» 
cun^erences, the greater equal to the greater, mad ikt 

less to the less. 

Let ABC, DEF be equal circles, and BC, EF equal 
straight lines in them, which cut off the two greater 
circumferences BAC, EDF, and the two less BGC, 
EHF: the greater BAC shall be equal to the greater 
EDF, and the less BGC to the less EHF. 

* 1. 3. Take* K, L, the centres of the circles, and join BK, 

KC, EL, LF: and because the circles are equal, die 

• 1 Def. straight lines from their centres are * equal ; therefore 
^- BK, KC are equal to EL, 

LF; and the base BC is 
•Hyp. equal* to the base EF; 

therefore the angle BKC is 
*8. 1. equal* to the angle ELF: 

but equal angles stand upon 

* '26. 3. equal* circumferences, when they are at the centres; 

therefore the circumference BGC is equal to the cir- 

• ^yP' cumference EHF : but the whole circle ABC is equal* 

to the whole EDF •, JthetefoiexXve \«t£Aki\ng part of the 
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circumference, viz. BAC, is equal* to the remaining * S Az.* 
part £DF. Therefore, in equal circles, &c. Q. £. D. 



JPROP. XXIX. THEOR. 

In equal eirelea equal circui^fereneea are subtended hy 

equal straight lines. 

"Let ABC, DEF be equal circles, and let the circum- 
ferences BGC, EHF also be equal; and join BC, EF: 
the straight line BC shall be equal to the straight 
line EF. 

Take * K, L, the centres of the circles, and join BK, * i. 8. 
KC, EL, LF; then, because the circumference BGC 
is equal to the circumference EHF, the angle BKC 
is equal* to the angle ELF : x_^ D * 27. 3. 

and because the circles ABC, 
DEF are equal, the straight 
lines from dieir centres are 
equal:* therefore BK, KC 
are equal to EL, LF, and ^ 

they contain equal angles: therefore the base BC is 
equal* to the base EF. Therefore, in equal circles, &c * 4. i. 

a E. D. 

PROP. XXX. PROB. 

To bisect a given circumference, that is, to divide it 

into two equal parts. 

Let ADB be the given circumference ; it is required 
to bisect it. 

Join AB, and bisect* it in C; from the point C * lO. i. 
draw* CD at right angles to AB: the circumference * n- 1* 
ADB shall be bisected in the point D. 

Join AD, DB; and because AC is equal to CB, and 
CD common to the triangles A CD, BCD, the two «\de«k 
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AC, CD are equal to the two BC, CDy each to ea 
and the angle ACD is equal to the jq 

angle BCD, because each of them is a y^T^ 
right angle ; therefore the base AD is ^^ I 
*4. 1. equal* to the base BD: but equal '^'^ * ' 

* 28. 8. straight lines cut off equal * circumferences, the gres 

equal to the greater, and the less to the less, and I 
DB are each of them less than a semicircle; beca 

* Cor. 1. DC passes through the centre:* wherefore the circi 

ference AD is equal to the circumference DB: the 



fore, the given circumference is bisected in D. 
was to be done. 



Wh 



*5. 1. 



•2 Ax. 



PROP. XXXI. THEOR. 

In a circlet the angU in a semicircle is a right omj 
the angle in a segment greater than a semicircle is 
than a right angle; and the angle in a segment 
than a semicircle is greater than a right angle. 

Let ABCD be a circle, of which the diameter is 1 
and centre E; and draw CA, dividing the circle i 
the segments ABC, ADC, and join BA, AD, DC ; 
angle in the semicircle BAC shall be a right ang 
the angle in the segment ABC, which is greater tl 
a semicircle, shall be less than a right angle ; and 
angle in the segment ADC, which is less than a sei 
circle, shall be greater than a right angle. 

Join AE, and produce B A to F ; and because ! 
is equal to EA, the angle EAB is equal* to EB 
also, because EA is equal to EC, 
the angle EAC is equal to EC A; 
wherefore the two angles ABC, 
ACB are together equal* to the 
whole angle BAC: but FAC, the 
exterior angle of the triangle ABC, 
is equal* to the two angles ABC, 




ACB; Iherefore [he angle BAC IB equal" to tlie nn^lc • M 
FAC, and Ilietiforc each of theru is a right* angle; 'lO 
Iherefure the angle BAC in a Bemicirtle is a right "■ 
angle. 

And because the two angles ABC, BAC of the tri- 
angle ABC are togetlier teBS* Ihnn two right angles, • iT 
and ihat fiAC has been proved to be a right angle. 
ABC must be lesE than a. right angle; and thereforB 
the Angle in a segment ABC greater than a semicircle, 
U leas than a right angle. 

And bei^auae ABCD is a quadrilateral figure in a 
circle, any two of it> opposite angles are together 
equal* 10 two right angles; therefore the angles ABC, " " 
ADC are equal to two right angles; and ABC has been 
proved to be less than a right angle; therefore the 
other ADC is greater than a right angle. 

Besides, it it manifest that the circumference of the 
greater segment ABC fells without the right angle 
CAB, but the circnmrerence of the less Begmenl ADC 
falls within the right angle CAF. "And this is all 
that is meaat, when in the Greek text, and the trans- 
lations from it, the angle of the greater segment is said 
to be greater, and the angle of the less segment is said 
to be leis, than a right angle." Q. E. D. 

Co*. From this it is manifest, that if one angle of a 
triangle be equal to (he olber two, it is a right angle, 

two; and when the ■4]™*'" angles are equal, they are 
right* angles. ''" 

PROP. XXXn. THEOR. 

If a ilraiffhl line touch a drele. and from the ptmt iff 
cmtaci a ilnnght line be dravn ovlting lie circle, 
Ike anglra which thia line aaiet viilh the line louching 
lie eirele, ihall be tqtuil la ih e angles which art In 
(jle allenmle tepmtali qf the circle. 
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PROP. XXXIII. PROB. 

Qma a given straight line to describe a segment qf a 
eirele, which shall contain an angle equal to a given 
reetUineai angle, 

JjBt AB be the ^ven straight line, and C the given 
Metilineal angle ; it is required to describe upon ^e 
gtTcn straight line AB, a segment of a circle, whicU 
, dudl contain an angle equal to the angle C. 

First, let the angle C be a right 
angle; bisect* AB in F, and from Yc"^ .^^^^ * ^© 
the centre F, at the distance FB, 
describe the semicircle AHB; __ 
^aereiofre the angle AHB in a se- 
micircle is* equal to the right angle C. ^ ^ 

But, if the angle C be not a right angle, at t\^^ 
point A, in the straight line AB, make* thp at^^x^ « 
BAD equal to the angle C, and from the poiixt: ^^ 
dnnr* AE at right angles to AXH bisect* AB i^^ g^ ^ 
and from F draw* FG at right angles to AB. and 3^^ * * 
GB: and because AF is equal to FB, and FG ^on^x^^T' ^ 
to die triangles AFG, BFG, the *^ 

two sides AF FG, are equal to 
the two BF, FG, each to each ; 
and the angle AFG is equal* to 
the angle BFG; therefore the 
base AG is equal* to the base 
GB; and therefore the circle 
described from the centre G, at 

the distance GA, shall pass through t\ie ^ov^ ^ ^ 

OiJs be the circle AHB: then the segmentAOrV^^ ^^ 

eaataln an angle equal to the given angle ^. "^^^^ 
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Let the straight line £F touch the circle ABCD in 
B, and from the point B let the straight line BD be 
drawn, cutting the circle : the angles which BD makes 
with the touching line £F shall be equal to the angles 
in the alternate segments of the circle; that is, the 
angle DBF is equal to the angle which is in the seg- 
ment DAB, and the angle DBE shall he equal to the 
angle in the segment DCB. 
« 11. 1. From the point B draw* BA at right angles to EF, 
and take any point C in the circumference DB, and 
join AD, DC, CB ; and because the straight line EF 
touches the circle ABCD in the point B, and BA is 
drawn at right angles to the touching 
line from the point of contact B, the 

• 19. 3. centre of the circle is* in BA ; there- 

fore the angle ADB in a semicircle 

• 31. 3. is a right* angle: and consequently 

the other two angles BAD, ABD are 
*82. 1. equal* to a right angle: but ABF 

• Const, is likewise a right* angle ; therefore the angle ABF is 

• 1 Ax. equal* to the angles BAD, ABD: take from these 

equals the common angle ABD; therefore the remain- 

• 3 Ax. ing angle DBF is equal * to the angle BAD, which is in 

the alternate segment of the circle ; and because ABCD 

is a quadrilateral figure in a circle, the opposite angles 

*22. 3. BAD, BCD are equal* to two right angles; but the 

• IS. 1. angles DBF, DBE are equal* to two right angles; 

therefore the angles DBF, DBE are equal to the angles 
» 1 Ax. BAD, BCD ;* and DBF has been proved equal to 

• 2 Ax. BAD : therefore the remaining angle DBE is equal* to 

the angle BCD in the alternate segment of the circle. 
Wherefore, if a straight line, &c. Q. E. D. 
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PROP, XXXIII. FROB. 



tel AB be ihe given etraighl line, and C the given 
recdlineal angle i il a required to deicribe upon the 
given etraighl line AB, a Begment of a circle, nhich 
flhall contain an angle equal to the angle C. 

Pirae, let the angle C be a right 
anglei bisect* Afl in F, and from r 
the centre F, at Ihe distance 1 
describe the semicircle AHB ; 
tberefore the angle AHB in a se- 
micircle ia* equal to the right angle C. * 

But, ir the angle C be not a right angle, at the 
point A, in the stroighl line AB, make*' the angle * 
BAD equal to the angle C, and from the paint A 
draw* AE at right angles to AJ>; hiaeot* AB in F, ; 
and from P draw* FG at right angles to AB, and join • 
GB: and because AF is equal to FB, atid FG common 
lo the triangleB AFG. BFG, the 
two aides AF FQ. are equal to " 

the two BF, FO, each to eutbi 
and the angle AFG in equal* to 
the angle BFG; therefore the 
baw AG is equal" lo the base V; 
OB: and therefore the circle ^ 
deacHbed from the ceniie G, at 




the distance GA. ahall pasa through the poi 
thia be the circle AHB; tlicn the aegmeul AHB lAiaa 
ang-/B p^uaJ [o the given anB\e C. fteoauw 
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firom the point A, the extremity 
of the diameter AE, AD is 
drawn at right angles to AE, 

* Cor. therefore AD* touches the cir- 
^^* '• cle ; and hecause AB, drawu . 

from the point of contact A, 
cuts the circle, the angle DAB 
*S2. S. is equal to the angle in the alternate segment AHB:* 

• Const, but the angle DAB b equal* to the angle C; therefore 

the angle C is equal to the angle in the segment AHB : 
wherefore, upon the given straight line AB, the seg- 
ment AHB of a circle is described, which containa an 
angle equal to the g^ven angle C. Which was to be 
done. 

PROP. XXXIV. PROB. 

Prom a given circle to cut off a eegmewt, which shall 
contain an angle equal to a given rectilineal angle, 

^ Let ABC be the given circle, and D the given rec- 
tilineal angle ; it is required from the circle ABC to 
cut off a segment that shall contain an angle equal to 
the given angle D. 

* 17. 3. Draw* the straight line EF, touching the circle ABC 

in the point B, and at the point B, in the straight line 

• 23.1. BF, make* the angle FBC 

equal to the angle D: the 
segment BAC shall contain 
an angle equal to the given 
angle D. 

Because the straight line 

EF touches the circle ABC, ~ S 

and BC is drawn firom B, the point of contact, the 

t^SS. 9. angle FBC is equal* to the angle in the alternate seg- 

•Cdagu meat BAC of the circ\c ; but ibe axi^^e^Y^Ci v& «^^« ta 




cheangleDi therefore the angle in llie seg:mcii[ HaC is 
equal" lothe angleD; wherefiire. from the given oirda • i 
AJBC, the segment BAC iE cut ofT, containing nn angle 
equal to the given angle D. Which was to be dotie. 

PROP. XXXV, THEOR. 
IfltBO ttraigM liutt cut (me anothtr vu'lAin a circle, the 

rectaoffle cimtained by the seffraenls qf qaf of them is 

tquat to tlie Ttclimgle nonlaiaed by the afs/ntenlt iif 

the olhir. 

Let the tno straight lines AC, BD cut one another in 
tbepointE.Tfithin the circle ABCD: the rect&ngle con- 
tained by AE, EC EliEill be equal tc ' 
rectangle contuned by BE. ED. 

If each of the lines AC, BO para | 
througli the centre, so thiit E is the 
centre: it ia evident, that AE, EC, 
BE, ED are all equal, and the rect- 
angle AE, EC ia equal to the rectangle BE, ED. 

But let one of them BD pass through the centre, 
and cut at right angles the other AC, which does not 
pass through the centre, in the point E: then, if BD 
be biBCCted in P, P ia the centre of the circle ABCDi 
join AF; and heeanae BD, which passes through the 
ceticre. cuts at right anglca in E, the straight tine AC, 
which does not pass through the centre, AE is equal to 
EC. And hecHuae the straight line ^ 

BD ii cut into two equal parts in 
the point F, and into two unequal 
parts in the point E, the rectangle 
BE, ED, together with the iqiiarc 
of EP, is equal" to ite square of - 
PB; that is, to the square of FA; 
but ihc squares of AE, EF are eiju.il* * 

to the square of AF; therefore the rectangle eontuaed 
by BB, ED, together wiih the square of &¥, ts e<^u^ 
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to the squares of AE, £F: take away the common 
square of £F, and the remaining rectangle BE, ED it 

* 3 Ax. equal* to the remaining square of AE: that is, to the 

rectangle AE, EC ; because AE was proved equal to EC. 
Next, let BD which passes through the centre, cut 
the other AC, which does not pass through the centre, 
in E, but not at right angles: then, as before, if BD 
be bisected in F, F is t^e centre of the circle. Join 

* 12. 1. AF, and from F draw* F6 perpendicular to AC; 

* 3. S. therefore AG is equal* to 6C; wherefore the rect- 

angle AE, EC, together with the square of EG, is 

* 5. 2. equal* to the square of AG: to each of these equals 

add the square of GF; therefore the rectangle AE, 

* 2 Ax. EC, together with the squares of EG, GF, is equal* to 

the squares of AG, GF; but the 

* 47. 1. squares of EG, GF are equal* to 

the square of EF; and the squares 
of AG, GF are equal to the square 
of AF: therefore the rectangle AE, 
EC, together with the square of EF, 
is equal to the square of AF; that is, to the square of 
« 5. 2. FB: but the square of FB is equal* to the rectangle 
BE, ED, together with the square of EF; therefore 
the rectangle AE, EC, together with the square of EF, 

* 1 Ax. is equal * to the rectangle BE, ED, together with the 

square of EF: take away the common square of EF, 

* 3 Ax. and the remaining rectangle AE, EC is therefore equal * 

to the remaining rectangle BE, ED, 

Lastly, let neither of the straight lines AC, BD pass 

* 1. 8. through the centre. Take * the 

centre F, and through E, the inter- 
section of the straight lines AC, 
DB, draw the diameter GEFH. 
Now the rectangle AE, EC has been 

proved equal to the rectangVe G^, 

EH; and the rectangle BE, ED 





equal to Ihe sflme reclatigle GE, EH; therefore the 
rectBBgle A.E, EC ig equnl* to the rectangle BE, ED. ' 
" ■ ?0 BICBight lines, &c. a E. D. 



PROP. XXXVI. THEOR. 



If from any pnitit icilAoul a circle two ttra 
draum, one qf ipAich caia ifte circlSf an 
totic/ies ill the reclangle contained by It, 
Khich mil llie eircic, mid fie part of it 
circle, thatl be equal ta the s^are qf Ih 



'■ the other 
' whole line 
eithoui the 



my poll 



ec tangle 



loaehei it. 

Let D be 

DCA, DB 1» 

DCA cuts the circle, and DB touchea 
AD, DC shall be eqnal to the square 
Eiilier DCA passei through the i 
not ; lirEt, let it pass through E, the 
EB : thererore the angle EBD is a 
ri|{ht' angle: and because the straight 
line AC is bisected in E, and pro- 
duced to the point D, the rectangle 
AD, DC, together with the square of 
EC. is equal" to the square of ED; 
but EC ii equal to EH ; llierefore the 
rectangle AD, DC, logeihei with the 
square of EB, is equal to the square 

iof BD: bu< Che square of ED is 
equal* to the squares of EB. BO. 1)< 
light angle: therefore the rectangle AD, DC, together 
with the square of EB, is equal ■ to the squares of EB. * 
BD^ lake away the common squjire of EB^ therefore 
\ Ibe remainiug recUngle AD. DC is equal> to the ' 
. (quare of the isngent DB, 

But if DCA does not pass through the centre of the 
circle ABC, take' E, the centre, and dta* EF 'e'«- ' 




peodiculai * to AC, and join BB, EC, 
ED: and because the straight line 
EF, which pasaes through the centre, 
cub at right angles the straight line 
AC, wliich doei not pssa through (he 



also 



; therefore 







AF is equal to FC: and because the 
straight line AC is bisected in F, and . 
produced to D, the rectangle AD, 
DC, together with the square of FC, 
square of FD: to each of these equals add tbe squaii 
of FE( therefore the rectangle AD, DC, together nitb 
■ the squares of CF,FE I is equal* to the squares of DF, 
FE: but because EFD is a right angle, the square of 
' ED IB equni* lo the aquarea of DF, FE; and the 
square of EC to the aquarea of CF, FE; therefore th« 
rectangle AD, DC, together with the square of EC, is 
.. equal* to the aquarc of ED: but CE ia equal to EB| 
therefore the rectangle AD, DC, together with Ihe 
square of EB, is equal to the square of ED: bui be- 
cause EBD is a right angle, (he squares of £B, BD 
• are equal* to the square of EDi therefore the rect- 
angle AD, DC, together »ith tbe aquare of EB, is 
equal to the squares of EB, BD: take away the com- 
mon square of EBi tbeielbrc the remsimng leclangle 
1. AD, DC is equal • to the square of DB. Wherefore, 
if froiD any point, 8ic. Q. E. D. 

Coiu If from any point without . 

a circle, there be drawn two straight 
lines cutting i(, aa AB, AC, the 
rectangles contained hy the whole 
lines, and the parts of Ihem without 
the circle, are equal lo oni^ another, 
Tiz. the rectangle BA, AB to the rect- 
angle CA, AF: for each of them is 
equal to the square oE l\ic muftu 
lint AD, which touctaet Aic cn(\e. 




PROP. XXXVII. THEOR. 

'}fffn>m a point mlAnul a circle there be dravn two 
itraigAt liaei, onr qf which eutt the circle, and the 
other meeliil; if the rectangle cotUaiiicd Sylie mholt 
line tehich cntt lit circle, and the part of it ailhout 
the circle, be egaid lo the tquart nf the line which 
meett U, the Une which mteti shell touch the circle. 
Let any point D be taken without die circle ABC, 

and from it let tno straiglit lines DCA and DB be 

drawn, ofwbicb DCA cuLs the circle, nnil DB mccLs it; 

if the rectangle AD, DC be equal to Ibe aquare uf DB, 

Iben DB bIibII toucli die circle. 

Draw* the straight line DE, toucbing the circle • if 

ABC, find F" its centre, and join FE, FB, FDi then • i. 

FED is a right* angle: and becBiue DE touches the • li 

circle ABC, and DCA cuts it, the rectangle AD, DC 

is equal* to the square of DE: but the rectangle AD, • 36 

DC is, bj hypothetda, equal to the square of DB; 

therefore the square of DE is equal ■ to the square of * i . 

DB; and the straight line DE equal to the straight 

lineDB: and FE ia equal" to FB; wherefore DE, EF *i; 

are equal to DB, BF, escli to eai 

and the base FD ia conunon lo 1 

two triangles DEP, DBF^ thereti 

ihe angle DEF is equal* to the ( 

gle DBF; but DEF being a rij 

^uigle. DBFalso isaright angle: a 

Be, if produced, is a diameter, n 

Ihe straight line whicb is drawn at _^,V 

Hght angles to a diarbeter, from the 

ntremity of it, louclics* the circle; therefore DB •& 

■ouclieB ibe circle ABC. Wherefore, if &om a point, '' 

kc, a E. D. 
Cox. Hence it is evident, that if fVoni a point widi- 

•ut ■ urclc, two striught lines he drawn to Uiuc\v ftia 

■ircle, these two giraight lines are eijual to one anoOiei:. 
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BOOK IV. 



DEFINITIONS. 



O 



I. 

A RECTILINEAL figuTe is Said to be hueribed in another 
rectilineal figure, when all the angles of 
the inscribed figure are upon the sides of 
the figure in which it is inscribed, each 
upon each. 

n. 

In like manner, a figure is said to be deteribed about 
another figure, when all the sides of the circum- 
scribed figure pass through the angular points of the 
figure about which it is described, each through each. 

III. 

A rectilineal figure is said to be irueribed 
m a circle, when all the angles of the 
inscribed figure are upon t\\e c\tc»xm- 
fsrence of the circle. 
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IV. 



A rectilineal figure is said to be detcribed ab<mt a 
circle, when each side of the circum- r~^ 
scribed figure touches the circum- f 
ference of the circle. 



V. 



'St 



h^^ 



In like manner, a circle is said to be imeribed m a 
rectilineal figure, when the circumference of the 
circle touches each side of the figure. 

VI. 

A circle is said to be described about a 
rectilineal figure, when the circum- 
ference of the circle passes through all 
the angrular points of the figure about 
which it is described. 

VII. 

A straight line is said to be placed in a circle, when 
the extremities of it are in the circumference of the 
circle. 




PROP. L PROB. 

Ik a given circle to place a etraight Hne, equal to a 
given straight Uncs which is not greater than the 
diameter qf the circle. 

Let ABC be the given circle, and D the given 
straight line, not greater than the diametet o^ ^^ 
circle.' it is required to place in the circVe MiC, «i 
straight line equal to D. 
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Draw* CB the diameter of the circle ABC; then, if 
CB ia equal to D, the thing required is done; for in 
the circle ABC a straight line CB is placed equal to D: 
but, if it is not, CB is greater than 
*8. 1. D: make C£ equal* to D; and 
from the centre C, at the distance 
C£, describe the circle AEF, and 
join C A : C A shall be equal to D. 
Because C is the centre of the cir- 

* Conit. cle AEF, CA is equal to CE ; but C£ is equal* to D; 

* 1 Ax. therefore CA is equal* to D: wherefore, in the circle 

ABC, a straight line CA is placed equal to the given 
straight line D, which is not greater than the diameter 
of the circle. Which was to be done. 




PROP. II. PROB. 



In a given circle to inscribe a triangle equiangular H a 

given triangle, 

"Let ABC be the given circle, and DEF the given 
triangle; it is required to inscribe in the circle ABC, a 
triangle equiangular to the triangle DEF. 

* 7.8. Draw* the straight line GAH touching the circle 
in the point A, and at the point A, in the straight line 

* 23. 1. AH, make* the angle HAC equal to the angle DEF; 
and at the point A, in the straight 
line AG, make the angle GAB 
equal to the angle DFE, and join 
BC: ABC shallbe the triangle \ / \] /\ 
required. -^/ \/ * ' 

Because HAG touches the 




' Find the centre of the cixcle, and through it draw any straight 
line CB, tarminated both vray« \s% t\itt c\xc\aat««i!ft«\ WvVa Visa 
tandiMmeter 
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ciide ABC, and AC is drawn from the point of contact, 
the angle HAC is equal* to the angle ABC in the * 32. s. 
alternate segment of the circle : but HAC is equal * * Const. 
to the angle DBF; therefore also the angle ABC is 
equal to DBF: for the same reason, the angle ACB is 
equal to the angle DF£; therefore the remaining 
angle BAC is equal * to the remaining angle EDF : * ^2. i. 
wherefore the triangle ABC is equiangular to the 
triangle D£F, and it is inscribed in the circle ABC. 
Which was to be done. 

PROP. III. PROB. 

About a given eirele to describe a triangle equiangular 

to a given triangle. 

Let ABC be the gpven circle, and DEF the given 
triangle; it is required to describe a triangle about 
the circle ABC, equiangular to the triangle DEF. 

Produce £F both ways to the points 6, H ; find* the * i' 3. 
centre K of the circle ABC, and from it draw any 
straight line KB ; at the point K, in the straight line 
KB, make* the angle BKA equal to the angle DEG, * 23. i. 
and the angle BKC equal to the angle DFH; and 
dirough the 'points A, B, C, draw the straight lines * i7. 3. 
LAM, MBN, NCL, touching* the circle ABC:* LMN 
(hall be the triangle required. 

Because LM, MN, NL touch the circle ABC in the 
>oints A, B, C, to which from the centre are drawn K A, 
(LB, KC, the angles at the points A, B, C, are right* * 18. 8 
ingrles: and because the four angles of the quadrilateral 
igare AMBK are equal to four right angles, for it can 
»e divided into two triangles : and that two of them 

• It may be proved that MA, NC vrill meet, by Joining AC; 
or since the angles at A, C are right angles, the angles CAL^ 
ICL are together less than two right angles-, thetetote* "N^N., ^"^"^ ^'«'- 
rc wW meet if produced. ^' 

L 
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KAM, KBM are right angles, therefore the other two 
AKB, AMB are also equal to two right angles: hut 

« 18. 1. the angles DEG, DEF are likewise equal* to two 
right angles; therefore the angles AKB, AMB are 
equal to the angles DEG, 
DEF, of which AKB is 
equal to DEG; wherefore 
the remaining angle AMB 
is equal to the remaining 
angle DEF. In like man- 
ner, die angle LNM may 
be demonstrated to be equal to DFE; and therefore 

* 82. 1. the remaining angle MLN is equal* to the remaining 
angle EDF: wherefore the triangle LMN is equian- 
gular to the triangle DEF: and it is described about 
the circle ABC. Which was to be done. 
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7b inscribe a circle in a given triangle. 

Let the given triangle be ABC: it is required to 
inscribe a circle in ABC. 

* 9. 1. Bisect* the angles ABC, BCA by the straight lines 

BD, CD meeting one another in the point D, from 

* 12. 1. which draw* DE, DF, DG perpendiculars to AB, BC, 

CA : and because the angle EBD 
is equal to the angle FBD, for the 
abgle ABC is bisected by BD, and 
that the right angle BED is equal 
to the right angle BFD; there- 
fore the two triangles EBD, FBD 
have two angles of the one equal 
to two' angles of the other, each to each ; and the side 
BD, which is opposite to one of the equal angles in 
each, is common to both ; therefore their other sides 
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are equal;* wherefinre D£ is equal to DF: for the ^tO- 1* 
same reason, DG is equal to DF; therefore DE is 
equal to DG, and the three straight lines DE, DF, 
DG are equal to one another; therefore the circle de- 
scribed from the centre D, at the distance of any of 
them, shall pass through the extremities of the other 
two, and touch the straight lines AB, BC, CA, because 
the angles at, the points £, F, G, are right angles, and 
the straight line which is drawn from the extremity of 
a diameter at right angles to it, touches* the circle: * 10> '• 
therefore each of the straight lines AB, BC, CA touches 
the circle, and the circle EFG is therefore inscribed in 
the triangle ABC. Which was to be done. 

PROP. V. PROB. 

7*0 describe a circle eibout a given triangle. 

Let the given triangle be ABC; it is required to 
describe a circle about ABC. 

Bisect* AB, AC in the points D, E, and from these * 10. i 
points draw DF, £F at right angles* to AB, AC; * 11. 1. 
DF, EF will meet if produced; &X, if they do not 




meet, they are parallel, wherefore AB, AC, which are 
at right angles to them, are parallel ; which is absurd : 
let them meet in F, and join FA ; also, if the point F 
be not in BC, join BF, CF: then, because AD is equal 
ito DB, and DF common, and at right angles to AB, 
the base FA is equal* to the base FB: in like man- * 4. 1. 
ner, it may be proved that FC is equal to ¥K\ «A!^ 



112 EUCLID'S ELEMENTS. 

therefore FB is equal to FC; and FA, FB, FC are 
equal to one another; wherefore the circle described 
from the centre F, at the distance of one of them, will 
pass through the extremities of the other two, and be 
described about the triangle ABC. Which was to be 
done. 

CoR. And it 4s manifest, that when the centre of 
the circle falls within the triangle, each of its angles 

* 31. 3. is less than a right* angle, each of them being in a seg- 

ment greater than a semicircle ; but, when the centre 
is in one of the sides of the triangle, the angle opposite 

* 31. 3. to this side, being in a semicircle, is a right* angle; 

and, if the centre falls without the triangle, the angle 
opposite to the side beyond which it is, being in a seg- 

* 31. 3. ment less than a semicircle, is greater* than a right 

angle : therefore, if the given triangle be acute-angled, 
the centre of the circle falls within it; if it be a right- 
angled triangle, the centre is in the side opposite to 
the right angle ; and, if it be an obtuse-angled trian^e, 
the centre falls without the triangle, beyond the side 
opposite to the obtuse angle. 

PROF. VT. PROB. 

To inscribe a square in a given circle. 

Let ABCD be the given circle; it is required to 
inscribe a square in ABCD. 

Draw the diameters AC, BD at right angles to one 
another ; and join AB, BC, CD, DA ; the figure ABCD 
shall be the square required. 

Because BE is equal to ED, for £ is the centre, and 
that £A is common, and at right angles to BD; the 

* 4. 1. base AB is equal* to the base AD; and, for the same 

reason, BC, CD are each of them equal to AB or AD) 

therefore the quadrilateral &guxe KftdiSa «t^A^\Kt^ 

It is also rectangular; for the atiais\iX.YY[vfe^\i,\i«vo! 



:r of the circle ABCD, BAD u 
wherefore the angle BAD is aright* 
angle; tor the ume reaaoD each of 
the angles ABC, BCD, CDA i> a 
right angle; therefore the quadri- 
lateral figure ABCD ia rectangular, 
and it has becD proved lo be equi- . o 

lateral; therefine it is a* aquarei and it is inicribed 'HIM. 
in the circle ABCD. Which naa lo he dooe. 

■ PROP. vir. PRoa 

Th dMcrite a iqttare aimil a ffimt eirele. 

Let ABCD be the given circle i it ia required to 
deacrihc a square about ABCD. 

Draw tiro diameters AC, BD of the circle ABCD, 
at right angles to one another, and through the points 
A, B, C, D, draw* FG, GH, HK, KF touching the * If- 1- 
circle; the figure GHKF shall be the square required. 
Because FG touches the circle ABCD, and EA is 
drawn from the centre E to A, the point of contact, 
the anglesat Aare right* angles: forth 
the ai^lei at the points B, C, D, are 
right singles; and because the angles 
AEB and EBG are right angles, GH 
is parallel* to AC: for the same rea- ^ 
•on, AC is parallel to FK| and in 
Jike manner GF, HK ma; each of 
them be demonstrated to be parallel " - -■ 
to BED ; therefore the figures GK, GC, AK, FB, BK 
are parol lelogrami; and therefore GF is equal* lo*M 
HK, and GH lo FK ; and hecauu AC ta equal to BD, 
and that AC is equal to each of the tnoGH, FK; and 
BD to each of the two GF, HK : OH, FK. vtt ewVi <A * 
ib«o gqoal to OF or HK ; theietoie the t^uiArWuen^ 
t 3 
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figure FGMK ii equilatenil. It a ■lu rectai^ulwi 
fbrGBBA being a panlleiogram, and AEB a right 
*H.I. UigU, AGB* is liliewiee a right angle: and in the 
Bame manner il may be proied, that the angles at H, 
K, F, are right angles; therefore the quadrilateral 
figure FGKK is recUngular, and it was demoDEiralsd 

• aoDiT. to be equilateral: it is thererore a* square; and it il 
'* described about the circle ABCD. Which nas (o b« 

PROP. Vlll. PROB. 
n ifucriie a circle ni •■ givat tqitarK. 
Let ABCD be the given square; it is required to 
inscribe a circle in ABCD, 
•10.1. Bisect" eachof thesidesAB, AD, inthepointsF, B, 

• SI. 1. and through E draw" EH parallel (o AB « DC, and 

through F draw FK parallel to AD or BC; therefora 
each of the figures AK. KB, AH, HD, AG, GC, BO, 
GD, is a right-angled parallelogram or rectangle, and 

• M. 1, their opposite sides are equal;* and because AD is 

equal to AB, and Ihat AG is the half of AD, and AF 

• 7 Ai. the half of AB, AE is equal ■ to AF; wherefore the 

sides opposite lo these are equal, viz. 

GF loGBi in the same manner, it " 

ma; be demonstraled that CH, GK 

are each ofthemequal loOForGEl > 

therefore the four straight linos GE, 

GF, GH, GK, are equal to one 

another; and the circle described 

from the centre G, at the distance of one of them, will 

pan through the extremiiies of the other three, and 

touch the straight lines AB, BC. CD, DA; becauM 

• 19.*1. the an^es at the poinu E, F, H, K are right* angles, 

and that the itraight line wtvich » iiKwa Siwa the «%• 
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tremity of a diameter, at right angles to it, touches • « Cor. 
the circle ; therefore each of the straight lines AB, BC, *^* '* 
CD, DA touches the circle, which therefore is in- 
scribed in the square ABCD. Which was to be done. 



PROP. IX. PROB. 

To describe a circle about a given equare. 

Let ABCD be the given square: it is required to 
describe a circle about ABCD. 

Join AC, BD, cutting one another in £; and be- 
cause DA is equal to AB, and AC common to the tri- 
angles DAC, BAC, the two sides DA, AC are equal to 
the two BA, AC, each to each; and the 
base DC is equal to the base BC ; where- 
fore the angle DAC is equal* to the ( "^ ) *8. i. 
angle BAC, and the angle DAB is bi- 
sected by the straight line AC: in the 
same manner it may be demonstrated, that the angles 
ABC, BCD, CDA, are severally bisected by the straight 
lines BD, AC; therefore, because the angle DAB is 
equal to the angle ABC, and that the angle £AB is 
the half of DAB, and EBA the half of ABC ; the angle 
EAB is equal* to the angle EBA; wherefore the side • 7 Ax. 
£A is equal* to the side EB. In the same manner * 6. i. 
it may be demonstrated, that the straight lines EC, 
£D are each of them equal to £A or EB; therefore 
the four straight lines EA, EB, EC, ED are equal to 
one another ; and the circle described from the centre 
£, at the distance of one of them, will pass through the 
extremities of the other three, and be described about 
the square ABCD. Which was to be done. 
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PROP. X. PROB. 

To describe an isosceles triangle^ hoeing each qf the 
armies at the base double of the third tmgle. 

* 11. 2. Take any straight line AB, and divide* it in the 

point C, so that the rectangle contained by AB, BC 
may be equal to the square of C A ; and from the centre 
A, at the distance AB, describe the circle BDE, in 

* 1- 4. which place* the straight line BD equal to AC, which 

is not greater than the diameter of the circle BDE; 
join DA, and the triangle ABD shall be such as is re- 
quired, that is, each of the angles ABD, ADB is double 
of the angle BAD. 

* 5. 4. Join DC, and about the triangle ADC describe* the 

circle ACD; then, because the rectangle AB, BC is 

* Const, equal * to the square of AC, and that AC is equal to BD, 

* 1 Ax. the rectangle AB, BC is equal* to the square of BD; 

and because from the point B, 
without the circle ACD, two 
straight lines BCA, BD are drawn 
to the circumference, one of which 
cuts, and the other meets the cir- 
cle, and that the rectangle AB, 
BC, contained by the whole of the 
cutting line, and the part of it 
without the circle, is equal to the 
square of BD which meets it: therefore the straight 

* 87. 3. line BD touches* the circle ACD. And because BD 

touches the circle, and DC is drawn from D, the point 

* 32 3. of contact, the angle BDC is equal * to the angle DAC 

in the alternate segment of the circle i to each of these 
equals add the angle CD A ; therefore the whole angle 

* 2 Ax. BDA is equal* to the two angles CDA, DAC; but the 
*82. 1. exterior angle BCD is equal* to the angles CDA, 

* 1 Ax. DAC ; therefore also BDA is equal * to BCD : but BDA 
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18 equal* to the angle CBD, because the side AD is * 5. i. 
equal to the side A6; therefore CBD, or DBA is 
equal* to BCD; and consequently the three angles *i Ax. 
BDA, DBA, BCD, are equal to one another; and 
because the angle DBC is equal to the angle BCD, 
the side BD is equal * to the side DC ; but BD was * 6. i. 
made equal to AC ; therefore also CA is equal * to CD, * i Az. 
.and the angle CD A equal* to the angle CAD; there- * '• i* 
fore the angles CDA, CAD together, are double of 
the angle D AC : but BCD is equal * to the angles CDA, * 82. i. 
DAC; therefore also BCD is double of DAC, and 
BCD was proved to be equal to each of the angles 
BDA, DBA; therefore each of the angles BDA, DBA 
is double of the angle DAB; wherefore an isosceles 
triangle ABD is described, having each of the angles 
at the base double of the third angle. Which was to 
be done. 

PROP. XI. PROB. 

To intcribe an equilateral and equiangvlar pentagon m 

a given circle. 

Let ABCDE be the given circle ; it is required to 
inscribe an equilateral and equiangular pentagon in 
the circle ABCDE. 

Describe* an isosceles triangle FGH, having each * lO. 4. 
of the angles at G, H, double of the angle at F; and 
in the circle ABCDE inscribe* the triangle ACD*2. 4. 
equiangular to the triangle 
FGH, so that the angle CAD 
may be equal to the angle at 
F, and each of the angles 
ACD, CDA equal to the angle 

at G or H ; wherefore each of o'^^--^-^ c h 

the angles ACD, CDA is double of the angle CAD. 
Bisect* the angles ACD, CDA by the straight lines •». i 
CE, DB ; and join AB, BC, DE, £A. Then ABCDE 

shall be the pentagon required. 
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Because each of the angles ACD, CDA is d 
CAD, and that they are bisected by the 8tni| 
C£, DB, therefore the five an^es DAC, AC] 
CDB, BDA are equal to one another; hi 
*26. 3. angles stand upon equal* circumferences; t 
the five circumferences AB, BC, CD, DE, 
equal to one another: and equal circumferei 

* 29. S. subtended by equal* straight lines; therefore 

straight lines AB, BC, CD, DE, EA are equa 
another: therefore the pentagon ABCDE : 
lateral. It is also equiangular; for because 
cumference AB is equal to the circumference 
each of these equals add BCD; therefore tl 

* 2 Ax. ABCD is equal* to the whole EDCB : but H 

AED stands on the circumference ABCD, 
angle BAE on the circumference EDCB; t 

* 27. S. the angle BAE is equal* to the angle AED. 

same reason, each of the angles ABC, BCD, 
equal to the angle BAE, or AED: therefore 1 
tagon ABCDE is equiangular; and it has beei 
to be equilateral. Wherefore, in the given c: 
equilateral and equiangular pentagon has li 
scribed. Which was to be done. 
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PROP. XII. PROB. 

To describe an equilateral and equiangular j 

about a given eirele. 
Let ABCDE be the given circle; it is reqi 
describe an equilateral and equiangular pentagi 
the circle ABCDE. 

Let the angles of a pentagon, inscribed in th 

by the last proposition, be in the points A, B, < 

so that the circumferences AB, BC, CD, DE, 

*u.4. equal ;^ and through the povtiXa K,'ft,C,\>, 

*//.A GH, HK, KL, LM, MG, \DWc\mi%» ^ 

the %ire GHKLM shaW be \Vie ^coxawwii 
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Take the centre F, and join FB, FK, FC, FL, FD ; 
and because the straight line KL touches the circle 
ABCDE in the point C, to which FC is drawn from F 
the centre, FC is perpendicular* to KL; therefore * 18. 8. 
each of the angles at C is a right angle : for the same 
reason, the angles at the points B, D are right angles: 
and because FCK is a right angle, the square of FK 
is equal* to the squares of FC, CK: for the same *47. i. 
reason, the square of FK is equal to the squares of FB, 
BK: therefore the squares of FC, CK are equal* to the * i Ax. 
squares of FB, BK ; but the square of FC is equal to 
the square of FB ; therefore the remaining square of 
CK is equal* to the remaining square of BK, and the * 3 Ax. 
straight line CK equal to BK: and because FB is 
equal to FC, and FK common to the triangles BFK, 
CFK, the two BF, FK are equal to the two CF, FK 
each to each; and the base BK was proved equal to 
the base KC; therefore the angle BFK is equal* to * 8. i. 
the angle KFC, and the angle BKF* to FKC; where- * 4. 1. 
fere the angle BFC is double of the angle KFC, and 
BKC double of FKC: for the same reason, the angle 
CFD is double of the angle CFL, and CLD double of 
CLF: and because the circum- 
ference BC is equal to the cir- 
cumference CD, the angle BFC 

is equal* to the angle CFD; and ~\ ^.^^ V *2'^- ^' 
BFC is double of the angle KFC, 
and CFD double of CFL; diere- 

fore the angle KFC is equal* to it c H « j ^^^^ 

ike angle CFL; and the right angle FCK is equal to 
the right angle FCL: therefore, in the two triangles 
FKC, FLC, there are two angles of the one equal to 
two angles of the other, each to each, and the side FC, 
which is adjacent to the equal angles in eac^, S» coisl- 
man to both; therefore the other sides axe ec^vMlX* \ft*^*v 
tie other sides, and the third angle to tVie t\i\t^ «a!^gLft\ 
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therefore the straight line KC is equal to CL, and die 
angle FKC to the angle FLC: and because KC k 
equal to CL, KL is double of KC. In the same man- 
ner it may be proved that HK is double of BK: and 
because BK is equal to KC, as was demonstrated, and 
that KL is double of KC, and HK double of BK, 

* 6 Ax. therefore HK is equal* to KL: in like manner it maj 

be proved that GH, GM, ML are each of them eqm^ 
to HK or KL: therefore the pentagon GHKLM W 
equilateral. It is also equiangular; for, since the 
angle FKC is equal to the angle FLC» and that tiMr 
angle HKL is double "of the angle FKC, and KLM 
double of FLC, as was before demonstrated, the angle 

* 6 Ax. HKL is equal * to KLM : and in like manner it may be 

proved that each of the angles KHG, HGM, GML it 
equal to the angle HKL or KLM: therefore the fife 
angles GHK, HKL, KLM, LMG, MGH are equal to 
one another, and therefore the pentagon GHKLM is 
equiangular : and it was demonstrated to be equilateral : 
and it is described about the circle ABCDE. Which 
was to be done. 

PROP. Xni. PROB. 

To intcribe a circle m a gfiven eqtdlateral and egw* 

angular pentagon. 

Let ABCDE be the given equilateral and equi- 
angular pentagon ; it is required to inscribe a circle in 
the pentagon ABCDK 

* it. 1. Bisect* the angles BCD, CDE by the straight lines 

CF, DF, and from the point F, in which they meet, 
draw the straight lines FB, FA, F£: therefore since 

* Hyp. BC is equal* to CD, and CF common to the trianglef 

BCF, DCF, the two sides BC, CF are equal to the two 

5 Cdnst, DC, CF, each to each •, and lYve wv%\e 'ftC^ \% ^QCf»\« to 

*^. /. the angle DCF; therefore the haae ^^ V& ^^^* ^ 




he bue FD, and ibe other ai^ei to the other mjflet, 
o which the equal sidci are opposite i therefore the 
logle CBP u equal to ihe angle CDF; and beeaiwe 
he angle CDB ii double of CDF, and that CDE ia 
^ual to CBA, and CDF to CBPi 
:BA ii alio double of the angle 
:BFi theieroiethewglaABFia , 
iqual to the angle CBF; where- 
ice the angle ABC k hueoted 
If (he atniffht line BF: in tha 
■Hae maiincT it nuly be demon- 
mted, that the angUa BAB, AED, ve hliected bjr 
he atraight line* AF, FE. From the point F draw* * "' 
FO, FH, FK, FL, FH perpendiculars to the Mraight 
line* AB, BC, CD, DE, EA: and becauu the angle 
UCF ia equal to KCF, and cbe right angle FHC equal 
lo the right angle FKC; therefore in the triangle! 
FHC, FKC the two angles FHC, HCF are equal to 
the two FKC, KCF, each to each; and the side FC, 
which is opposite to one of the equal angles in each, 
is common to both ; therefore the other sides are equal • * l^ 
each to each; wherefore the perpendicular FH is equal 
to die perpendicular FK. In the same manner it may 
be demonstrated that FL, FM, FG are each of (hem 
equal to FH or FK: therefore the five straight lines 
FG, FH, FK, FL, FM are equal to one another: 
wherefore the circli" described from ihe centre F, at 
die distance of one of these five, will pass through the 
extremities of the other four, and touch the straight 
lines AB, BC, CD, DE, EA, because the angles at the 
pmnta G, M, K, L, M are right angles; and that a 
straight line drawn from the extremity of the diameter 
of a circle at right aisles to it, touches* the circle : * l* 
therefore each of the straight lines AB, BC, CD, l^iC., 
£A tomAe* tit circle! wherefore it ia toKCTV^ie^'vci''^ 
Jtaugoo ABODE. Which was to be done. 
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PROP. XIV. PROB. 



To describe a circle about a given equilateral and 
equiangular pentagon^ 

Let ABCDE be the given equilateral and equian- 
gular pentagon; it is required to describe a circle 
about ABCDE. 

* 9. 1. Bisect* the angles BCD, CDE by the straight lines 

CF, FD, and from the point F, in which they meet, 
draw the straight lines FB, FA, F£ to the points Bt 
A, E. It may be demonstrated, in 
the same manner as in the preced- 
ing proposition, that the angles 
CBA, BAE, AED are bisected by 
the straight lines FB, FA, FE : and 
because the angle BCD is equal to 
the angle CDE, and that FCD is the half of the angle 
BCD, and CDF the half of CDE; the angle FCD is 

* 6. 1. equal to FDC: wherefore the side CF is equal* to the 

side FD. In like manner it may be demonstrated that 
FB, FA, FE are each of them equal to FC or FD: 
therefore the five straight lines FA, FB, FC, FD, FE 
are equal to one another ; and the circle described from 
the centre F, at the distance of one of them, will pass 
through the extremities of the other four, and be de- 
scribed about the equilateral and equiangular pentagon 
ABCDE. Which was to be done. 




PROP. XV. PROB. 



To inscribe an equilateral and equiangular hexagon m a 

given circle. 

Let ABCDEF be the given circle; it is required to 
inscribe an equilateral axiA e(\i».an^« \v«i»3;^x!l m 
the circle ABCDEF. 
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Find* G the centre of the circle ABCDEF, and draw * i. s. 
the diameter AGD; and from D as a centre, at the 
distance DG, describe the circle EGCH, join EG, 
CG, and produce them to the points B, F; and join 
AB, BC, CD, DE, EF, FA: the hexagon ABCDEF 
shall be equilateral and equiangular. 

Because G is the centre of the curcle ABCDEF, GE 
is equal to GD : and because D is the centre of the 
circle EGCH, DE is equal to DO ; wherefore GE is 
equal* to ED, and the triangle EGD is equilateral ; and * i Ax. 
dierefore its three angles EGD, GDE, DEG are equal 
to one another;* but the three angles of a triangle are j ^^' ' 
equal* to two right angles; therefore the angle EGD * 82. i. 
is the third part of two right angles: in the same 
manner it may be demonstrated that the angle DGC 
is also the third part of two right 
angles : and because the straight line 
GC makes with EB the adjacent an- 
gles EGG, CGB equal* to two right 
angles; the remaining angle CGB is 
the third part of two right angles; 
therefore the angles EGD) DGC, 
CGB, are equal to one another: and 
to these are equal * the vertical oppo- 
site angles BGA, AGF, FGE : therefore the six angles 
EGD, DGC, CGB, BGA, AGF, FGE are equal to one 
another: but equal angles stand upon equal* circum- * 26. s. 
ferences; therefore the six circumferences AB, BC, 
CD, DE, EF, FA are equal to one another; and equal 
circumferences are subtended by equal * straight lines ; * 29. S. 
therefore the six straight lines AB, BC, CD, DE, EF, 
FA are equal to one another, and the hexagon ABCDEF 
is equilateral. It is also equiangular ; for, since the 
dicumference AF is equal to ED, to eac\v qI \)^%'&^ 
egualff add the circumference ABCD; lL\ieTefet^ ^^ 
irAoIe circumference FABCD is equal lo xV\^ ^\i^^ 




* 13. 1. 



• 15. I. 
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EDCBA : and the angle FED stands upon the circum- 
ference FABCD, and the angle AF£ upon EDCBA; 

* 27. 3. therefore the angle AFE is equal* to FED. In the 

same manner it may be demonstrated that the other 
angles of the hexagon ABCDEF are each of them 
equal to the angl« AFE or FED : therefore the hexagon 
is equiangular; and it was proved to be equilateral; 
and it is inscribed in the given circle ABCDEF. 
Which was to be done. 

CoR. From this it is manifest, that the side of the 
hexagon is equal to the straight line from the centre, 
that is, to the semidiameter of the circle. 

And if through the points A, B, C, D, £, F there be 
drawn straight lines touching the circle, an equilateral 
and equiangular hexagon will be described about it, 
which may be demonstrated from what has been said 
of the pentagon ; and likewise a circle may be inscribed 
in a given equilateral and equiangular hexagon, and 
circumscribed about it, by a method like to that used 
for the pentagon. 

PROP. XVI. PROB. 

7o inscribe an equilateral and equiangular quindeeagm 

in a given circle. 

Let ABCD be the given circle ; it is required to in- 
scribe an equilateral and equiangular quindecagon in 
the circle ABCD. 

Let AC be the side of an equilateral triangle in- 

* 2. 4. scribed ♦ in the circle, and AB the side of an equi- 

lateral and equiangular pentagon 

* 11. 4. inscribed* in the same; therefore, 

of such equal parts as the whole 

circumference ABCDF contains 
hfteen, the circumference KBC, 
being the third part of tYve vi\vo\c» 
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contains five; and the circumference AB, which is the 
fifth part of the whole, contains three; tlierefore BC 
their difference contains two of the same parts: bisect* * ^' '• 
BC in E ; therefore BE, EC are, each of them, the 
fifteenth part of the whole circumference ABCD: 
therefore, if the straight lines B^, EC be drawn, and 
straight lines equal to them be placed* round in the * i. 4. 
whole circle, an equilateral and equiangular quindc- 
cagon will be inscribed in it. Which was to be done. 
And in the same manner as was done in the pentagon, . 
if, through the points of division made by inscribing 
the quindecagon, straight lines be drawn touching the 
circle, an equilateral and equiangular quindecagon 
will be described about it: and likewise, as in the 
pentagon, a circle may be inscribed in a given equi- 
laterid and equiangular quindecagon, and circum- 
scribed about it* ' 



• Besides the regular polygons treated of in this Book, and 
those ivhich may be derived from them by successive bisections 
of the circumferences subtended by the sides of the polygons, 
there are others which may be described by elementary geometry, 
that is, by means of the straight line and circle. In 1801, the 
c^ebrated geometer, M. Gauss, of Gottingen, in a work entitled 
Disquintiones Arithmetics, showed that every regular polygon, 
whose sides is a prime number of the form 2'>+l, may be in- 
scribed in a circle, by elementary geometry. Hence a polygon of 
17 sides may be inscribed in a circle, for 17 is a prime number, 
that is, a number which is not produced by the multiplication of 
any two whole numbers, and is of the prescribed form, viz., 
2^+1. So also may regular polygons of 2S7 and 655S7 sides. 
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THE 

ELEMENTS OF EUCLID. 



BOOK V. 



DEFINITIONS. 



I. 

A LESS magnitude is said to be a pari of a greater 
magnitude, when the less measures the greater, that 
is, ' when the less is contained a certain number of 
' times exactly in the greater.' 

11. 

A greater magnitude is said to be a multiple of a less, 
when the greater is measured by the less, that is, 
' when the greater contains the less a certain num- 
' her of times exactly.' 

III. 
" Ratio is a mutual relation of two magnitudes of the 
" same kind to one another, in respect of quantity." 

IV. 

Magnitudes are said to have a ratio to one another, 
when the less can be muiViv^ViedL «o qa xo «:^c^%^ ^3cw«. 

other. 
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V. 

The first of four magnitudes is said to have the same 
ratio to the second, which the third has to the fourth, 
when any equimultiples whatsoever of the first and 
third being taken, and any equimultiples whatsoever 
of the second and fourth ; if the multiple of the first 
b^ less than that of the second, die multiple of the 
third is also less than that of the fourth ; or, if the 
multiple of the first be equal to that of the second, 
the multiple of the third is also equal to that of the 
fourth ; or, if the multiple of the first be greater than 
that of the second, the multiple of the third is also 
greater than that of the fourth. 

VI. 

Magnitudes which have the same ratio are called pro- 
portionals. * N. B. When four magnitudes are pro- 
'portionals, it is usually expressed by saying, the 
' first is to the second, as the third to the fourth.' 

VII. 

When of the equimultiples of four magnitudes (taken 
as in the fifth definition) the multiple of the first is 
greater than that of the second, but the multiple of 
the third is not greater than the multiple of the 
fourth ; then the first is said to have to the second 
a greater ratio than the third magnitude has to the 
fourth; and, on the contrary, the third is said to 
have to the fourth a less ratio than the first has to 
the second. 

. VIII. 

" Analogy, or proportion^ is the similitude or equality 
"of ratios." 

IX 
proportion consists in three terms at least. 
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X. 

« 

When three magnitudes are proportionals, the first is 
said to have to the third the duplicate ratio of that 
which it has to the second. 

XI. 

When four magnitudes are continual proportionals, 
the first is said to have to the fourth the tr^pUeete 
ratio of that which it has to the second, and so on, 
quadmplicaie, &c. increasing the denomination still 
by unity, in any number of proportionals. 
Definition A, to wit, of compound ratio. 

When there are any number of magnitudes of the same 
kind, the first is said to have to the last of them the 
ratio compounded of the ratio which the first has to 
the second, and of the ratio which the second has to 
the third, and of the ratio which the third has to the 
fourth, and so on unto the last magnitude. 

For example, if A, B, C, D be four magnitudes of the 
same kind, the first A is said to have to the last D 
the ratio compounded of the ratio of A to B, and of 
the ratio of B to C, and of the ratio of C to D; or, 
the ratio of A to D is said to be compounded of the 
ratios of A to B, B to C, and C to D. 

And if A has to B the same ratio which E has to Ff 
and B to C the same ratio that G has to H ; and C 
to D the same that K has to L : then, by this defi» 
nition, A is said to have to D the ratio compounded 
of ratios which are the same with the ratios of E to 
F, G to H, and K to L. And the same thing is to 
be understood when it is more briefly expressed by 
sayipg, A has to D the ratio ' compounded of the 
ratios of £ to F, G to H, and K to L. 

In like manner, the same things being supposed, if 
M has to N the same Ta^o ^\v\c\v ^.Vvaa to D; then, 
for shortness' sake, M *\a aavA toVvi^ x.o'^ ^^-t^^^ 
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compounded of the ratios of E to F, G to H, and 
K toL. 

XII. 

In proportionals, the antecedent terms are called homO' 
logout to one another, as also the consequents to one 
another. 

' Geometers make use of the following technical words 
' to signify certain ways of changing either the order 
* or magnitude of proportionals, so that they continue 
' still to be proportionals.' 

XIII. 
Permutando, or altenumdo, by permutation, or alter- 
nately. This word is used when there are four 
proportionals, and it is inferred, that the first has 
the same ratio to the third, which the second has to 
the fourth; or that the first is to the third, as the 
second to the fourth; as is shown in the 16th Prop, 
of this fifth Book. 

XIV. 

hnveriendo, by inveraion; when there are four propor- 
tionals, and it is inferred, that the second is to the 
first, as the fourth to the third. Prop. B. Book 5. 

XV. 

Congnmendo, by composition; when there are four pro- 
portionals, and it is inferred, that the first together 
with the second, is to the second, as the third to- 
gether with the fourth, is to the fourth. Prop. 18th, 
Book 6, 

XVI. 

Dimdendo, by division; when there are four propor- 
tionals, and it is inferred, that the excess of the first 
above the second, is to the second, as the excess ot 
the third above the fourth, is Jo the fouTlYi. "Pto^. 
Jrdi, Book 6. 
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XVII. 

ContfertendOf by corwerrion; when there are four pro- 
portionals, and it is inferred, that the first is to its 
excess above the second, as the third to its excess 
above the fourth. Prop. £. Book 5. 

XVIII. 

Ejp aquali (sc. distantia), or &r aquot from equality of 
distance ; when there is any number of magnitudes 
more than two, and as many others, such that they 
are proportionals when taken two and two of each 
rank, and it is inferred, that the first is to the last 
of the first rank of magnitudes, as the first is to the 
last of the others: * Of this there are the two follow- 
' ing kinds, which arise from the different order in 
* which the magnitudes are taken two and two.' 

XIX. 

Ejp (Bquali, from equality ; this term is used simply by 
itself, when the first magnitude is to the second of 
the first rank, as the first to the second of the other 
rank ; and as the second is to the third of the first 
rank, so is the second to the third of the other; and 
so on in order, and the inference is as mentioned in 
the preceding definition ; whence this is called ordi- 
nate proportion. It is demonstrated in Prop. 22Dd. 
Book 5. 

XX. 

Ew (squali, in proportione perturbntd, teu inordtnoidf 
from equality in perturbate or disorderly propor- 
tion ; this term is used when the first magnitude is 
to the second of the first rank, as the last but one is 
to the last of the second rank; and as the second is 
to the third of the first rank, so is the last but two 
to the last but one oi the second x%xik; and as the 
third is to the fourth oi lYve ftx«\. x«x^ wi S& 'Qsifc 'CksA. 
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from the last to the last but two of the second rank ; 
and so on in a cross order: and the inference is as 
in the 1 8th definition. It is demonstrated in Prop. 
23rd. of Book 5, 



AXIOMS. 

I. 
Equimultiples of the same, or of equal magpfiitudes, 
are equal to one another.* 

II. 
Those magnitudes, of which the same or equal magni- 
tudes are equimultiples, are equal to one another. 

III. 
A multiple of a greater magnitude is greater than the 
same multiple of a less. 

IV. 
That magnitude, of which a multiple is greater than 
the same multiple of another, is greater than that 
other magnitude. 

PROP. I. THEOR. 

1/ any number of magnitudes be equimultiples of as 
many, each qf each; what multiple soever any one 
of them is qf its part, the same multiple shall all the 
first mayniiudes beqfall the other. 

Let any number of magnitudes AB, CD be equi- 
multiples of as many others E, F, each of each ; what 
multiple soever AB«is of E, the same multiple shall 
AB and CD together, be of £ and F together. 

* Equboultlpleg of magnitfideB are multiples ttiat coutatai \\«ia 
regpeetireJy the same number of times. 
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Because AB is the same multiple of E that CD is 
of F, as many magnitudes as there are in AB equal to 
E, BO many are there in CD equal to F. 



J 



Divide AB into magnitudes equal to E, yiz. 
AG, GB; and CD into CH, HD equal each ^^ 
of them to F: therefore -the number of the ] 
magnitudes CH, HD shall be equal to the 
number of the others AG, GB: and because 
AG is equal to E, and CH to F, therefore m\ t 
• s Ax. AG and CH together are equal to* E and F 
together: for the same reason, because GB ia - 
equal to E, and HD to F; GB and HD together art 
equal to E and F together: wherefore, as many msg- 
nitudes as are in AB equal to E, so many are there in 
AB, CD together, equal to £ and F together. There- 
fore, what multiple soever AB is of £, the same mul- 
tiple is AB and CD together, of £ and F together. I 

Therefore, if any magnitudes, how many soever, be 
equimultiples of as many, each of each; what multiple 
soever any one of them is of its part, the same multiple 
shall all the first magnitudes be of all the other; * For 
' the same demonstration holds in any number of mag- 
' nitudes, which was here applied to two.' Q. E. D. 

PROP. n. THEOR. 

J[f the first magrUtfide be the same multiple qf the seetmd 
that the third is qf the fourth, and tht fifth the same 
multiple of the second that the siath is of th» fourths 
then shall the first together with the fifth he the same 
multiple qf the second, that the third together with 
the sixth is qf the fourth. 

Let AB the first be the same multiple of C the se- 
cond, that DE the third is o? ¥ xVve ^o\xt\Xv\ and BG 
the 6fth the same multiple ot C xhe secotv^, i^aaJt ^«:ft. 
the sixth is of F the fourth: then %\ia\\ KG, ^^ ^o*. 
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together with the fifth, be the same 
multiple of C the second, that DH, 
the third together with the sixth, is 
of F the fourth. 

Because AB is the same multiple 
of C, that D£ is of F ; there are as 
many magnitudes in AB equal to C, as there are in 
D£ equal to F : in like manner, as many as there are 
in BO equal to C, so many are there in £H equal to 
Ft theteforie as many as there are in the whole AG 
equal to C, so many are there in the whole DH equal 
to F: therefore AG is the same multiple of C that 
DH is of F; that is, AG, the first 
and fifth together, is the same mul- 
tiple of C the second, that DH, the 
third and sixth together, is of F the 
fourth. If, therefore, the first be 
the same multiple, &c. Q. £. D. 

Cor. From this it is plain, that if 
any number of magnitudes AB, BG, GH, be multiples 
of another C; and as many D£, £K, KL be the same 
multiples of F, each of each; then the whole of the 
fint, iriz. AH, is the same multiple of C, that the whole 
of the last, viz. DL, is of F. 
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PROP. III. TH£OR. 

If the first be the same multiple of the second, which 
the third is of the fourth; and if qf the first and 
third there be taken equimultiples^ these shall be 
equimultiples, the one of the second, and the other qf 
the fourth. 

Let A the first be the same multiple of B the se- 
cond, that C the third is of D the fourth*, aiv^ ol k, C 
let the equimultiples EF, GH be taken; t\veT\'E.^ ^^ 
be the same multiple ofB, that GH is of D. 

N 
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Because EF is the same multiple of A, that GH is 
of C, there are as many magnitudes in EF equal to A, 
as there are in GH equal to C : f 
let EF he divided into the mag- 
nitudes EK, KF, each equal to 
A; and GH into GL, LH each ^ 
equal to C : therefore the num- 
ber of the magnitudes EK, RF, 
are equal to the number of the 
others GL, LH: and because A is the same multiple 
of B, that C is of D, and that £K is equal to A, and 
GL to C; therefore ER is the same multiple of B, 
that GL is of D : for the same reason, RF is the same 
multiple of B, that LH is of D; and so, if there be 
more parts in EF, GH equal to A, C: then because 
ER the first is the same multiple of B the second, 
which GL the third is of D the fourth, and that RF 
the fifth is the same multiple of B the second, which 
LH the sixth is of D the fourth ; therefore EF, the 
first together with the fifth, is the same multiple* of B 
the second, which GH, the third together with the 
sixth, is of D the fourth. If, therefore, the first, &c. 
Q. E. D. 



PROP. IV. THEOR. 



If the first of four magnitudes has the same ratio to the 
second which the third has to the /bnrth; then any 
equimultiples whatever of the first and third shdl 
hone the same ratio to any equimultiples of the second 
and fourth, viz. * the equimultiple qf the first shall 
have the same ratio to that qf the second, which the 
equimultiple qfthe third has to that qf the fourth,' 

Let A the first have to B the second, the same ratio 

which C the third Yiaa to D i\ie fowt^\ «xA ^1 k>C 

let there be taken any equ\TO\i\^\f\e» N<\^\ftN«t ^,^ 
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and of B, D any equimultiples 
whatever G, H; then £ shall 
have the same ratio to G, which 
F has to H. 

Take of E, F any equimul- 
tiples whatever K, L, and of G, 
H, any equimultiples whatever 
M, N: then, because £ is the 
same multiple of A, that F is of 
C; and of £ and F have been 
taken equimultiples K, L; there- 
fore K is the same multiple of A, 
that L is of C:* for the same 
reascm, M is the same multiple 
of B, that N is of D: and becausCi as A is to B| 
so is C to D,* and of A and C have been taken * Hyp. 
certain equimultiples K and L ; and of B and D have 
been taken certain equimultiples M and N ; if there- 
fore K be greater than M, L is greater than N: if 
equal, equal; and if less, less;* but K, L are any*5pef. 
equimultiples whatever of E, F ; and M, N any what- 
ever of G, H: therefore as £ is to G, so is* F to H. J*^'- 
Therefore, if the first, &c. Q. £. D. 

CoR. Likewise, if the first has the same ratio to the 
second, which the third has to the fourth, then also 
any equimultiples whatever of the first and third shall 
have the same ratio to the second and fourth : and in 
like manner, the first and the third shall have the same 
ratio to any equimultiples whatever of the second and 
fourth. . 

Let A the first have to B the second, the same ratio 
which C the third has to D the fourth, and of A and C 
let £ and F be any equimultiples whatever ; then £ 
shall be to B, as F to D. 

Tske ofE, F any equimultiples whate\ex YL, Vi> «tv^ 
ofB, D any equimultiples whatever G, H •, t\ie\i '\t \a»?i 
be demonstrated, as before, that K is the sam^ m\iVa^\«^ 
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* Hyp. of A, that L is of C : and because ^AistoB, asCisto 

D, and of A and C certain equimultiples have been 
taken, viz. K and L; and of B and D certain equi- 
multiples, viz. G, H; therefore, if K be greater than 
G, L is greater than H; if equal, equal; and if less, 

* 5 Def. ]gg3 . • but K, L are any equimultiples whatever of E, 

F, and G, H any whatever of B, D ; therefore, as E is 

* 5 Def. to B, so is F to D.* In the same way the other case 
^' is demonstrated. 



PROP. V. THEOR. 

^ one maffniiiide be the same multiple of another, which 
a magnitude taken from the first is of a magnitude 
taken from the other; the remainder shall be the 
same multiple qf the remainder, that the whole is qf 
the whole. 

Let the magnitude AB be the same multiple of CD, 
that A£ taken from the first, is of CF taken from the 
other; the remainder £B shall be the same 
multiple of the remainder FD, that the 
whole A B is of the whole CD. 

Take AG the same multiple of FD, that 
« I 5, AE is of CF: therefore AE is* the same 

multiple of CF, that EG is of CD : but AE, E- 

by the hypothesis, is the same multiple of 

CF, that AB is of CD: therefore EG is the 

same multiple of CD that AB is of CD ; wherefore EG 

* 1 Ax. is equal* to AB ; from each of these equals take the 

common magnitude AE; and the remainder AG is 
equal to the remainder EB. Wherefore, since AE is 

• CooBt. the same multiple of CF, that AG is of FD,* and that 

AG has been proved equal to EB ; therefore AE is the 
same multiple of CF, that EB is of FD : but AE is 
*^JV' the same multiple of CF ♦ tYvat \.^ \a oi C\i\ \k«c«€ore 
EB 18 the same multiple oi ¥I>, t\v«x k:^ S& <A ^\i, 
Ilierefore, if one magnitude, &c. Q^ ^. ^. 
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PROP. VI. THEOR. 
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Jf two magnitudes be eqttimultiples of two others, and 

if equimultiples qf these be taken from the first two: 

the remainders are either equal to these others, or 

equimultiples of them, 

s 
Let the two magnitudes ABf CD be equimultiples 

of the two £, F, and let AG, CH taken from the first 
two be equimultiples- of the same E, F; the remainders 
GB, HD shall be either equal to £, F, or equimultiples 
of them. 

First, let GB be equal to E; HD 
shall be equal to F. Make CK equal 
to F; and because AG is the same 
multiple* of E, that CH is of F, and g 
that GB is equal to E, and CK lo F; 
therefore AB is the same multiple of 
E, that KH is of F: but AB, by the hypothesis, is the 
same multiple of E that CD is of F; therefore KH is 
the same multiple of F, that CD is of F; wherefore 
KH is equal* to CD: and from each of these equals 5 *^''' 
take the common magnitude CH, then the remainder 
KC is equal to the remainder HD : but KC is equal 
to F ; ♦ therefore HD is equal to F. * Const. 

Next let GB be a multiple of E ; then 
HD shall be the same multiple of F. 
Make CK the same multiple of F, tliat 
GB is of E : and because AG is the same 
multiple* of E, that CH is of F; and 
GB the same multiple of E, that CK is 
of F: therefore AB is the same mul- -^ b e 
tiple of E, that KH is of F:* but AB is the same • 2. 5. 
multiple * of E, that CD is of F ; "therefote Kft. \% ^'t * Y.^^, 
same multiple of F, that CD is of F: 'wYveiefoi:^ YJB. 
fs equals to CD: and from each of t\\cae c^vaiaNa \»5«* * ^ ^-"^ 

N 2 ^* 
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CH ; therefore the remainder I^C is equal to tlie re- 
mainder HD: and because GB is the same multiple of 
« Const £,* that KC is of F, and that KC is equal to HD; 
therefore HD is the same multiple of F, that GB is of 
£. If, therefore, two magnitudes, &c. Q. E. D. 

PROP. A. THEOR. 

^thefirtt qffour magnitude» haa the tame ratio to the 
eeeond, which the third has to the fourth; then, if 
the first be greater than the second, the third ir also 
greater than the fourth; if equal, equal; and tflees, 
less. 

Take any equimultiples of each of them, as the 
doubles of each ; then, by Def. Sth of this Book, if the 
double of the first be greater than the double of the 
second, the double of the third is greater than the 
double of the fourth'; but, if the first be greater than 
the second, the double of the first is greater than the 
double of the second; wherefore also the double of the 
third is greater than the double of the fourth; there- 
fore the third is greater than the fourth : in like man- 
ner, if the first be equal to the second, or less thafi it, 
the third can be proved to be equal to the fourth, or 
less than it. Therefore, if the first, &c. Q. E. D. 

PROP. B. THEOR. 

If four magnitudes are proportionals, they are propor- 
tionals also when taken inversely. 

Let A be to B, as C is to D, then also inversely B 
shall be to A, as D to C. 

Take of B and D any equimultiples whatever E and 
F; and of A and C any equimultiples whatever G and 
H, First, let E be greater lYvan G , >i>cveiv Ck \& Xsssa than 
Hyp E; and because A is to B> aa C \% \o \>>* «cv^ ell K. «sA. 
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C, the first and third, G and H are equi- 
multiples; and of B and D, the second 
and fourth, E and F are equimultiples; 
and that G is less than £, therefore H is* 
less than F ; that is, F is greater than H ; 
if, therefore, £ be greater than G, F is 
greater than H : in like manner, if £ be 
equal to G, F may he proved to be equal 
to U ; and if less, less ; but £ and F are any equimul- 
tiples* whatever of B and D, and G and H any what- * Conit 
ever of A and C ; therefore,* asBistoA, soisDtoC. *5 Def. 
If, then, four magnitudes, &c. Q. £. D. 
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If the first be the same multiple of the second; or the 
same part of it, that the third is of the fourth; the 
first is to the secondt as the third is to the fourth. 

Let A the first be the same multiple 
of B the second, that C the third is of D 
the fourth : A shall be to B as C is to D. 

Take of A and C any equimultiples 
whatever £ and F; and of B and D any 
equimultiples whatever G andvH: then, 
because A is the same* multiple of B that 
C is of D ; and that £ is the same * mul- 
tiple of A, that F is of C ; therefore £ is 
the same multiple of B, that F is of D ; * 
that is, E and F are equimultiples of B 
and D; but G and H are equimultiples* of B and D; * Const 
therefore, if £ be a greater multiple of B than G is of 
B, F is a greater multiple of D than H is of D ; that 
is, if E be greater than G, F is greater thaa H*. m 
like manner, if E be equal to G, or less thaxi \t\ ^ S» 
egua/ to H, or less than it. But E, ¥ axe an^ e<^- 



•Hyp. 
* Const. 

*S. 6. 
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« Coott. multiples* whatever, of A, C, and G, H any equimul- 
tiples whatever of B, D : therefore A is to B, as C is 
to D.* . 

Next, let A the first be the same part of B the second, 
diat C the third is of D the fourth : A 
shall be to B, as C is to D. For since 
A is the same part of B that C is of D ; 
therefore B is the same multiple of A, 
that D is of C : wherefore, by the pre- 
ceding case, B is to A, as D is to C ; and invenely,* 
A is to B, as C is to D. Therefore, if the first be the 
same multiple, &;c. Q. £. D. 
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PROP. D. THEOR. 

^ the first be to the second as the third to the fmtrih, 
and if the first be a multiple, or part qf the seetmd: 
the third is the same multiple, or the same part ti 
the fourth. 

Let A be to B, as C is to D ; and first let A be a 
multiple of B; C shall be the same multiple of D. 

Take E equal to A, and whatever 
multiple A or E is of B, make F the 

* Hyp. same multiple of D : then, because • A 

is to B, as C is to D ; and of B the se- 
cond, and D the fourth equimultiples 
E and F have been taken; therefore 

* Cor. 4. A is to E, as C to F:* but A is equal 
•A. 5. to E^ therefore C is equal to F:* but 

* CoMt. F is the same* multiple of D, that A is 

of B : therefore C is the same multiple of D, that A ■ 
See the ®' ^• 

SS^'p'' thfZ\^"l ^ ?' ^' ^' a part of B the second; C 
of this «»e third shall be the same part of D the fourth. 

Wa Because A is to B, as C \s to \> •, x\v^^, \t.n«^1,, B 

• -»• M» to A, as D to C; but A. \a a ^axx. oi ^, ^^xtliixt^ 
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18 a multiple of A ; and, by the preceding case, D , is 
the same multiple of C ; that is, C is the same part of 
D, that A is of B. Therefore, if the first, &c. Q. £. D. 



PROP. VII. THEOR. 

Equal magnitudes have the same ratio to the same mag^ 
futude: and the same has the same ratio to equal 
magnitudes. 

Let A and B be equal magnitudes, and C any other ; 
A and B shall each of them have the same ratio to C, 
and C shall have the same ratio to each of the magni- 
tudes A and B. 

Take of A and B any equimultiples whatever D and 
£, and of C any multiple whatever F: then, because 
D is the same* multiple of A, that £ is 
of B, and that A is equal* to B ; there- 
fore D is • equal to E : therefore, if D 
be greater than F, E is greater than 
F; if equal, equal; and if less, less: 
but D and E are any equimultiples * of 
A and B, and F is any multiple of C; 
therefore,* as A is to C, so is B to C. 

Likewise C shall have the same ratio 
to A, that it has to B. For, having made the same 
construction, D may in like manner be proved to be 
equal to E: therefore, if F be greater than D, it is 
likewise greater than E; if equal, equal; and if less, 
less : but F is any multiple whatever of C, and D, E 
are any equimultiples whatever of A, B; therefore C 
is to A, as C is to B.* Therefore equal magnitudes, * 5 Det 
&c. Q. E. D. '• 
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equal to two angles in the other, and the side EF, 
which is opposite to one of the equal angles in each, 
is common to both; therefore the otlier sides are 
•26.1. •equal; and therefore AF is equal to FB. Where- 
fore, if a straight line, &c. Q. E. D. 



PROP. IV. THEOR. 

J[f ina eireie two straight lines cut one another, whieh 
do not both pass through the eenire, they do not biseei 
each other. 

Let ABCD be a circle, and AC, BD two straight 
lines in it which cut one another in the point E, and 
do not both pass through the centre: AC, BD shall 
not bisect one another. 

For, if it is possible, let AE be equal to EC, and 
BE to ED; then, if one of the lines pass through the 
centre, it is plain that it cannot be bisected by the 
other which does not pass through 
the centre: but if neither of them 

* 1. 3. pass through the centre, take* F the 

centre of the circle, and join EF: 
and because FE, a straight line 
through the centre, bisects another 
AC which does not pass through the centre, it cats it 

* ^. S. at right • angles; wherefore FEA is a right angle. 

Again, because the straight line FE bisects the straigtrC 
line BD, which does not pass through the centre, it 

* S. S. cuts it at right • angles ; wherefore FEB is a right 

angle: but FEA was proved to be a right aii|^| 
therefore FEA is equal to the angle FEB, the leti t» 
the greater, which is impossible: therefore AC, BD 
do not bisect one another. Wherefore, if in a circle, StCm 
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tiple of CB, that EG is of AB:*' wherefore EG and * i. 5. 
FG are equimultiples of AB and CB; and it was 
proved, that FG is not less than K, and, by the con- 
struction, £F is greater than Fig. 2. Fig. 3. 
D ; therefore the whole EG is 
greater than K and D to- ar^ 
gether: but K together with 
D is equal* to L; dierefore 
EG is greater than L; but 
FG is not greater* than L ; and 
EG, FG were proved to be 
equimultiples of AB, BC, and 
L is a multiple* of D ; there- 
fore * AB has to D a greater 
ratio than BC has to D. 

Also D shall have to BC a greater ratio than it has 
to AB. For having made the same construction, it 
may, in like manner, be proved that L is greater than 
FG, but that it is not greater than EG : and L is a 
multiple * of D ; and FG, EG were proved to be equi- * Const. 
multiples of CB, AB; therefore D has to CB a greater 
ratio * than it has to AB. Wherefore, of unequal * 7 Def. 
magnitudes, &c. Q. £. D. ^ 
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PROP. EX. THEOR. 



Magnitudes which have the same ratio to the same mag- 
nitude are equal to one another: and those to which 
the same magnitude has the same ratio are equal to 
one another. 

Let A and B have each of them the same ratio to 
C: A shall be equal to B. 

For, if they are not equal, one of them m\i&t b« 
greater than the other; let A be the greater \ ^ci\,\s^ 
trhat was shown in the preceding pTopoaitioU) XXvctfe 
are some equimultiples of A and B, and some taoV<:\^\«^ 
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of C such, that the multiple of A is greater than the 
multiple of C, bih the multiple of B is not greater than 
that of C. Let these multiples be taken, and let D» 
E, be the equimultiples of A, B, and F the multiple <^ 

C, such that D may be greater than F, but £ not 

* Hyp. greater than F: then, because* A is to C, as B is to C, 

and of A, B, are taken equimultiples 

D, E, and of C is taken a multiple F; a 
and that D is greater than F ; therefore 

* 5 Def. E is also greater* than F : but this is . 

impossible, because E is not greater ^| I 

than F, by construction; therefore A *| 

and B are not unequal ; that is, they are equal. 

Next, let C have the same ratio to each of the mag- 
nitudes A and B; A shall be equal to B. 

For, if they are not equal, one of them must be 
greater than the other; let A be the greater; then, as 
was proved in Prop. 8th, there is some multiple F (^ 
€ ; and some equimultiples E and D of B and A such, 
that F is greater than E, but not greater than D ; and 

* Hyp. because* C is to B, as C is to A, and that F the multiple 

of the first, is greater than £ the multiple of the se« 
cond; therefore F the multiple of the third, is greater 

* 5 Def than D the multiple of the fourth : ♦ but this is im- 
possible, because F is not greater than D. Therefore, 
A is equal to B. Wherefore, magnitudes which, &c 
Q. E. D. 

PROP. X. THEOR. 

7%a/ magnitude which has a greater ratio than another 
has unto the same magnitude, is the greater qf the 
two: and that magnitude to which the same has a 
greater ratio than it has unto another magnitude, is 
the lesser qf the two. 

Let A hsiwe to C a gtealex TaX\o \>cv«xv^ V^ \<i ^\ K 
shall be greater t\ian B. 



5. 
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FoTy became A has to C a gfreater ratio than B haa 
to C, there are* some equimultiples of A and B, and * ^ ^'* 
some multiple of C such, that the multiple of A is * 
greater than the multiple of C, but the multiple of B 
is not greater than it: let them be taken, and let D, £ 
be the equimultiples of A, B, and F the 
multiple of C such, that D is greater ^ 
than F, but E is not greater than F: cl ' t 

therefore D is greater than E : and be- ' 'I 

cause D and E are equimultiples of A ^| I I 

and B, and that D is greater than E ; ^| 

therefore A is* greater than B, . " * Ax. 

Next, let C have to B a greater ratio than C has to 
A; B shall be less than A. 

For* there is some multiple F of C, and some equi- * ' ^f- 
multiples E and D of B and A such, that F is greater 
than E, but not greater than D; therefore E is less 
than D ; and because E and D are equimultiples of B 
and A, therefore B is* less than A. Therefore, that T * ^*- 
magnitude, &c. Q. E. D. 



PROP. XI. THEOR. 

RaOot thai are the same to the eame ratio, are ihe tame 

to one another. 

Let AbetoBasCistoD; and let C be to D as £ 
is to F; A shall be to B, as E to F. 

Take of A, C, E, any equimultiples whatever G, H, 
K; and of B, D, F, any equimultiples whatever L,* 
M, N. And since A is to B, as C to D, and that G, 
H are taken equimultiples of A, C, and L, M of B, D; 
dierefore if G be greater than L, H is greater than M ; 
and if equal, equal ; and if less, less.* Again, because * ^ ^^• 
CistoD, asEistoF^ and that H, K are ta\Lei^ eo^- 
muldplea ofC, E; and M, N, of D, F ; thexeiotft \^ '^a. 
be greater than M, K is greater than N ; wad \i e^fwiX^ 
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equal; and if less, less; but it has been proved that if 
G be greater than L, H is greater than M : and if 

O OBC V 



Jl. c E- 



5. 



equal, equal; and if less, less; therefore, if 6 be 
greater than L, K is greater than N; and if equal, 
equal; and if less, less: but G, K are any equimul- 
tiples whatever of A, £; and L, N any whatever of 
♦ 6 Def. B, F : therefore, as A is to B, so is E to F.* Where- 
fore, ratios that, &c. Q. £. D. 

PROP. XII. THEOR. 

ffany number qf magnitudes be praportionals, as one qf 
the antecedents is to its consequent^ so shall all the 
antecedents taken together be to all the consequents. 

Let any number of magnitudes A, B, C, D, £, F, be 
proportionals ; that is, as A is to B, so C to D, and E 
to F : as A is to B, so shall A, C, £ together, be to B, 
D, F together. 

Take of A, C, £ any equimultiples whatever G^ H, 



Xt. M- 



K; and of B, D, F any equimultiples whatever L, M, 
N : then because A is to B, as C is to D, and as E to 
F; and that G, H, K are equimultiples of A, C, E, 
and L, M, N equimultiples of B, D, F; therefore if G 
be greater than L, H is greater than M, and K greater 
^3 Dei, tfaan N; and if equal, e^\iB\\ axi^\^\«s»,\cs&\* there- 
^ fore if G be greater than \-, Vlii^eu ^^'tt.*^ vw^^'^^x 
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are greater than L, M, N together; and if equal, equal; 

and if less, less. But 6, and G, H, K together, are 

any equimultiples of A, and A, C, E together ; because, 

if there be any number of magnitudes equimultiples of 

as many, each of each, whatever multiple one of them 

is of its part, the same multiple is the whole of the 

whole:* for the same reason. L, and L, M, N are any * i. 5. 

equimultiples of B, and B, D, F: therefore as A is 

to B, * so are A, C, E together to B, D, F together. « « Det 

Wherefore, if any number, &c. Q. E. D. 

PROP. XIII. THEOR. 

If the Jini has to the eeamd the same ratio which the 

third hat to the fourth, hut the third to the fourth a 

greater ratio than the fifth has to the sixth: the first 

shall also have to the second a greater ratio than the 

fifth has to the sixth. 

Let A the first have the same ratio to B the second, 
which C the third has to D the fourth, but C the third 
to D the fourth, a greater ratio than £ the fifth has to 
F the sixth : A the first shall have to B the second, a 
greater ratio than E the fifth has to F the sixth. 

Because C has to D a greater ratio than E has to F, 
there are some equimultiples of C and E, and some of 
D and F such, that the multiple of C is greater than 
the multiple of D, but the multiple of E not greater 

M is- ■ . g 



than the multiple of F:* let such be taken, and let « T Jy«t 
6, H be equimultiples ofC,E and K, L eqf3&m\A>sv^^ ' 
oTI}, F, such that O may be greater thaii ¥L»\stt!t 13lx«jX 
greater tb-a L; and wbaterer multiple G \» <A C, \»3wi 



i 
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M the same multiple of A; and whatever multiple K 
is of D, take N the same multiple of B: then, becane 

« Hjrp. A is to B,* as C to D, and of A and C, M and Q are 
equimultiples: and of B and D» N and K are equi- 
multiples; therefore if M be gfreater than N, G is 

* 5 Def. greater than K ; and if equal, equal ; and if leas, leas;* 



5. 



« Const, but G is gireater* than K, therefore M is greater than 
« Const. N : but H is not greater* than L; and M H are equi- 
multiples of A, E; and N, L equimultiples of B, F: 
* 7 Def. therefore A has to B a greater ratio than £ has to F.* 
Wherefore, if the first, &c. Q. E. D. 

Cor. And if the first have to the second a greater 
ratio than the third has to the fourth, but the third to 
the fourth the same ratio which the fifth has to the 
sixth ; it may be demonstrated, in like manner, that 
the first has to the second a greater ratio than the fifth 
has to the sixth. 



PROP. XIV. THEOR. 

Jf the first have to the second the same ratio which 
the third has to the fourth i then, if the first be 
greater than the third, the second shall be greater 
than the fourth; and {f equal, equal j and if less, less. 

Let A the first have to B the second, the same ratio 
which C the third has to D the fourth; if A be greater 
than C, B shall be greater than D. 

Because A is greater than C, and B is any other 
magnitude, A has to B a greater ratio than C has to 



A. B O 



U 



A. B C 



* A 5. B: * but, as A is to B, so \« C to D; therefi>re also C 
* JS. 5, has to D a greater talio i\vaiv C >a»a \ft "^-^ \s>a^.^ two 
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magnitudes, that to which the same has the greater 
ratio is the lesser of the two: * therefore D is less than • 10. S. 
B ; that is, B is greater than D. 

Secondly, if A be equal to C, B shall be equal to D. 
For A is to B, as C, that is, A to D; therefore B is 
equal to D.* • ». 5. 

Thirdly, if A be less than C, B shall be less than D. 
For C is greater than A, and because C is to D, as A 
is to B, therefore D is greater than B, by the first 
case ; wherefore B is less than D. Therefore, if the 
first, &c. Q. £. D. 

PROP. XV. THEOR. 

Magnitudes have the same ratio to one another which 
their equimuliiplea have. 

Let AB be the same multiple of C, that DE is of F: 
C shall be to F, as AB is to DE. 

Because AB is the same multiple of C, that DE is 
of F ; there are as many magnitudes in a. 
AB equal to C, as there are in DE 
equal to F. Let AB be divided into 
magnitudes, each equal to C, viz. AG, •& 
GH, HB; and DE into magnitudes, 
each equal to F, viz. DK, KL, LE: 
then the number of the first AG, GH, HB, is equal 
to the number of the last DK, KL, LE: and be- 
cause AG, GH, HB are all equal, and that DK, KL, 
LE are also equal to one another; therefore AG is to 
DK, as GH to KL, and as HB to LE : * but as one of * 7. 5. 
the antecedents is to its consequent, so are all the 
antecedents together to all the consequents together;* * 12. ff. 
wherefore, as AG is to DK, so is AB to DE: but AG 
is equal to C, and DK to F: therefore, %aCS&Xo'^^ 
so is AB to DE. Therefore magnitudes, &c. Qt'^'^ 

o2 
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PROP. XVI. THEOR. 

fffour magnitudea of the same kind be prcporiumalt, 
ihey shall also be proportionaia 10A011. taken alter' 
naiely. 

Let the four magnitudes of the same kind A, B, C, 
D be proportionals, viz. as A to B, so C to D: they 
shall also be proportionals when taken alternately; 
that is, A shall be to C, as B to D. 

Take of A and B any equimultiples whatever E and 
F} and of C and D any equimultiples whatever G and 
H : and because E is the same multiple of A, that F 
is of B, and that magnitudes have the same ratio to 
« 15. 5. one another which their equimultiples have;* there- 
fore A is to B, as E is to F : but asAistoB, soisC 

* Hyp. to D : • therefore as C is to « « 

*ii. 5. D, so* is E to F. Again, a. - c . 

because G, H are equimul- 

tiples of C, D, therefore as 

* 15. 5. C is to D, so is G to H;* ■" » 

but it was proved that as C is to D, so is E to F; 

* 11.6. therefore, asEistoF, soisGto H.* But when four 

magnitudes are proportionals, if the first be greater 
than the third, the second is greater than the fourth; 
« 14. 5. and if equal, equal; and if less, less:* therefore, if E 
be greater than G, F is greater than H : and if equal, 
equal; and if less, less: and E, F are any equimnl- 

* Const, tiples* whatever of A, B; and G, H any whatever of 

* 5 Def. C, D: therefore A is to C, as B to D.* If, then, four 
'* magnitudes, &c, Q. E. D. 
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PROP. XVIL THEOR. 

](f magnitudes, taken jointly, be proportumaU, they shall 
mieo be proportionalt when taken eeparatehf: thai it^ 
\f two magrUtudet together, hone to one tfthem, the 
same ratio which two others have to one qf these, the 
remaining one qf the first two shall have to the other, 
the same ratio which the remaining one qf the last 
two has to the other qf these. 

Let AB, BE, CD, DF be the magnitudes, teken 
jointly, which are proportionals; that is, as AB to BE, 
so is CD to DF ; they shall also be proportionals taken 
separately, viz. AE shall be to EB, as CF to FD. 

Take of AE, EB, CF, FD any equimultiples what- 
ever GH, HK, LM, MN; and again, of EB, FD, take 
any equimultiples whatever KX, NP: then because 
GH is the same multiple of AE, that HK is of EB, 
therefore GH is the same multiple* of AE, that GK * i* '• 
is of AB: but GH is the same multiple of AE, that 
LM is of CF; therefore GK is the same multiple of 
AB, that LM is of CFi Again, because LM is the 
same multiple of CF, that MN is of FD: therefore LM 
is the same multiple* of CF, that LN is of CD; but * i- &■ 
LM was shown to be the same multiple of CF, that 
GK is of AB; therefore GK is the same 
multiple of AB, that LN is of CD; that 
is, GK, LN, are equimultiples of AB, 
CD. Next, because HK is the same 
multiple of EB, that MN is of FD; and 
diat KX is also the same multiple of 
EB, that NP is of FD; therefore HX 
is the same multiple* of EB, that MP / | | J •S. 5. 
is of FD. And because AB is to BE, *'**'»»• 
as CD ia to DF* and that of AB and CD, GK. mAI*"^ *^T^ 
are equimultiples, and o( EB and FD HX aiA ^^ 



a 

if 



5. 
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are equimultiples; therefore if GK be greater than 
HX, LN is greater than MP; and if equal, equal; 

♦ 5 Dcf. and if less, less:* but if GH be greater than KX, then 
** by adding the common part HK to both, GK is greater 

4 Ax. ^Y^^^ HX;* therefore LN is greater than MP; and by 

•5 Ax. taking away MN from both, LM is greater* than NP: 

^* therefore, if GH be greater than KX, LM is greater 

than NP. In like manner it may be demonstrated, 

that if GH be equal to KX, LM is equal to NP; and 

if less, less: but GH, LM are any equimultiples what- 

♦ Const, ever of AE, CF,* and KX, NP are any whatever of 

♦ 5 Def. EB, FD: therefore,* as AE is to EB, so is CF to FD. 
If then, magnitudes, &c. Q. E. D. 

PROP. XVIIL THEOR. 

^ magnitudet, taken separately, be prcportionals, they 
ehall also be proportionals when taken jomtfy: that 
is, if the first be to tlie second, as the third to the 
fourth, the first and second together, shall be to the 
second, as the third and fourth together, to thefowrtk. 

Let AE, EB, CF, FD be proportionals; that is, as 
AE to EB, so is CF to FD ; they shall also be pro- 
portionals when taken jointly ; that is, AB shall be to 
BE, as CD to DF. 

Take of AB, BE, CD, DF any equimultiples what- 
ever GH, HK, LM, MN; and again, of BE, DF, take 
any equimultiples whatever KO, NP: and because 
KO, NP are equimultiples of BE, DF; and that KH 
NM are likewise equimultiples of BE, DF, therefore 
if KO, the multiple of BE, be greater than KH, whidi 
is a multiple of the same BE, then NP, the multiple o( 
DF, is greater than MN, the multiple of the same DF; 
and if KO be equal to KH, NP is equal to NM; and 

if leas, less. 
Fint let KO be uot gteaxcx \\\«£v ¥Jft.^ ^«sSsra 
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•3 Ax. 
5. 
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NP is not greater than NM: and because GH, UK 
are equimultiples of AB» B£» and 
that AB is greater than BE, there- 
fore GH is greater* than HK; but 
KO is not greater than KH, there- 
fore GH is greater than KO. In 
like manner it may be proved, that 
LM is greater than NP: therefore, 
if KO be not greater than KH, then 
GH, the multiple of AB, is always 
greater than KO, the multiple of 
BE ; and likewise LM, the multiple 
of CD, is greater than NP, the multiple of DF. 

Next, let KO be greater than KH: therefore, as 
has been shown, NP is greater than NM : and because 
the whole GH is the same multiple of the whole AB, 
that HK is of BE, therefore the remainder GK is the 
tame multiple of the remainder A£ o 
that GH is of AB:* which is the 
same that LM is of CD. In like 
manner, because LM is the same 
multiple of CD, that MN is of DF, 
the remainder LN is the same mul- 
tiple of the remainder CF, that the 
whole LM is of the whole CD :* but 
it was shown that LM is the same multiple of CD, 
that GK is of AE ; therefore GK is the same multiple 
of AE, that LN is of CF; that is, GK, LN are equi- 
multiples of AE, CF: and because KO, NP are equi- 
multiples of BE, DF, and if from KO, NP there be 
taken KH, NM, which are likewise equimultiples of « 
BE, DF, therefore the remainders HO, MP are either 
equal to BE, DF, or equimultiples of them.* First, * ^- 5* 
let HO, MP, be equal to BE, DF; then \>ec«QKfii K^ 
JM to EB,* as CF to FD, and that GK, la^ ttt«i e<:^\- * ^1^- 
multiples of AE, CFi therefore GK i» to ^^^Wk^*"^ 



;» 
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*Cor.4. to FD:* but HO is equal to £B, and MP to FD; 
^' therefore GK is to H0» as LN to MP: therefore if 

* A. 5. GK be greater than HO, LN is greater* dian MP; and 

if equal, equal ; and if less, less. 

But let HO, MP be equimultiples of EB, FD; dien 

* Hyp. because* AE is to EB, as CF to FD, and that of AE, 

CF are taken equimultiples GK, LN; and of EB, FD, 
the equimultiples HO, MP; therefore if GK be greater 
than HO, LN is greater than MP; 
and if equal, equal; and if less, 

* 5 Dcf. less ; * which was likewise shown in , 

the preceding case. But if GH be 
greater than KO, taking KH from 

* 5 Ax. both, then GK is greater* than HO ; 

dierefore LN is greater than MP; 
and consequently, adding NM to 

* 4 Ax. both, LM is greater* than NP: there- 

fore, if GH be greater than KO, LM is greater than 
NP. In like manner it may be shown, that if GH be 
equal to KO, LM is equal to NP; and if leas, less. 
And in the case in which KO is not greater than KH, 
it has been shown that GH is always greater than KO» 
and LM greater than NP: but GH, LM are any equi- 

* Conit. multiples* of AB, CD, and KO, NP are any whatever 

* 5 Det of BE, DF; therefore,* as AB is to BE, so is CD to 

DF. If, then, magnitudes, &c. Q. E. D. 



PROP. XIX. THEOR. 

Jf a whole magnitude be to a wholes at a 

taken from the first U to a magnitude taken Jrom the 
other; the remainder shall be to the remainder^ as the 
whole to the whole. 

Let the whole AB be to i\\e N?\MJVfe CTi, «& KS^ ^ 
magttitade taken from AB,\b toCY a^s»«a^JttAfc^3^Klx 
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from CD; the remainder £B shall be to the remainder 
FD, as the whole AB to the whole CD. 

Because AB is to CD, as A£ to CF; therefore, 
alternately,* BA is to AE, as DC to CF; and because * J«. ». 
if magnitudes taken jointly be proportionals, they are 
also proportionals* when taken separately; ^ * 17. 5. 
therefore, as BE is to EA, so is DF to FC ; 
and alternately, as BE is to DF, so is EA to 
FC: but, by hypothesis, as A£ is to CF, so is 
AB to CD; therefore the remainder BE is to 
the remainder DF, as the whole AB to the ' '* 
whole CD.* Wherefore, if the whole, &c. Q. £. D. * u. «. 

CoR. If the whole be to the whole, as a magnitude 
taken from the first, is to a magnitude taken from the 
other; the remainder shall be to the remainder, as tha 
magnitude taken from the first to that taken from the 
other. The demonstration is contained in the pre- 
ceding. 

PROP. E. THEOR. 

ly/bttr magnitudes he proporiionaUt they are also pro^ 
portionaU by converHon; thai is, the first is to its 
excess above the second, as the third to its excess abo^e 
the fourth. 

Let AB be to BE, as CD to DF; then BA 
shall be to AE, as DC to CF. 

Because A B is to BE, as CD* to DF, there- 
fore by division,* AE is to EB, as CF to FD; '[ * i'- «• 
and by inversion,* BE ia to EA, as DF to * B. 5. 
FC; therefore, by composition,* B A is to A E, * » * 18. 5. 
M DC it to CF. If, therefore, four, &c. Q. E. D. 



PROP. XX. THEOR. 

^ there be tAreemafffutudes, and other <Aree,iohicK,tdk«Vk 
/fev andiwo, have the same ratio; then \f tht Jirii 
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be greater than the third, the fourth shall be greater 
than the sixth; and \f equal, equal; and if less, lest. 

Let A, B, C be three magnitudes, and D, E, F 
other three, which, taken two and two, have the same 
ratio, viz. asAisto B, so isDtoE; and as B to C) 
so is £ to F: then if A be greater than C, 
D shall be greater than F; and if equal, 
equal ; and if less, less. 

Because A is greater than C, and B is 
any other magnitude, and that the gpreater 
has to the same magnitude a greater ratio f ' 

♦ 8. 5. than the less has to it;* therefore A has to 

♦ Hyp. B a greater ratio than C has to B : but* as D 

♦ 13. 5. is to E, so is A to B; therefore* D has to E a greater 

ratio than C has to B ; and because B is to C, as E to 

♦ B. 5. F, by inversion,* C is to B, as F is to E ; and D was 

shown to have to £ a greater ratio than C to B ; there- 

♦ Cor. 1 3. fore D has to £ a greater ratio than F to £ : * but the 

majg^nitude which has a greater ratio than another 
*10. 5. to the same magnitude, is the greater* of the two: 

therefore D is greater than F. 

Secondly, let A be equal to C ; D shall be equal to 

F. Because A and C are equal to 

one another, A is to B, as C is to 
*7. 5. B:* but A is to B, as D to E; and 

C is to B, as F to £; wherefore D -^^ * * a i e 

♦ 11.5. is to E, as F to £;* and therefore i T T ? T ' 

♦ 9. 5. D is equal to F.* II 

Next, let A be less than C; D I ' 

shall be less than F. For C is greater than A, and, ai 
was shown in the first case, C is to B, as F is to E, 
and in like manner B is to A, as E is to D : therefore 
by the first case F is greater than D; and therefore D 
is JesB than F. Therefore, if there be three, &c. 
Q. E, D. 
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PROP. XXI. TOEOR. 

{' tt*r« Se IHrre tnapd/udef, anil olier thrvt, xoliich 
have (he tamt ratio /oi™ /ipo and tieo, iuf hi a crnu 
order 1 M™ if ISefirii magKiitidt ie grfaier than Ike 
t/tird, the fmiTth thall be grtaier than Ihe tiilhi 
imd \f equal, equal; artd }f leng, leu. 
Let A, B, C be Ibree mngTiitudes, and D, E, F other 

three, which have Ihe same ralio, uketi twu lud iwd, 

E to F, and an U u to C, so is D to E L then 
if A lie grenier than C, D shall he greater 
than Fi and if equal, equal; nnd i{ leaa, 
Icn. I* 

Because A is greater Ihsii C, and B is 
«oy uther magnilude, A lins lo B u greater 
ratio* thar C has to B: but as E to F, so is ^ 
therefore* E has to F s BTL-ater ratio than C hai 
and because* B is to C, as D to E, hy inversion, 
B, as E to D: and it was Ehown tliat E has 
greater ratio than C to B; therefore E has : 
grcaler ratio tlian E to Di* but tlie maj^iiitude 

nilude, is the greater of the two:* therefore 



buf A is to B, as E to F; I . • Hyp. 

: istoB, as E to Di then- {Ml 

; is to F as E lo Ui'* and I j, | j J, j. , t, 6 



fore E 
therefore D 

Next, let A he less than C; D I { 
•hall be ten than F. For C i> ' | 
greater llian A, and, aa was ahown, C ia to B, 
to D. and in liSo manner B is to A., ai V 
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therefore by the first case F is greater than D, that is, 
D is ]ess than F. Therefore, if there be three, && 
Q.E. D. 

PROP. XXII. THEOR. 

If there be any number of magnitudes^ and a» many 
others, which^ taken two and two in order, have the 
same ratio; the first shall have to the last ofthejir^ 
magnitudes, the same ratio which the Jin.t has to th ' 
last of the others. N. B. This is usually cited by 
the words " ex aequali," or " ex aequo." 

First, let there be three magnitudes A, B, C, and as 
many others D, £, F, which taken two and two in 
order, have the same ratio, that is, such, that A is to B 
as D to £ : and as B is to C, so is £ to F ; then A 
shall be to C, as D to F. 

Of A and D take any equimultiples whateyer O and 
H ; and of B and E any equimul- 
tiples whatever K and L ; and of 
C and F any whatever M and N : 
dien because A is to B, as D to 
£, and that G, H are equimul- 
tiples of A, D, and K, L equimul- 
tiples of B, £; therefore as G is 
to K, so is* H to L. For the 
same reason, K is to M, as L to 
N : and because there are three magnitudes G, K, M, 
and other three H, L, N, which, two and two, have the 
same ratio; therefore if G be greater than M, H is 

* 20 5. greater than N ; and if equal, equal ; and if less, less;* 

* Const, but G, H are any equimultiples* whatever of A, D, and 

M, N are any equimultiples whatever of C, F: there- 

* 5 Dof. fore,* as A is to C, so is D to F. 
Next, let there be four ma^itudes. A, B, C, D, aitd 

other four, E, F, G, H, w\i\c\i two axi^ t«o W^^t^V 
Aaye the same ratio, Viz. as JVSato^,«oS&\i2.w^ 



*4.5. 



a X. x 



a: 



A 



E to F; snd as B lo C, so F lo G; and aa C <o D, so 
C Id H : then A Ehull be to D, bb E ID H. 

BecBuae A, D, C are lliree magnituileB, and E, F, 
G other three, which, taken two and two, have (he 
BBTne ratio: therefore, hj the foregoing case, A is to C, 
as E to G: but C i3 to D, OB C is to H; and since 
there are three mngnitudes A, C, D, and three oihera 
E, G, H, nhich taken two and mo haie the eame ralioi 
rherefore, by the first case, A is to D, as E lo H ; and 
■o on, whatever be the number of magnitudca. There- 
fore, if there be any number, &c. Q. E. D. 

PROP. XXIII. THEOR. 

^ i/kere be any nufn&rr of mffffmlades, and as ineny 
olheri, tukith taitn tieo end itco hi a eroin otdtr, 
have the tame ralio: the first liall /tave la tie last 
Hf thefint magnltvdit, the game ralio kMcH the first 
has to the last of the olieri. N. B. I'his is usually 
cited by Ijie wolds, " en squali in pruporiione per- 
turbalfl;" or " ex »quo pertuibaio." 
First, let there be three magnitudes A, B, C, and 

other three D, E, F, which taken iwo and two in a 

to B, as E 10 Fi and as B is to C. so is D to E: then 
A ihall be ID C, HI D la F. 

Take of A, B, D any equimultiples whatever G, H, 
K; and of C, E. F any cquimialtiplfls whaleTec L, M, 
Ni and because G, U are equi- i . 

tnuluplesofA.D,andlhalinag- 1 | 1 I 

uiludee have the same ration III I J 1 
whichthcirequimulllplesliBVe;*' *■ » '' ■ ' , 

iherefore u A is to B, so is 
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* Hyp. C* SO is D to £, and that H, K are equimultiples of 

B, D, and L, M of C, £ ; therefore as H is to L, so 

* 4. 5. is* K to M: and it has been shown that G is to H, as 

M to N : then, because there are three magnitudes G, 

, Hf L| and other three K, M^ N which have the same 

ratio taken two and two in a cross order; therefore if 

G be greater than L, K is greater than N; and if 

* 21 . 5. equal, equal ; and if less, less ; * but G, K are any equi- 

* Const multiples whatever* of A, D; and L, N any whatever 

* 5 Def. of C, F; therefore* asAistoC, soisDtoF. 

Next, let there be four magnitudes A, B, C, D, and 



A B c D 
S FGH 



other four E, F, G, H, which taken two and 

two in a cross order, have the same ratio, 

viz. A to B, as G to H ; B to C, as F tfi G; and C to 

D, as £ to F: then A shall be to D, as £ to H. 

Because A, B, C, are three magnitudes, and F, G» 
H other three, which, taken two and two in a cross 
order, have the same ratio ; therefore, by the first case, 
A is to C, as F to H: but C is to D, as £ is to F; 
therefore again, by the first case, A is to D, as £ to 
H : and so on whatever be the number of magnitudes. 
Therefore, if there be any number, &c. Q. £. D. 

PROP. XXIV. THEOR. 

J[f the first has to the second the same ratio wMek the 
third has to the fourth; and the ffth to the second 
the same ratio which the sitth has to thefowrth: the 
first and fifth together shall have to the second, the 
same ratio which the third and tixth togethmr kmee to 
thefourth. 

Let AB the first have to C the second, 

the same ratio which D£ the third has 

to F the fourth; and let BG the fifth isf- 

have to C the second, t\ve «anve t&x\o 

which EH the sixth baa to ¥ l\ift to>a^*, 

AG, the first and fifth toget^iet, d^aXV 



s* 



■ \ \ \ 

a. A A 4. ^ 
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luiTe to C the second, the same ratio which DH, the 
third and sixth together, has to F the foarth. 

Because BG is to C, as EH to F; by inversion • C is • B. 5. 
to BG, as F to EH : and because, as AB is to C, so is 
DE to F;* and as C to BG, so F to EH ; therefore, ex • Hyp. 
•quali,^ AB is to BG, as DE to EH: and because ♦SS. 5. 
diese magnitudes are proportionate, they are likewise 
proportionate when taken ^ jointly; therefore as AG te * 18. A. 
to GB, so u DH to HE; but* as GB to C, so te HE to « Hyp. 
F: therefOTe, ex aequali,* as AG te to C, so te DH to * tt. 9. 
F. Wherefore, if the first, &c. Q. E. D. 

Cor. 1. If the same hypothesis be made as in the 
proposition, the excess of the first and fifth shall be to 
the second, as die excess of the third and sixth to the 
fourth. The demonstration of thu te the same with 
that of the proposition, if division be used instead of 
composition. 

CoR. 2. The proposition holds true of two ranks of 
magnitudes, whatever be their number, of which each 
of the first rank has to the second magnitude the same 
ratio that the corresponding one of the second rank 
has to a fourth magnitude ; as u manifest. 

PROP. XXV. THEOR. 

Jf four fnagnitudet of the tame kind are proportionabf 

the greateit and leatt of them together, are greater 

tkmi the other two together. 

Let the four magnitudes AB, CD, E, F be propor- 
tionals, viz. AB to CD, as E to F; and let AB be the 
greatest of them, and consequently F tiie least: * then * A. and 
AB together with F, shall be greater — '** ** 

tiian CD together with E. 

Take AG equal to E, and CH equal 
to F: then because as AB te to CD, so 
is E to F, and that AG is equal to £, 
and CH equal to F; therefore AB is to 

P 2 
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CD, as AO to CH : and because the whole AB, is to 
the whole CD, as AG is to CH: therefinre the re- 
mainder GB is to the remainder HD, as the whole 

* 19. 5. AB is to the whole* CD: but AB is greater than CD, 

* A. 5. therefore* GB is greater than HD: and because AG 

is equal to £, and CH equal to F; therefinre AG and 

* 2 Ax. F together, are equal* to CH and E together: now, if 

to the unequal magnitudes GB, HD, of which GB is 
the greater, there be added equal magnitudes, viz. to 
GB the two AG and F, and to HD the two CH and E; 

* 4 Ax. therefore AB and F together are greater* than CD and 
£. Therefore, if four magnitudes, &c. Q. EL D. 

PROP. F. THEOR. 

Ratios which are compounded qf the same ratios^ are 

equal to one another. 
Let A be to B, as D to £; and B to C, as E to F: 
the ratio which is compounded of the ratios ■ abc 
of A to B, and B to C, which, by the defini- U ^ i- 



1. 



tion of compound ratio, is the ratio of A to C, shall be the 
same with the ratio of D to F, which, by the same defini» 
tion, is compounded of the ratios of D to E, and E to F. 
Because there are three magnitudes A, B, C, and 
three others D, £, F, which, taken two and two in order, 

* 22. 5. have the same ratio; ex squali, A is to C, as D to F.* 

Next, let A be to B, as E to F, and B to C, as D to 

* 23. 5. E ; therefore, ea <Bqudli in proportione pertttrbata,* A 

is to C, as D to F; that is, the ratio of A to 
C, which is compounded of the ratios of A to 



c 







B, and B to C, is the same with the ratio of D to F, 
which is compounded of the ratios of D to £, and E to F* 
In like manner the proposition may be demonstrated 
whatever be the number of ratios in either case. 

PROP. G. THEOR. 
Ifeeverdl ratios be the tame with eeverai ratios, each to 



JLBCS XX.X 
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eaehs ike ratio wMck tf ewnpoiunded of roHot vfhich 
are the e&me with thefiret ratiot, each to each, i* the 
eame with the ratio eompoundei qf ratios which are 
the same with the other ratios, each to each. 

Let A be to B as E to F; and C to D, as to H: 
and let A be to B, as K to L; and C to D, as L to M: 
then the ratio of K to M, by the 
definition of compound ratio, is com- 
pounded of the ratios of K to L, and 
L to M, which are the same with the ratios of A to B, 
and C to D : again, as £ to F, so let N be to O ; and 
as G to H, so let O be to P; then the ratio of N to P 
is compounded of the ratios of N to O, and O to P, 
which are the same with the ratios of £ to F, and G 
to H : and it is to be shown that the ratio of K to M, 
shall be the same with the ratio of N to P, or that K 
shall be to M| as N to P. 

Because K is to L, as (A to B, that is, as £ to F, 
that is, as) N to O ; and as L to M, so is (C to D, and 
so is G to H, and so is) O to P: therefore ex squali* * 22. 5. 
K is to M, as N to P. Therefore, if several ratios, 
&c Q. £. D. 

PROP. H. THEOR. 

If a ratio compounded qf several ratios be the same with 
a ratio compounded qf any other ratios, and if one qf 
the first ratios, or a ratio compounded qf any qf the 
first, be the same with one qf. the last ratios, or with 
the ratio compounded of any qf the last; then the 
ratio compounded of the remaining ratios qf the first, 
or the remainir^ ratio qf the first, \f but one remain, 
is the same with the ratio compounded qf those re- 
maining qf the last, or with the remaining ratio qf 
the last. 

Let the first ratios be those of A to B, B to C, C to 
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D, D to E, and E to F; and let the odier ratkt be 

those of G to H, H to K, K to L, and L to M: abo^ 

let the ratio of A to F, which ia com- 

* Defi- pounded of* the first ratios, be the same 



A.BC 9 ST 

axxxac 



ofeom- ^i^ '^^ i^^^ of G to M, which is com- 
pounded pounded of the other ratios: and besides, let the ratio 
of A to D, which is compounded of the rados of A ta 
B, B to C, C to D, be the same with the rado of 6 to- 
K, which is compounded of the rados of G to H, sod 
H to K: then the rado compounded of the remainiiig 
first ratios, to wit, of the rados of D to E and E to F, 
which compounded rado is the rado of D to F, shall 
be die same with the rado of K to M, which is com^ 
pounded of the remaining rados of K to L, and L to 
M of the other rados. 

Because, by the hypothesis, AistoD, asGtoKt 
* B. 5. by inversion,* D is to A, as K to G ; but as A is to F, 
^ 21. ft. so is G to M ; therefore,* ex aequali, D is to F, as K 
to M. Therefore, if a rado which is, &c. Q. E. P, 



PROP. K. THEOR. 

^ there be any number qf ratios, and any number rf 
other rathe such, that the ratio compounded qf ratios 
which are the same with the first ratios^ each to each, 
is the same with the ratio compounded qf ratios which 
are the same, each to each, with the last ratios: aad 
if one qf the first ratios, or the ratio which is com' 
pounded qf ratios which are the same with several of 
the first ratios, each to each, be the same with one rf 
the last ratios, or with the ratio compottnded qf ratios 
which are the same, each to each, with several qf the 
last ratios: then the ratio compounded qf ratios 
which are the same with the remaining ratios qf the 
fir^t, each to each, or the remaining ratio of the first, 
if but one remavni is the some wUktheTaivi «*».- 



pounded of ratios vliich are the tame villh iAeie re- 

maiHing of Iht latt, each to eacA, or teilA the re- 

nutinhtg ratio of the tail. 

Let the rBlioB of A to B. C Co D, E U F he Tlie first 
rntios; and tho ratios of G lo H, K to L. M lo N, O 
to P, Q (o R, be llie olher rnllos: and [*l A be to B, 
aa S to T; nnil C to D, aa T to V, and E lo F, aa V to 
X; then, by ihe definition of co^mpound ratio, the lalio 



h, k, L 
A, Bi C. D; E, P. S, T, V X. 

G, H; K, LjM, Ni O, P;Q, E. Y, Z, a, b, 
e, r. B- m, n, o, p. 



of S 10 X ia compounded of Ih« ratios of S to T, T lo 
V, and V to X, whiFh are the same with the ratios of 
A to B, C lo D, E to F, each (o each ; also, a» G lo H, 
■o let Y be lo Zi and K to L, 9i> Z to a; M to N. as 
Bio b. OioP, aab toe; and Q to It, aa c to d: then, 
by the same defiaiiion, the ra-tio of Y Ui d is com- 
pounded of tho rulioe of Y to Z, Z to a, a to b, b la c, 
BDcI c to d, which arc the same, each to each, with the 
ratios of G lo H, K to L, M Co M, O to P, and Q to R : 
therefore, by the hypolhesia, S is ID X, aa Y lo d. 
A1*o, lei Ihe ralio of A to B, that is, the ratio of S to 
T, which is one of Ihc first ratios, be the same with 
the ratio of e to g, which is coni]ioundHd of the ratios 
of e lo f, and f lo g, which, by Ihe hypolbesis, are the 
wme with the ratim of G to H, and K to L, two of the 
Other raliosi and let the ratio of h lo I be that which 
ia compounded of the ratios of h to k, and k to 1, which 
art the «ame with the remaining first ratios, I'a. of C 
to D, and E lo F: also, let the ratio of m lo p, he that 
whieli ia compounded of the ra.tios of m to n, n to o, 
and to p, which are ilie same, each to cacVt, '«'t^b tXie 
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remaining other ratios, viz. of M to N, O to P, and Q 
to R: then the ratio of h to I shall be die same with 
the ratio of m to p, or h shall be to 1, as m to p. 







h, k,l. 
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Because e is to f, as (G to H, that is, as) Y to Z; 
and f is to g, as (K to L, that is, as) Z to a; therefore, 

♦ 21. 5. ex sequali,* e is to g, as Y to a: but by the hypothesis,' 

• 11 5. A is to B, that is, S to T, as e to g; therefore* S is to 
« B. 5. T, as Y to a; and, by inversion,* T is to S, as a to Y; 

and S is to X, as Y to d; therefore, ex sequali; T is 
to X as a to d. Also, because h is to k as (C to D, 
that is, as) T to V; and k is to 1, as (£ to F, that is, 
as) y to X ; therefore, ex sequali, histol, asTtoX 
In like manner, it may be demonstrated, that m is to p, 
as a to d : but it has been shown, that T is to X, as a 

* II. 5. to d; therefore* h is to 1, as m to p. Q. £. D. 

The propositions G and K are usually, for the sake 
of brevity, expressed in the same terms with proposi- 
tions F and H : and therefore it was proper to show 
the true meaning of them when they are so expressed; 
especially since they are very frequently made use of 
by geometers. 
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THE 

ELEMENTS OF EUCLID. 



BOOK VI. 



DEFINITIONS. 
I. 




Skmkar recHlmeal Jlgure§ 
are those which have 
their several angles 
equal, each to each, 
and the sides about the equal angles proportionals. 

IL 

" Reeiproeal JIguret, viz. triangles and parallelograms, 
"are such as have their sides about two of their 
« angles proportionals in such a manner, that a side 
** of the first figure is to a side of the other, as the 
" remaining side of this other is to the remaining 
''side of the first." 

IIL 

A straight line 'w said to be cut in extreme and mMM 
ra/dff, when the whole is to the greatev «eg;ai«iiX^ ta 
the greater §egment ia to the less. 




Id8 euclid'8 elements. 

IV. 

The altitude of any figure is the straight 
line drawn from its vertex perpen- 
dicular to the base. 

PROP. I. THEOR. 

Triangles and parallelograms qf the same altttude are 
one to another as their bases. 

Let the triangles ABC, ACD, and the parallelograms 
EC, CF have the same altitude, viz. the perpendicular 
drawn from the point A to BD, or BD produced : then, 
as the base BC is to the base CD, so shall the triangle 
ABC be to the triangle ACD, and the parallelogram 
EC to the parallelogram CF. 

* 3. 1. Produce BD both ways, and take* any number of 

straight lines BG, GH, each equal to the base BC; 
and DK, KL, any number of them, each equal to die 
base CD; and join AG, AH, AK, AL: then, because 
CB, BG, GH are all equal, the triangles A KG, AGB, 

* 88. 1. ABC are all equal : * therefore, whatever multiple the 

base CH is of the base BC, the same multiple is the 
triangle AHC of the triangle ABC : for the same rea- 
son, whatever multiple the base CL is of the base CD, 
the same multiple is the 
triangle ALC of the triangle 
ADC: and if the base HC 
be equal to the base CL, 

* 3S 1. the triangle AHC is equal* 

to the triangle ALC; and 
if the base HC be greater than the base CL, the 
triangle AHC is greater than the triangle ALC; and 
if less, less : therefore, since there are four magnitudes, 
viz, the two bases BC, CD, aivd. the two triangles ABC, 
ACD; and of the base BC atv^ i^e ttvaxv^^ K»K^,'^<^ 
first and third, any equimu\trp\e& ^\»x«;N«t \iw^ \«»». 
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taken, viz. the base HC and triangle AHC ; and of the 
base CD and triangle ACD, the second and fourth, 
have been taken any equimultiples whateyer, viz. the 
base CL and triangle ALC; and that it has been 
shown, that, if the base HC be greater than the base 
CL, the triangle AHC is greater than the triangle 
ALC; and if equal, equal; and if less, less: therefore,* * A Def. 
as the base BC is to the base CD, so is the triangle ' 
ABC to the triangle ACD. 

And because the parallelc^am CE is double of the 
triangle ABC,* and the parallelogram CF double of *4i. i. 
the triangle ACD, and that magnitudes have the same 
ratio which their equimultiples have;* as the triangle * is. 5. 
ABC is to the triangle ACD, so is the parallelogram 
EC to the parallelogram CF: and because it has been 
shown, that, as the base BC is to the base CD, so is 
the triangle ABC to the triangle ACD: and as the 
triai^le ABC is to the triangle ACD, so is the paral- 
lelogram EC to the parallelogram CF; therefore, as 
the base BC is to the base CD, so is* the parallelogram * 11. 5. 
EC to the parallelogrram CF. Wherefore triangles, 
&c Q. E. D. 

CoR. From this it is plain, that triangles and paral- 
lelograms that have equal altitudes, are one to another 
as their bases. 

I^t die figures be placed so as to have their bases 
in the same straight line ; and having drawn perpen- 
diculars from the vertices of the triangles to the bases, 
the straight line which joins the vertices is parallel to 
that in which their bases are,* because the perpen- * 33. 1 
diculars are both equal and parallel * to one another. * 28. 1 
Then, if the same construction be made as in the pro- 
position, the demonstration will be the same. 

PROP. IL THEOR. 
^atira^M ime ie drawn parallel <o one qf tYie «d«» 



170 



EUCLID'S ELEMENTS. 



^f a triangle, it shall cut the other sidest or these 
produced^ proportionally. 

And if the rideSf or the sides produced, be cut pro- 
portionally ^ the straight line which joins the points qf 
section shall be parallel to the remaming side qf the 
triangle. 

Let DE be drawn parallel to BC, one of the sides of 
the triangle ABC: then BD shall be to DA, as CE to 
EA. 
« 37. 1. Join BE| CD; then the triangle BDE is equal* to 
the triangle CDE, because they are on the same base 
DE, and between the same parallels DE, BC: but 
ADE is another triangle, and equal magnitudes have 

* 7. 5. the same ratio to the same magnitude ; * therefore, as 

the triangle BDE to the triangle ADE*, so is the triangle 
ODE to the triangle ADE; but as the triangle BDE 

* 1. 6. to the triangle ADE, so is* BD to DA, because having 

the same altitude, viz. the perpendicular drawn from 
the point E to AB, they are to one another jts their 
bases; and for the same reason, as the triangle CDE 
to the triangle ADE, so is CE to EA: therefore, as 

* u. 5. BD to DA, so is CE to EA.* 

Next, let the sides AB, AC of the triangle ABC, or 





*9.6. 



these produced, be cut proportionally in the points D, 
E, that is, so that BD be to DA, as CE to EA, and 
join DE; DE shall be parallel to BC. 

The same construction being made, because as BD 
to DA, so is CE to IB^Ky ttoii «a 'ftl^ x» \>k^%o is die 
triangle BDE to the txUB%\« KO^\» MA%»^2«.>a 
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EA, 80 is the triangrle CDE to the triangle ADE; 
therefore* the triangle BDE is to the triangle ADB, as * !!• '• 
the triangle CDE to the triangle ADE; that is, the 
triangles BDE, CDE have the same ratio to the 
triangle ADE; and therefore* the triangle BDE is* 9. 5. 
equal to the triangle CDE: and they are on the same 
base DE ; but equal triangles on the same base, and 
on die same side of it, are between the same parallels ;* * 39. i 
dierefore DE is parallel to BC. Wherefore, if a 
straight line, &c. Q. E. D. 

PROP. III. THEOR. 

Jf ih& tmgU of a triangle be divided into two equai 
emgleBi by a etndght Ihie which alto cuts the bate; the 
BegmeKte of the bate thall have the tame ratio which 
the other tidet t^the triangle have to one another. 

And if the tegmenie f^ the bate have the tame ratio 

which the other tidet qf the triangle have to one ono- 

• iher^ the ttraight line drawn from the vertex to the 

pomt qf tection, dividet the vertical angle into two 

equal anglet. 

Let ABC be any triangle, and let ^e angle BAC be 
divided into two equal angles by the straight line AD : 
BD shall be to DC, as BA to AC. 

Through the point C draw CE parallel* to DA, and • St. i. 
let BA produced meet CE in E. Because the straight 
line AC meets the parallels AD, EC, the angle ACE 
Is equal* to the alternate angle CAD: but tlie angle « S9. i. 
CAD, by the hypothesis, is equal to the angle BAD; 
wherefore the angle BAD is equal* to the angle ACE. * i Ax. 
Again, because the straight 
Ene BAE meets the paralleli 
AD/ EC, the outward angle 

BAD h equal* to the inwtad ^^,^ \\\ ^^»v 
rod opporite ttoffle KECi but 
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the angle ACE has been proved equal to the angle 
BAD; therefore ACE is also equal to the angle AEC, 
*6. 1. and consequently the side AE is equal* to, the side 
AC: and because AD is drawn parallel to EC, one of 
the sides of the triangle BCE, therefore BD is to DC, 

* 2. 6. as BA to AE;* but AE has been proved equal to AC; 

* 7. 5. therefore, as BD to DC, so is BA to AC* 

Next, let BD be to DC, as BA to AC, and join AD; 
the angle BAC shall be divided into two equal angles 
by the straight line AD. 

The same construction being made ; because, as BD 
to DC, so is B A to AC ; and as BD to DC, so is BA 

* S. 6. to AE,* because AD is parallel to EC ; therefore BA 

* 11. 5. is to AC, as BA to AE:* consequently AC is equal to 

* 9. 5. AE,* and therefore the angle AEC is equal to the 

* 5. 1. angle ACE : * but the angle AEC is equal to the out- 

ward and opposite angle BAD; and the angle ACE is 

* 29. 1. equal* to the alternate angle CAD: therefore also the 

* 1 Ax. angle BAD is equal* to the angle CAD; that is, the 

angle BAC is cut into two equal angles by the straight 
line AD. Therefore, if the angle, &c. Q. E. D. 

PROP. A. THEOR. 

If the outward angle of a triangle made by produemg 
one of its sides, be divided into two eqwU angles, by 
a straight line which also cuts the base produced; the 
segments between the dividing line and the extremUiet 
of the base, have the same ratio which the other sides 
of the triangle have to one another. 

And if the segments of the base produced, have the 
same ratio which the other sides of the triangle have, 
the straight line drawn from the vertex to the point 
qf section divides the outward angle qf the triangle 
into two equal angles. 
Let ABC be any triang\e.w\OL\eX^feo\»Xw«i\«as^ 



CAE be divided inio iwo equal angloa by the slralglit 
line AD which meeCi the bdse projjced in D: BD 
Bball be ID DC, as SA to AC. 

Through C draw* CF parallel to DA; and becauae • 
the BtraiKht line AC meets the paralleli AD, FC, the 
angle ACF is equal* to the alternate angle CAU : but • 
CAD U equal" to ibe angle DAE; iherefore DAE ii • 
equal* 10 the angle ACF. Aguin. because the straight ■ 
line FAE meela the parallels AD, FC, the outward 
angle DAE js equal* to the in- u * 

Hard and opposiie angle CFA : 
but the angle ACF has been 
proved equal lo ibe angle DAE ; 
ibereforelliGBngleACFisequal- n o i> 

to the angle CFA, and conaeq^ucnily the aide AF it 
equal • lo the side AC ; and because A D is parallel It 
FC. a side of the triangle BCF. therefore BD i> tc 
DC," as BA lo AF; but AF has been proved equal it 
AC; therefore as 



o DC. a! 



o AC, a 



ioADi 



the angle CAD shali he equal lo the angle DAE. 

The BBUie construcdon bein;; miide, because BD ia 
to DC, as BA to AC; and also that BD is to DC,* as < i. 
BA to AF; therefbre" BA is lo AC, as BA to AF; • ii 
wberefore AC is equal* lo AF, and the angle AFC 's. 
equal* to the angle ACF; but the angle AFC is equal • t. 
to the outward angle E AD,* and (he angle ACF to the •:B 
allcinnle angle CAD; therefore EAD is equal" to the ■ i 
sngloCAD. WherBfore, iF the outward, &c, aE.D. 

PROP. IV. THEOIl. 

The tida aboal tht tjuai anylei qf tgidaiigtdar Irianglet 
are proporlianali; atid Ihota vhich are oy/totile to 
Me equal anglea are lioniologma tidea, Ikat U, are llir 
imlectdertti or eomegueiiln of the ratiaa. 
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Let ABC, DCE be equiangular triangles, having 
the angle ABC equal to the angle DCE, and the angle 

* 32. 1. ACB to the angle DEC, and consequently* the angle 

BAC equal to the angle CDE: the sides about the 
equal angles of the triangles ABC, DCE shall be pro- 
portionals; and those shall be the homologous sides 
which are opposite to the equal angles. 

* 22. 1. Let the triangle DCE be placed,* so that its side CB 

may be contiguous to BC, and in the same straight 

* Hyp. Hue with it: then because the angle BCA is equal* to 

. the angle CED, add the angle ABC to each; therefore 

* 2 Ax. the two angles ABC, BCA are equal* to the two angles 

ABC, CED; but the two angles ABC, BCA are to- 

* 17. 1. gether less* than two right angles, 

therefore the angles ABC and DEC, 
are less than two right angles; where- ^l 

* 12 Ax. fore BA, ED if produced will meet;* 

let them be produced and meet in the I 
point F : then because the angle ABC *- 
♦Hyp. is equal* to the angle DCE, BF is 

* 28. 1. parallel* to CD; and because the angle ACB is equal 

* 28. 1. to the angle DEC, AC is parallel* to FE : therefore 

FACD is a parallelogram; and consequently AF is 

*34. 1. equal* to CD, and AC to FD: and because AC is 

parallel to FE, one of the sides of the triangle FBE, 

* 2. 6. BA is to AF, as BC to CE : • but AF has been proved 

* 7. 5. equal to CD; therefore,* as BA to CD, so is BC to 

* 16. 5. CE ; ajid alternately,* as AB to BC, so is DC to CE: 

again, because CD is parallel to BF, as BC to CE, so 

* 2. 6. is FD to DE ; * but FD has been proved equal to AC; 

* 7. 5. therefore,* as BC to CE, so is AC to DE : and alter- 

* 16. 5. nately,* as BC to CA, so CE to DE: but it has been 

proved that A B is to BC, as DC to CE, and that BC 

* 22. 5. is to CA as CE to ED ; therefore, ex aequali,* BA is to 

AC as CD to DE. TVietefoTe tV\& %\de%, &c Q. £. D. 
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PROP. V. THEOR, 



If the sides of two triangles, about each qf their angles^ 
be proportionals^ the triangles shall be equiangular, 
and the equal angles shall be those which are opposite 
to the homologous sides. 

Let the triangrles ABC, DEF have their sides pro- 
portionals, so that A B is to BC, as DE to EF; and 
BC to CA, as EF to FD ; and consequently, ex lequali, 
BA to AC, as ED to DF; the triangle ABC shall be 
equiangular to the triangle DEF, and the angles which 
are opposite to the homologous sides shall be equal, 
viz. the angle ABC equal to the angle DEF, and BCA 
to EFD, and also BAC to EDF. 

At the points E, F, in the straight line EF, make* * 23. i. 
the angle FEG equal to the angle ABC, and the angle 
EFG equal to BCA; wherefore the remaining angle 
EGF is equal to the remaining angle BAC,* and * U. !• 
therefore the triangle GEF is equiangular to the 
triangle ABC ; and consequently they have their sides 
opposite to the equal angles A^ ,^ 

proportionals:* wherefore, as /\ A *4. 6. 

AB to BC, so is GE to EF; / \ / \ 

but as AB to BC,* so is DE to ^ J, *^ — j^ * Hyp. 

EF; therefore as DE to EF, \ ^ 

BO* G£ to EF : that is, DE and «> * ii. 5. 

GE have the same ratio to EF, and consequently are 

equal:* for the same reason, DF is equal to FG: and * 9. 5. 

because, in the triangles DEF, GEF, DE has been 

proved equal to EG, and EF is common, the two sides 

DE, EF are equal to the two GE, EF, each to each, 

and the base DF is equal to the base GF ; therefore 

the angle DEF is equal* to the angle GEF, and the * 8. i. 

other angles to the other angles which are «o\^\«ti^«^ 

by the equal sides. • Therefore the angle I>"B"Ei Va ««^Mi\ * K. v 
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to the angle GFE, and EDF to EGF: and becani 
the angle DEF is equal to the angle GEF, and GE! 

* Gout, to the angle ABC; * therefore the angle ABC is eqni 

to the angle DEF: for the same reason, the angl 
ACB is equal to the angle DFE, and the angle at A 1 
the angle at D: therefore the triangle ABC is equi 
angular to the triangle DEF. Wherefore, if the side 
&c Q. £. D. 

PROP. VI THEOR, 

If two trianglea have one angle qf the one equal to m 
angle qf the other, and the sidee about the eqm 
angles proportionalSf the triangles shall be equi^mffulm 
and shall have those angles equal which are qppoeii 
to the homologous sides. 

Let the triangles ABC, DEF have the angle BA 
in the one equal to the angle EDF in the other, an 
the sides about those angles proportionals ; that is, B. 
to AC, as ED to DF; the triangles ABC, DEF aha 
be equiangular, and sliall have the angle ABC equi 
to the angle DEF, and ACB to DFE. 

* ss. 1. At the points D, F, in the straight line DF, make 

the angle FDG equal to either of the angles BA< 
EDF; and the angle DFG 
equal to the angle ACB: 
wherefore the remaining 
angle at G is equal to the 

* S2. 1. remaining angle at B,* and 

consequently the triangle 

DGF is equiangular to the*- triangle ABC; and then 
*4. 6. fore as BA to AC, so is* GD to DF: but, by di 

hypothesis, as BA to AC, so is ED to DF; therefix 
*11.5. as ED to DF, so is* GD to DF; wherefore EDi 

* A A equal * to DG ; and "Dl? \a comixion. to the two triangk 

EDF, GDF : therefoxe iJ^ve Vwo «A<e% '^Zli \$% >b 
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equal to the two sides G D, DF, each to each ; and the 
angle EDF is equal* to the angle GDF; wherefore the * Const 
base £F is equal* to the base FG, and the triangle *4. i. 
EDF to the triangle GDF, and the remaining angles 
to the remaining angles, each to each, which are sub- 
tended by the equal sides: therefore the angle DFG 
is equal to the angle DFE, and the angle at G to the 
angle at £: but the angle DFG is equal* to the angle * Const. 
ACB; therefore the angle ACB is equal* to the angle * i Ax: 
DFE: and the angle BAG is equal* to the angle EDF; * Hyp. 
wherefore thie remaining angle at B is equal* to the * 32. i. 
remaining angle at E. Therefore the triangle ABC 
is equiangular to the triangle DEF. Wherefore, if 
two triangles, &c Q. E. D. 

PROP. VII. THEOR. 

(jf tipo irioHfflea have one angle qf the one equal to one 
angle qf (he other, and the sides about two other 
angles proportionals, then, \f each qf the remaining 
amies be either less, or not less, than a right angle; 
or if one of them he a right angle; the triangles shall 
be equiangular, and shall have those angles equal about 
which the sides are proportionals. 

Let the two triangles ABC, DEF have one angle in 
the one equal to one angle in the other, v^. the angle 
BAC to the angle EDF, and the sides about two other 
angles ABC, DEF proportionals, so that AB is to BC, 
as DE to EF; and, in the first case, let each of the 
remaining angles at C, F be less than a right angle : 
the triangle ABC shall be equiangular to the triangle 
DEF, viz. the angle ABC shall be equal to the angle 
DEF, and the remaining angle at C to the remaining 
angle at F. 

Tor, if tbe angles ABC, DEF be not e(\\i8^, wvt ^l 
hem must be greater than the other •. \et MiC \ifc VSaa 
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greater, and at tbe point B, 
in the straight line AB, 

* 28. 1. make* the angle AB6 equal 

to the angle DEF : and he- 
cause the angle at A is 

* Hyp. equal* to the angle at D, and the angle ABO to the 

* 32. 1. angle DEF ; the remaining angle AGB is equal* to Uie 

remaining angle DFE : therefore the triangle AB6 ii 

* 4. 6. equiangular to the triangle DEF; wherefisre* as AB 

• is to BG, so is DE to EF: hut, hy hypothesia, as DE 
to EF, so is AB to BC; therefore as AB to BC, so ii 

* 11. 5. AB to BG;* and because AB has the same ratio to 

* 9. 5. each of the lines BC, BG: therefore BC is equal* to 
*5. 1. BG, and the angle BGC equal* to the angle BCG: 

but, by hypothesis, the angle BCG is less than a 
right angle ; therefore the angle BGC is also less than 
a right angle, and therefore the adjacent angle AGB 

* 18. 1. must be greater* than a right angle : but it was proved 

that the angle AGB is equal to the angle at F ; Aere- 
fore the angle at F is greater than a right angle: but 
this is absurd, because, by hypothesis, F is less than a 
right angle : therefore the angles ABC, DEF axe not 
unequal, that is, they are equal : and the angle at A ii 

* Hyp. eqitkl* to the angle at D ; wherefore the remaining ang^ 

* 82. 1. at C is equal* to* the remaining angle at F: therefore 

the triangle ABC is equiangular to the triangle DEF. 

Next, let each of the angles at C, F be not less tiun 
a right angle : the triangle ABC shall also in this can 
be equiangular to the triangle DEF. 

The same construction a 

being made, it may be 
proved in like manner that 
BC is equal to BG, and 
the angle at C equal to the 
*fffp. angle BGC; buttheaxig\e«.\.C\ftitf>x.\«n^^«&ari^ 
angle ; therefore the ajag\e liGC \a TtfA\«M'dBASDL%,^ev^ 







le: wherefore two sngtes of the triangle BGC are 
togellier nat less than tno right angles, whicii is ini- 
possiUe;' and therefore the triangls ABC may be • 
proved to be equiangular to the triangle DEF, as in 
the first case. 

Lastly, let one of ihe anglea at C, F, viz. the angle 
al C. be a right angle i in ibia case likewise the triangle 
ABC shall be equiangular to the triangle DEF. 

For, if they be not ^ 

equiaogular, at the point /H 

B in the straight line ^^i^" 

AB,ni»lietheangIeABG ^-^^^ i yA 

equal to the angle DEF; jL. \ 

tben it may be proved, 

as in the firet case, that 

BG ia equal to BC \ and 

(hererore'lhe angle BCG 

equal to Ihe angle BGC; " 

but the angle BCG is a right" angle, therefore the • Kjp. 

angle BGC is also n right angle: whence two of the 

angles of the uriangje BGC are Jogether not less tlian 

two right angles, which is inipoEsible:' therefore Ihe ■ 17. 1. 

triangle ABC is equiangular to the triangle DEF. 

Wherefcre, it two triangles, &c. Q. E. D. 

PROP. Vlll. THEOa. 

In a risM-angted IriangU, if a perpendicular bt dramn 
from tht right angle to Hi bast: the Iriimglet on 
eacA tide qf it are nmilar to the whole triangle, aad 
to one another. 

Lei ABC be a right-angled triangle, having the 
rigbl angle BAC; aud from tho point A let AD be 
dnwa perpendicular to the base BC: the triangle* 
ABD, ADC shall be similar to the whole vi\an^Q 
ABC, and to one gnothec. 
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* 11 Ax. Because tlie angle BAG is equal * to the angle ADB) 

each of them being a right angle» and that the angle 
at B is common to the two tri- 
angles ABC, ABD ; the remain- 
*32. 1. ing angle ACB is equal* to the 
remaining angle BAD: there- 
fore the triangle ABC is equi- 
angular to the triangle ABD, and the sides about 

* 4. 6 their equal angles are proportionals ; * wherefore tbe 

* 1 Def. triangles are similar:* in like manner it may be'de- 
^' monstrated, that the triangle ABC is equiangular and 

similar to the triangle ADC : and the triangles ABD, 
CDA, being both equiangular to ABC, are equiangular 
to each other; therefore the sides about the equal 

* 4. 6. angles are proportionals,* and therefore the triangles 

ABD, ACD are equiangular and similar to each other. 
Therefore, in a right-angled, &c. Q. E. D. 

Cor. From this it is manifest, that the perpendioalar 
drawn irom the right angle of a right-angled triali^e 
to the base, is a mean proportional between Ae seg- 
ments of the base ; and also, that each of the sides is a 
mean proportional between the base, and the s^pooeiU 
of it adjacent to that side. Because in the triangles 

* 4. s. BDA, ADC, BD is to DA. as DA to DC ; * and in the 
*4.6. triangles ABC, DBA, BC is to BA, as BA to BD;* 

and in the triangles ABC, ACD, BC is to CA, as CA 

* 4,6. to CD.* 

PROP. IX. PROB. 

F^rom a given straight line to cut off any peart rtq mit eiL \ 

Let AB be the given straight line ; it is required to ^ 

cut off any part from it 

From the point A dravi a. «\x^v^i line AC making 

any angle with AB •, anA \xv KC \s^^ «toj v^\xi\.\^^ia(L 

take AC the same muUvvV^ ol KXi, v\«in. K:&S^ ^\ ^ ^ 



AE sliatl be Lhv i 



lapsralleliofiConeor 
irisngle ABC, IhcrGfore 
j>BA; and, 



isaiDultipleof AD| llicrcfore 
tiple of AE; whatever pan iherefon 
AE ia [he Bame part of AB: wh« 
straight tine AB the part required is 



o AD, as BA to AE^ but CA * 



PROP. X. FROB. 

7b dieidf a giten tiraighl tote limilarly la a given 
divided tlrai^At line, Hal it, intoparli ihat ahtxU have 
the nunc ratiot la one anofJer wkirh tht porta qf the 
dioidtd given eiraighi iine hate. 

Let AB be the straight line given to be divided, 
and AC Ibe dividej line; it is required lo divide AB 
nmiJarly to AC. 

Lei AC be divided in the points D, E ; and let A B, 
AC be placed bo is to contain any angle, and join BC, 
and tlirough the poinla D, E. draw* DF, EG parallels ' 
to CB: tlicn AB ahatl be divided in the points P, G 
similarly to AC. 

Through D dravr DHK parallel lo a 
AB: therefore each of ihc %ure» f\ 
P«, HB. ii a parallelograiH; where- , / X t 
ton DH is equal" to FG, and HK J "tSx ' 

Is OBi and because HE is parallel I / X 

l» KC, one of the aidea of the triangle " "^ 

DKC, wCElo ED, so is* KH lo HD; but K\\ "is" 
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* 7. 5. equal to BG, and HD to GF ; therefore,* as CE to ED, 

so is BG to GF : again, because FD is parallel to GB, 
one of the sides of the triangle AGE, as ED- to DA, 

* 2. 6. go is* GF to FA : therefore, as has been proved, CE is 

to ED, as BG to GF; and as ED to DA, so GF to FA. 
Therefore the given straight line AB is divided simi- 
larly to AC. Which was to be done. 

PROP. XI. PROB. 

To find a third proportional to two given ttndght linet. 

Let AB, AC be the two given straight lines; it is 
required to find a third proportional to AB, AC. 

Let AB, AC be placed so as to contain any angle; 
produce AB until BD, the part produced, a 
is equal to AC ; join BC, and through D, 

* 31. 1. draw* DE parallel to BC, meeting AC 

produced in E: then CE shall be a third 
proportional to AB and AC. 

Because BC is parallel to DE, a side 
*2. 6. of the triangle ADE, AB is* to BD, as AC to CE: 

* 7. 5. but BD is equal to AC; therefore* as AB to AC, so is 

AC to CE: wherefore to the two given straight lines 
AB, AC a third proportional CE is found. Which 
was to be done. 

PROP. XIL PROB. 

To find a fourth proportional to three given ttraight 

lines. 

Let A, B, C be the three given straight lines; it is 
required to find a fourth proportional to A, B, C. 

Take two straight lines DE, DP, containing any 

*3. 1. angle EDF; and upon these make* DG equal to A, 

GE equal to B, axvCi Ti'ft. e^^wvX \» C-. yjin GH, and 
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through E draw* EF parallel to it ; ^ ^ • 81. i. 

then HF shall be the fourth pro- 
portional to A, B, C. 

Because GH is parallel to EF, 
one of the sides of the triangle 
DEF, DG is to GE, as DH to 

HF; ♦ but DG is equal to A, GE to B, and DH to C; * «• •• 
therefore,* as A is to B, so is C to HF: wherefore to * '• *• 
the three g^ven straight lines. A, B, C a fourth pro- 
portional HF is found. Which was lo be done. 



PROP. XIII. PROS. 

To find a mean proportional between two gwen straight 

lines. 

Let AB, BC be the two g^ven straight lines; it is 
required to find a mean proportional between them. 

Place AB, BC in a straight line, and upon AC 
describe the semicircle ADC, and from the point B 

draw* BD at right angles to AC: ^^ ^ * ii. i. 

then BD shall be a mean propor- 
tional between AB and BC. 

Join AD, DC; then the angle a 
ADC, being in a semicircle is a right* angle; and be- * Si. S. 
cause in the right-angled triangle ADC, DB is drawn 
from the right angle perpendicular to the base, there- 
fore DB is a mean proportional between AB, BC the 
segments of the base:* therefore between the two * Cor. 8. 
g^ven straight lines AB, BC, a mean proportional DB ^' 
is found. Which was to be done. 
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PROP. XIV. TIIEOR. 

Eqwd parallelograms which have one angle qf the one 
equal to one angle of the other, have their eidet about 
the equal anglet reciprocally proportional: and paral- 
lelograms that have one angle qf the one equal to one 
angle qf the other, and their sides about the equal 
angles reciprocally proportional, are equal' to one 
another. 

Let AB, BC be equal parallelograms, which have 
the angles of B equal : the sides of the parallelograms 
AB, BC about the equal angles, shall be reciprocally 
proportional ; that is, DB shall be to BE, as GB to BF. 

Let the sides DB, BE be placed in the same straight 

* H. 1. line ; wherefore also* FB, BG are in one straight line:* 

complete the parallelogram FE ; and because the 

parallelogram AB is equal to BC, ^ ^ 

and that FE is another parallelo- \ 

* 7. 5. gram, AB is to FE, as BC to FE :• 

but as AB to FE, so is the base 

* 1. 6. DB to BE;* and, as BC to FE, so 

is the base GB to BF; therefore, as DB to BE, so is 

* 11. 5. GB to BF; * wherefore the sides of the parallelograms 

AB, BC about their equal angles are reciprocally pro- 
portional. 

Next, let the sides about the equal angles be reci- 
procally proportional, viz. as DB to BE, so GB to BF; 
the parallelogram AB shall be equal to the parallelo- 
gram BC. 

* 1. 6. Because, as DB to BE, so is GB to BF; and* as DB 

* Because the angles FBD, FBE are together equal to two 

* J 3. 1. right angles,* and that the angle DBF it equal to the angle 

EBO, by h3rpothesiB*, theietoTe t\ve Vno vci^«% ¥BE, EBO are 
*7/. J. together equal to two ligYit attft\e%, wiCi c»Tvwv!i»»S«?'»^^>'^^ 
aro in the aame straight line. 




BOOK VI. PROP. XV. 185 

to BE, so is the parallelogram AB to the parallelogram 
FE ; and as OB to BF, so is the parallelogram BC to 
the parallelogram FE; therefore* as AB to FE, so BC • 11.6. 
to FE; therefore the parallelogram AB is equal* to *9. 5. 
the parallelogram BC. Therefore equal parallelo- 
grams, &c. Q. £. D. 

PROP. XV. THEOR. 

Equal trim^lef which have one angle qf the one equal 
to one angle of the other, have their sides about the 
equal angles reciprocally proportional: and triangles 
which have one angle in the one equal to one angle in 
the other, and their sides about the equal angles red' 
procally proportionql, are equal to one another. 

Let ABC, ADE be equal triangles, which have the 
angle BAC equal to the angle DAE; the sides about 
the equal angles of the triangles shall be reciprocally 
proportional ; that is, CA shall be to AD, as EA to AB. 

Let the triangles be placed so that their sides CA, 
AD be in one straight line ; where- 
fore* also EA and AB are in one 

straight line;* and join BD. Be- / y/!^ \ * H. 1. 
cause the triangle ABC is equal to 
the triangle ADE, and that ABD is c 
another triangle ; therefore as the triangle CAB is to 
the triangle BAD, so is the triangle EaD to the tri- 
angle DAB:* but as the triangle CAB to the triangle * ^' ^- 
BAD, so is the base CA to the base AD;* and as the * >• 0< 
triangle EAD to the triangle DAB, so is the base EA 
to the base AB; * therefore as CA to AD, so is EA to * i- 6* 
AB;* wherefore the sides of the triangles ABC, ADE * "• 5. 
about the equal angles are reciprocally proportional. 

Next, let the sides of the triangles ABC, ADE aboKA 

* Seethe note to th« last TroposUloTi. 
R 2 
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the equal angles be reciprocally proportional, viz. CA 
to AD, as £A to AB; the triangle ABC shall be equal 
to the triangle ADE. 

* Hyp. Join BD as before; then because,* as CA to AD> so 

is £A to AB; and as CA to AD, so is the triangle 

* 1 6- ABC to the triangle BAD;* and as £A to AB, so is 
*i-6. the triangle BAD to the triangle BAD;* therefore 

as the triangle BAC to the triangle BAD, so is the 

* )i* ^- triangle EAD to the triangle BAD;^ that is, the tri- 

angles BAC, EAD have the same ratio to the triangle 

•9.5. BAD: wherefore the triangle ABC is equal* to the 

triangle ADE. Therefore, equal triangles, &c (^ E.D. 

PROP. XVI. THEOR. 

Jf four straight lines be prcportionah, the rectangle 
contained hg the extremes is equal to the rectangle- 
contained by the means. 

And if the rectangle contained by the extremes ie 
equal to the rectangle contained by the means, tie 
four straight lines are proportionals. 

Let the four straight lines, AB, CD, E, F be pro- 
portionals, viz. as AB to CD so E to F; the rectangle 
contained by AB, F, shall be equal to the rectangle 
contained by CD, E. 

* H. 1. From the points A, C draw* AG, CH at right 

* S. 1. angles to AB, CD ; and make* AG equal to F, and CH 

* 31. 1, equal to E, and complete* the parallelograms B6, DH. 

Beeause, as AB to CD, so is E to F; and that E is 

* 7. ft. equal to CH, and F to AG; therefore* AB is to CD, 

as CH to AG: that is, the sides of the parallelograms 
B0, DH about the equal angles are reciprocally pro« 
portional; but parallelograms which have Uieir sides 
9bout equal angles reciprocally proportional, are equal 
^ 14. 6. to one another ; * therefore \\\e ^«x«lUlo^Sram BG is 
equal to the parallelogram I>H.\ axi^ \)Ei«'^«ti2\.^cy^%3& 
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6 

A. B C B 



B6 is contained by the straight '' 
lines AB, F; because AG is equal ^ 
to F; and the parallelogram DH 
is contained by CD and E; be- 
cause CH is equal to E : therefore 
the rectangle contained by the 
straight lines AB, F, is equal to that which is contained 
by CD and E. 

Next, let the rectangle contained by the straight 
lines AB, F, be equal to that which is contained by CD, 
£; these four lines shall be proportionals, viZk AB 
shall be to CD, as E to F. 

The same construction being made, because the 
rectangle contained by the straight lines AB, F, is 
equal to that which is contained by CD, E, and that 
the rectangle B6 is contained by AB, F; because AG 
is equal to F ; and the rectangle DH by CD, E, be- 
cause CH is equal to E ; therefore the parallelogram 
BG is equal* to the parallelogram DH; and they are * * ^x* 
equiangular : but the sides about the equal angles of 
equal parallelograms are reciprocally proportional;* * 14. 6. 
wherefore, as AB to CD, so is CH to AG; but CH ia 
equal to E, and AG to F: therefore * as AB is to CD, * '• ^• 
so £ to F. Wherefore, if four, &c. Q. E. D. 

PROP. XVII. THEOR. 

Jf three straight lines be proportionals^ the rectangle 
contained by tJte extremes is equal to the square qf 
the mean. 

And if the rectangle contained by the extremes be 
equal to the square qf the mean, the three straight 
Imes are proportionals. 

Let the three straight lines A, B, C be.pro^ttiQiiala^ 
vis. aaA to B, so B to C; the rectangle cotitOLm^dL V) 
A, C, Bhall he equal to the square of B. 
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Take D equal to B ; and because as A to B, so B to 

• 7. 5. C, and that B is equal to D; AistoB, asDtoC:* 

but if four straight lines be ^ 

proportionally, the rectangle j, 

contained by the extremes is c- 
equal to that which is con- 

• 16. 6. tained by the means:* there- 

fore the rectangle contained 
by A, C| is equal to that contained by B, D : but the 
rectangle contained by B, D, is the square of B; be- 
cause B is equal to D: therefore the rectangle con- 
tained by A, C, is equal to the square of B. 

Next, let the rectangle contained by A, C, be equal 
to the square of B ; A shall be to B, as B to C. 

The same construction being made, because the 
rectangle contained by A, C, is equal to the square of 
B| and the square of B is equal to the rectangle con- 
tained by B, D, because B is equal to D; therefore 
the rectangle contained by A, C, is equal to that con- 
tained by B, D : but if the rectangle contained by the 
extremes be equal to that contained by the means, the 

• 16. 6. four straight lines are proportionals ; * therefore A is 

to B| as D to C ; but B is equal to D ; wherefore as A 
to B, so B to C. Therefore, if three straight lines, ftc. 
Q. E. D. 

PROP. XVIII. PROB. 

Upon a given gtraight line to deteribe a rectiUneal figwre, 
similar, and similarly situated^ to a given reetilineal 
figure. 

Let AB be the given straight line, and CDEF the 

given rectilineal figure of four sides; it is required 

upon the given straight line AB to describe a recti- 

Jineal %ure, similar, and aVrnWatX^ %\tvx«x^, Xa CDEF, 

Join DF, and at the poitvts J^,^/\tv^:cv«l«XT^\sg^^.\\»ft 



AB, make* ilie nngle BAG equal to ilie anBle at C, • 
and the angle ABG equal lo ihe aiigle CDFi ihciefore 
the remaining angle AGB is egual to [lie remaining 
angle CFD;* nherefore ihe 
triangle GAB is equiangular 
ID tlie triangle FCD: again, 
at the poinis G, B, in the 
acraight line GB, make* the 
angle BGH equal (o the angle DFE, and the angle 
GBH equcl to FDE; Ilierefore the remaining angle 
GHB is equal to the remaining angle FED, and the 
triangle GBH equiangular to ihe niaugie FDE: then, 
becBuae the angle AGB is equal la Ihe angle CFD, 
and BGH to DFE, the whole angle AGH is equal* to • 1 
the whole CPE; for the same Teaaon, the angle ABH 
ii equal to the angle CDE ; niso «he angle at A is* equal • Ci 
to Ihe angle al C, and the angle GHB to FED: Chcrtr- 
fore the rectilineal ligure ABHG is equiangular to 
CDEP; also these llgures have their sides ahout the 
equal angles proportiona la : hecauae the triangles GAB. 
FCD are equiangular, BA ia" to AG, a» DC to CF; • ^■ 
■nd AO ia to GB, as CF to FD: also the triangtef. 
BGH, DFE being equiangular. GB is lo GH, as PD 
to FEi therefore, ex squati,* AG is to GH, as CF tt> • I^ 
FE. In Ihe same manner it may be proved that AB 
is to BH, as CD to DE: and GH is to UB, as FE ic 
EDi* wherefore, because the rectilineal figures ABHG, ' *■ 
CDEF are equiangular, and have their sides about tlie 
equal angles proportionals, they are similar* to one ' ' 
another. 

Next, lei it be required to describe upon a given 
ttraight line AB, a rectilineal figure, similar, and 
inulBrl; situated, to the rectilineal ilgure CDKEP. 

Join DE, and upon the given strnight line AB de- 
iCTibe the rectilineal figure ABflG aimiUr bhA wmi- 
larl? ■iliMted, to the quadrilateral figure CDE? , Vtj tX^c 



6 
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former case; and at the points B, H in the straight 
line BH, make the angle HBL equal to the ai^ 
EDK, and the angle BHL equal to the angle DEK; 

• S'l therefore the remaining angle at L is equal* to the 

remaining angle at K : and because the figures ABHGi 

• 1 Def. CDEF are similar, the angle GHB is equal* to the 
angle FED, and BHL is equal to DEK; wherefore 

the whole angle GHL is equal to the whole an^e 
FEK: for the same reason the angle ABL it equal 
to the angle CDK: therefore the five sided figures 
AGHLB, CFEKD are equiangular; and because the 

• 1 Def. figures AGHB, CFED are similar,* GH is to HB, as 

• 4. 6. FE to ED; but as HB to HL, so is ED to EK;* there- 

• 22. 5. fore, ex squali,* GH is to HL, as FE to EK: for the 

same reason, AB is to BL as CD to DK : and BL is 

• 4. 6. to LH, as* DK to KE, because the triai^les BLH, 

DKE are equiangular: therefore, because the five- 
sided figures AGHLB, CFEKD are equiangular, and 
have their sides about the equal angles proportionals, 
they are similar to one another. In the same manner 
upon a given straight line, a rectilineal figure may be 
described, similar, and similarly situated, to a given 
rectilineal figure of six, or any number of sides. 
Which was to be done. 

PROP. XIX. THEOR. 

Similar triangles are to one another in the dtqfUetUe 
ratio qf their homologous sides. 

Let ABC, DEF be similar triangles, having the 
angle B equal to the angle E, and let AB be to BC, as 

• 12 Def. DE to EF, so that the side BC may be * homologous 
^' to EF: the triangle ABC shall have to the triangle 

DEF, the duplicate ratio of that which BC has to EF- 

• II. 6. Take* BG a third proportional to BC, EF, so that 

BC may be to EF, as EF td BG, and join GA: then, 
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because as AB to BC, so DE to EF, alternately,* AB * 16. 0. 
is to D£;as BC to EF: but* as BC to EF, so is EF to * Con«t- 
BG; therefore* as AB to DE» so is EF to BG : there- * n. 5. 
fore the sides of the triangles ABG, DEF which are 
about the equal angles, are reciprocally proportional : 
but triangles which have the sides about two equal 
angles reciprocally propor- 
tional are equal* to one j/^I\ J^ • 15. (L 
another: therefore the tri- 




angle ABG is equal to the 
triangle DEF: and because 
as BC is to EF, so EF to BG; and that if three 
straight lines be proportional, the first is said* to have * '<> ^t 
to the third the duplicate ratio of that which it has to 
the second; therefore BC has to BG the duplicate 
ratio of that which BC has to EF: but as BC to BG, 
so is* the triangle ABC to the triangle ABG: there- * *• *• 
fore the triangle ABC has to the triangle ABG the 
duplicate ratio of that which BC has to EF: but the 
triangle ABG is equal to the triangle DEF; therefore 
the triangle ABC has to the triangle DEF the dupli- 
cate ratio of that which BC has to EF. Therefore 
similar triangles, &c. Q. E. D. 

CoR. From this it is manifest, that if three straight 
lines be proportional, as the first is to the third, so is 
any triangle upon the first, to a similar and similarly 
described triangle upon the second. 

PROP. XX. THEOR. 

Snmlar polygons may be divided into the tame number 
qf similar triangles, having the same ratio to one 
mtother that the polygons hanet and the polygons 
have te one another the duplicate ratio qf that which 
their homologous sides have. 

hex ABCDE, FGHKL be similar polygons, and let 
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AB be the side homologous to FG: the polj^goiis 
ABCDE, FGHKL may be divided into die same 
number of similar triangles, whereof each shall haft 
to each the same ratio which the polygons have; 
and the polygon ABCDE shall have to the polygtm 
FGHKL the duplicate ratio of that which the side AB 
has to the side FG. 

Join BE, £C| GL, LH: and because the polygpn 
ABCDE is similar to the polygon FGHKL, the ai^ 

• 1 Def. BAE is equal* to the angle GFL, and BA is to AS, 

* 1 Def. as GF to FL:* therefore because the triangles ABE,. 
6. FGL have an angle in the one equal to an angle in the 

other, and their sides about these equal angles pro* 

• 6. 6. portionals, the triangle ABE is equiangular* to the 

• 4. 6. triangle FGL, and therefore* similar to it; wherefim 

the angle ABE is equal to the angle FGL: and, be- 
cause the polygons are similar, the whole angle ABC 

♦ I Def. ig equal * to the whole angle FGH ; therefore the re- 

* 3 Ax. maining angle EBC is equal * to the remaining angle 

LGH : and because the triangles ABE, FGL are 
•4.6. similar, EB is to BA, as LG to GF;* and also, be- 

• 1 Def. cause the polygons are similar,* AB is to BC, as FG to 
GH; therefore, ex s^uali,* EB is to BC, as LG to 
GH; that is, the sides about the equal angles EBC, 

*6. 6. LGH are proportionals; therefore* the triangle EBC 

* 4. 6. is equiangular to tlie triangle LGH, and similar* to it: 



6 

♦ 22. 6. 




for the same reason, the triangle ECD is similar to the 
triangle LHK : therefore the similar polygons ABCDEt 
FGHKL are divided into the same number of similar 
triangles. 



AIM Eh«» iriangliHi •hall have, each to cacli, lie 
same ratio which the polygons have to one another, 
the ■nMcedsntB being ABE, EBC, ECD, aud the con- 
■equenlB PGL, LGH, LHK; and tlie polygon ABCDE 
■hall have to ihe polygon FGHKL the duplicate ratio 
of that which the eide All has to Ihe homologoUB Bido 
FG- 

Becauac Ihe triangle ABE is similar to the triangle 
rCL, ABE has to FGL the duplicate ratio • of that • 
(rbich the side BE has to the aide GL; for the Game 
resxm, the IriBngle DEC haE to GLH the duplicate 
ntio of that which BE hiu to GL: therefore, aa the 
niongle ABE is to the triangle FGL, so' is the tri- • 
uigle BEC (a Ihe triangle GLH. Again, because the 
triangle BBC is similar to the triangle LGH, therefore 
£BC has to LGH the duplicate ratio of that nhicli the 
Bide EC has 10 Ihe side LH: for Ihe same reason, the 
triangle ECD lias to the triangle LHK, the duplicate 
ntio of thai which EC has lo LH: therefore as (he 
triangle EBC is to the triangle LGH, so is'the tri- • 
angle ECD to the triangle LHK; but it has been 
proved (hat (he iriangle EBC is to the triangle LGH, 
aa the triangle ABE to the Iriangle FGL: therefore, 
>■ the triangle ABE is to the triangle FGL, so is Ihe 
iriangle EBC to tlie triangle LGH, and the triangle 
BCD lo the triangle LHK: and therefore, as one of 
the antecedents ii to one of the conHeqUEnts,*so are all * 
(be anlecedenls lo all the consequents: therefore, as 
the triangle ABE is to Ihe iriangle FGL, so is the 
polygon ABCUE to (he polygon FGHKL: hut the 
iriangle ABE has lo the tri:mgle FGL. Ihe duplicate 
ralio'of (hat which the side AB has to ihe humulogous * 
side TO: thereFbre the polygon ABCDE has lo the 
polygon FGHKL the duplicate ratio of that which AB 
liU m Ihe hiiiiiolagouB side FO. Wherefore, similar 
polygons, &c. 0- E. D. 
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Cor. 1. In like manneTp it may be pfoyed, that 
similar four-sided figures, or of any number of sidei) 
are one to another in the duplicate ratio of their 

* 19-6. homologous sides, and it has already been proved* in 

triangles: therefore, universally, similar rectilineal 
figures are to one another in the duplicate ratio of their 
homologous sides. 

Cor. 2. And if to AB, FG, two of the homologous 

* 11. 6. sides, a third* proportional M be taken, AB has to M 

• 10 Def. the duplicate ratio* of that which AB has to FG: but 

the four-sided figure or polygon upon AB has to the 
four-sided figure or polygon upon FG, the duplicate 

• Cor. 1. ratio* of that which AB has to FG: therefore, as AB ii 

* 11. 5. to M, so is* the figure upon AB to the figure upon FG| 

♦ Cor. 19. which was also proved in triangles:* therefore, uni- 

versally, it is manifest, that if three straight lines be 
proportional, as the first is to the third, so is any 
rectilineal -figure upon the first, to a similar and simi- 
larly described rectilineal figure upon the second. 



PROP. XXI. THEOR. 

Rectilineal figures which are similar to the same reetp- 
lineal figure, are also similar to one another. 

Let each of the rectilineal fiigures ABC, DEF be 
similar to the rectilineal figure GHK: the figure ABC 
shall be similar to the figure DEF. 

Because ABC is similar to GHK, they are equi- 
angular, and have their sides about the equal angles 
* 1 Def. proportionals.* Again, be- 
^' cause DEF is similar to 

GHK, they are equiangular, 
and have their sides aboMtx^ 
• i Def. the equal angles propox^otvaVs-.* ^«t«i\Qt^ ^^ %^S°bks 
^' ABC and DEF are eac\\ ot v\vcm e«vvx\Mv^«x\»^^«:i^ 
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and have the sides about the equal angles of each of 
diem and of GHK proportionals: therefore the recti- 
lineal figures ABC and DEF are equiangular,* and * ^ Ax. 
have their sides about the equal angles proportionals:* * H. 5 
therefore ABC is similar* to DEF. Therefore, recti- * 1 Def. 
lineal figures, &c. Q. E. D. ^' 

PROP. XXII. THEOR. 

If four straight lines he proportUmalSt the nmilar ree- 
, tilineal figures similarlg described upon them shaU 
also be proportionals; and if the similar rectilineal 
Jlgurts similarly described upon four straight lines be 
proportionals, those straight lines shall be propoT" 
tionals. 

Let the four straight lines AB, CD, EF, GH be 
proportionals, viz. AB to CD, as EF to GH, and upon 
AB, CD let the similar rectilineal figures KAB, LCD 
be similarly described; and upon EF, GH the similar 
rectilineal figures MF, NH, in like manner: the recti- 
lineal figure KAB shall be to LCD, as MF to NH. 

To A B, CD take a third proportional* X; and to ♦ 11. 6. 
EF, GH a third proportional O: and because AB is 
to CD, as EF to GH, and that CD is* to X, as GH to * 11. 5, 
O; therefore, ex sequali,* as AB to X, so EF to O: * 22. 5. 
but as AB to X, so is* the Vectilineal KAB to the * 2 Cor. 
reetiliiieal figure LCD, and as EF to O, so is* the *2 cor. 
rectilineal figure MF to the rectilineal figure NH:20. 6. 
therefore, as KAB to LCD, so* is MF to NH. * n. s. 

Next, let the rectilineal figure KAB be to LCD, as 
MF to NH; the straight line AB shall be to CD, as 
£F to GH. 

Make* as AB to CD, so EF to PR, and upon PR * 12. 6. 
describe* the rectilineal figure SR similaT atidi «vtsi^-^ '^'^«^> 
}arly situated to either of the figures M¥, till*. \\i«u, 
because as AB to CD, so is EF to PR, and lYiaX >x^«iw 
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AB| CD are described the similar and similarly situated 
rectilineals KAB, LCD, and upon EF, PR, in like 
manner, the similar rectilineals MF, SR; therefore 
KAB is to LCD, as MF to SR; but, by the hypothesis, 
KAB is to LCD, as MF to NH; and therefore die 



♦9.5. 
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rectilineal figure MF has the same ratio to eadi of the 
two NH, SR: therefore NH is equal* to SR; and they 
are similar, and similarly situated; therefore GH is 
equal to PR : and because as AB to CD, so is £F to 

* 7. 5. PR, and that PR is equal to GH; therefore* AB is to 

CD, as EF to GH. If, therefore, four straight lines, 
&c. Q. £. D. 

PROP. XXin. THEOR. 

Equiangular parallelogranu have to one another ike 
ratio which is compounded qf the ratios qf their sides. 

Let AC, CF be equiangular parallelogprams, having 
the angle BCD equal to the angle ECG: the paral- 
lelogram AC shall have to the parallelogram CF, the 
ratio which is compounded of the ratios of their sides. 

Let BC, CG be placed in a straight line; therefore 
DC and CE are also in a straight line;' and complete 
the parallelogram DG; and, taking any straight Une 

* 12. 6. K, make* as BC to CG, so K to L; and as DC to 

* 12. 6. CE, so make* L to M : therefore the ratios of K to L, 

and L to M, are the same mt\i iVve ratios of the sides, 

• See the proof ol iW» ^^ ^>^« ^^* ^** ^^*^* ^'^- ^* 
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viz. of BC to CG, and DC to C£: but the ratio of K 

to M is that which is said to be compounded * of the * A. Def. 

xstios of K to L, and L to M : therefore K has to M 

the ratio compounded of the ratios of the sides: but 

because as BC to CG, so is the paral- a 

lelogram AC to the parallelogram \ 
CH;* and as BC to CG, so is K to 5— 
L; therefore K is* to L, as the paral- 
lelogram AC to the parallelogram CH. 
Again, because as DC to C£, so is the 
parallelogram CH to the parallelogram 
CF; and as DC to CE, so is L to M; therefore* L is * n. 5. 
to M, as the ^parallelogram CH to the parallelogram 
CF : but since it has been proved, that as K to L, so 
is the parallelogram AC to the parallelogram CH ; and 
as L to M, so is the parallelogram CH to the paral- 
lelogram CF ; therefore, ex aequali,* K is to M, as the * 22. 5. 
parallelogram AC to the parallelogram CF: but K has 
to M the ratio which is compounded of the ratios of 
the sides; therefore the parallelogram AC has to the 
parallelogram CF the ratio which is compounded of 
the ratios of the sides. Wherefore equiangular paral- 
lelograms, &c. Q. E. D. 

PROP. XXIV. THEOR. 

The partdlelograms about the diameter qf any paral- 
lelogram^ are similar to the whole, and to one another. 

Let ABCD be a parallelogram, of which the diameter 
is AC; ajad EG, HK the parallelograms about the 
diameter: each of the parallelograms EG, HK shall 
be similar to the whole parallelogram ABCD, and they 
shall also be similar to one another. 

Because DC, GF are parallels, the aiv^\e K\>C» S& 
egajJ* to the angle AGF: and because ^C,'8*1S «x^^^^ 
parallels, the angle ABC is equal to lYke awftXe KV,1^\ 

s 2 
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* ^ L wmd tmth ci ^e at^fas BCD, EFG k equal* to the 

•pposice angle DAB, and clierefbre tliey axe equal to 
ene aaochcr; thcrdbre die parallelograms ABCD« 
AEFG are eynangwlar. And because the anj^e ABO 
is fqwal to the angle AEF, and the ai^e BAG comnon 
to the two triangles BAG, EAF, they are equiangular 
*^<^ to one another; dierefiire* as AB to 

* M. L BC, so is AE to EF: and because* 

^e opposite sides of parallelograms 

* T. s^ are equal to one anodier, AB is* to 

AD as AE to AG; and DC to CB as s ^ ^ 

GF to FE: and abo CD to DA as FG to GA: there- 
fcee the sides at the paralldograms ABCD, AEFG 
about die equal an^es are proportioaals; and they are 

*^1^*^ thctefeee similar* to one another: for the same reason, 
the parallelogram ABCD is simflar to the parallelo- 
gram FHCK: therefore each of the parallelograms 

• GE« KH is similar to DB: but rectilineal figures 

which are similar to die same rectflineal figure, are 

*>l-<^ similar* to one anodier: therefore the parallelogram 
GE is similar to KH. Wherefore the parallelograms^ 
&c aE.DL 

PROP. XXV. PROB. 



7b dm n il l m vntm mtm ^ fymn wUek dkmU he nmuUtr <a 



^'^ ABCD be die giren rectilineal ^[iire, to which 
the figure to be described is required to be similar, 
and P diat to which it must be equal: it is required to 
describe a rectilineal figure similar to ABCD, and 
equal to P. 

M3w. Upon die straight line BC describe* die parallelo-. 

f»"» BF equal lo the fiiciaace ABCD; and upon CF 
^^- describe* the paralWlofstvBi C^ eqe!=^ xo^ ^ vx^^^Ykvomi^ 
tbe angle FCM equil to \\ke vn^e C^»^\ ^QoiwdBii^ 



BC and CM are in a siraifhi Iine.« as also EF and { 
FN:' between BC and CM Sod- amean proportional • 
GH, and upon GH describe* the rectilineal figure • 
CHKL, similar and Eimilarly situalfd to the figure 
ABCD: Clien sh^Il the i^ctiliiieal figure GHKL be 
similar to BCDA, and equal to P. 

Because BC is to GH a> GH to CM, and jf three 
straigbc lines be proporlionals, as the fir^t is to the 
third, >o is* the figure upon Itie first to the similar * 
and similarly described figure upon the seeondi there- 
fore as BC to CM. so is the rectilineal figure ABCD 
to the rectilineal figure GHKL : but as BC to CM, so 
i»» the parallelogram BF to the parallelogram CN; ' 
thereloTe hb the rectilineal figure ABCD is to the rec- 
tilineal G^re GHKL, so is the parallelogram BF to 
the parallelogram CN:* but the rectilineal figure* 



.^^^. 



ABCD is eijual* to the parBllelngram BF; therefore • 
the rectilineal figure GHKL ia equal* to the paral- ' 
lelogramCN: but CN is equal* tothefigureP; where- • 
Tore GHKL ia equal to Pi and it ia similar to ABCD; 
tbererore the rectilineal figure GHKL has been de- 
scribed similar lo the figure ABCD, and equal to P. 
Which was to be done. 
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PROP. XXVI. THBOR. 

^two similar paralleloffranu have a common angle, end 
be similarly situated; they are about the sawte dia* 
meter. 

Let the parallelograms ABCD» AEFG be aimilar 
and similarly situated, and have the angle DAB com- 
mon : then ABCD and AEFG shaU be about tbe nse 
diameter. 

For, if not, let, if possible, the pa- 
rallelogram BD have its diameter 
AHC in a different straight line from 
AF the diameter of the parallel<^am 
EG, and let GF meet AHC in H; 
and through H draw HK parallel to AD or BC. 

Because the parallelograms ABCD, AKHG are about 

* 24. 6. the same diameter, they are similar* to one another: 

* I Def. therefore as DA to AB, so is* GA to AK : but because 

* Hyp. ABCD and AEFG are similar* parallelograms, as DA 

* 11. 5. is to AB, so is GA to AE; therefore* as GA to A£, 

so GA to AK; wherefore GA has the same ratio to 
each of the straight lines AE, AK; and consequently 
*9. 5. AK is equal* to AE,- the less equal to the greater^ 
which is impossible : therefore ABCD and AKHG an 
not about the same diameter: therefore ABCD and 
AEFG must be about the same diameter. Therefiore, 
if two similar, &c. Q. £. D. 

' To understand the three following propoaitioai 
' more easily, it is to be observed, 

1. ' That a parallelogram is said to be applied to a 

' straight line, when it is described upon it as ofie of 

' its sides. Ex. gr. the parallelogram AC is said to be 

* applied to the straVg^^it \me k&, 

2. * But a paralle\og;t«m KYi \a «KA\o\i^ ^^>«^ns^ 

' M Straight lin« AB, deftc\etit>iv a ^«nKV^o«c^TSi^'^fo«8w 



AD Ibe base at AE is less iban 
AB, uid therefore AE is I«bs 
Ihan the parallelt^am AC de- 
■cribed upon AB 



■ngle, 



een the i 



rallEb 



lelogTsm DC; and DC is therefore called the defect 
of AE. 
8. ' And s parallelogram AG is said to be applied 
■o a itrafgihl line AB, enccedi ag by a parHllelogram, 
when AF llie base of AG is greater Ihan AB, and 
therefore AG exceeds AC the pBralleln^am described 
tipon AB in ihe same angle, and between the same 
parallels, by the parallelogram EC.' 

PROP. XXVII. THEOR. 

(^ all parallehgratnt applied to the mine straight line, 
and deficient by paralletograrae, similar and aimilarly 
aituated to that ichich it deecrited upon the half of 
thr lint: that vMch ia applied to the half, and ie 
limilar to ill defect, it the grealeet. 
I.ei AB he a straight line divided into two etjusi 
ports in C, and let the parallelogram AD be applied 
to ilie half AC, which is therrloce deficietit from the 
paralleli^ani upon the whole line AB by the paral- 
lelogram CE uponihe other half CB: of all the pars I- 
lelograma applied to any other parts of AB. and deR- 
cienl by parallclograma that are similar and similarly 
KtUBled to CE, AD shall be (ho greatest. 

Lei AP be any parallelogram applied to AK, any 
other pari of AB than the half, so as to be deficient 
from tlie parallelogram upon the whole line AB by the 
pBTBllelogram KH, similar and similarly situated to 
CEl AD shBll be greater than AF. 

PitM, let AK the base of AF, be grealec tlUnti Ml 
iho hiUf of AB; and because CE U Biniiltti* to 'fee ' 



parallelogram KH, tbey ure about the , 5 ' 1-3 

same diameler." Dtav their diuneter „ [ JVr I 
DB, and complete the acheme: then, I f \ I 
becBUBetheparallelogramCFiiequal* | f I \f 
to PE, add KH to both, therefore the t i-h^ 

. whole CH is equal lo the whole KE : but CH u etiiil* 
10 CG. because the baae AC is equal to the hue CBt 
therefore CG i> equal*-to KE: to each of tfaeae cquk 

. add CFj then the whole AF is equal* to Ike gnomn 
CUL: (hererore CE, or the parallelogruil AD, '» 
greater than the parallelogram AF. 

Next, let AK the base of AF, be 
less than AC; Che rame couatructioit 
being made, becaiue BC ia equal CA, 

. therefore HM is equal*toMG; where- 
fore the parallelogram DH is equal* I 
to DC; therefore DH is greater j 
than LG: hut DH ia equal* lo DKj _i 
therefbre DK is greater than LQ : to each of these add 
AL; then the whole AD is greater than the whole 
AF. Therefore, of all paraUelogiami applied, &b 

Q. E. d: 

PROP. XXVm. PROB. 

n a gireii ttraight tim to apply a paralldoffrxnii (fail 
lo a given redilmtal flgurt, tmd drfieieitt tg aptr^ 
klogram limilar la a givm paralldojfnm : but tit 
ffivm recHlmeal fgvre lo vihich tht peralMogrmu la 
be applied it lO be egaal, mtuf not ie greater tAtn til 
paralklogram applied lo half of the given line, tavitg 
III defect rimf/ar to Me irfeel (tf that Khick ietoU 
^ptiedi that is, to the given parallelagrim. 
Let AB be the given straight line, and C the ginn 
rectilineal figure, to which the parallelogram to be 
applied is required to be equal, which figure must oM 



be grcHler* ihan llie parailrlogram applied lo ihe tifllf ' 

of (he line having ira defect tram that upon the nhole 

line liniilaT to tlie defect of Ihatwhicli is to be applied; 

and let D be the pnrsJle[ogrnni to wliich this defect is 

required lo be rimilar. I( is required to apply a paral- 

telogrHiD to tbe straigbt line AB, 

wliioh Eliall be equal to the 

figure C, and be deficient from 

theparalWogram upon the wliole 

line by ■ parallelogram similar a 



Divide t 



It E, ai 



.■.Ob. 



EB dcBcribe the pBrallelogram EBFG Bimilar* and • i 
Dmilarly situated lo D. and complete the paralleli^Bm 
AG, which must eilher be equal to C, or greater than 
it, by the determination. 

Bf AG be equal lo C. then what was required is 
already done ; for, upon the airaighi line AB, the 
parallelogram AG is applied equal to the figure C, 
sod deficient by ihe paratlelogrstn EF eimildr to D. 
Bur, if AG be not equal to C, it is greater than itj 
and EF is equal* to AG; therefore EF is also greater 'i 
than C. Make* the parallelogram KLMN equal to • ) 
the exceu of EF above C, and Eimilor and similarly 
iitualed lo D; but, by conslruclian, D is similar ro 
EF. tLerefore- also KM is t-imilar to EF. Let KL ' ' 
be the *\ie liomologoua to EG, and LM to GF; then, 
becaiiae EF is equal to C and KM together, EF in 
greater thao KM; therefore the straight line EG is 
pcMter than KL, and GF than LM; make*GX equal * ' 
lo LK, and CO equal lo LM, and complete" the piirai- * ^ 
letognuu XCOPr therefore XO is equal and similar lo 
KM; but KM is similar to EF; wherefore XO is also 
^milar to EF, and therefore* XO and EF are about • 1 
diameter: lei GPB be their ilibmetcT «ivV 
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complete die icheme. Then, because EF ii equal to 
C and KM together, and XO a part of die one, ia equal 
to KM a part of the odier, the remainder, tis. tfat 

• s Ax. gnomon ERO, is equal* to the remainder C: and he- 

• 43. 1. cause OR is equal* to XS, by adding SR to each, tfat 

• 96. 1. whole OB is equal to the whole XB: but XB is eqml* 

to T£, because the base AE is equal to the base EB; 

• 1 Ax. wherefore TE is equal* to OB: add XS to each, tfaea 

the whole TS is equal to the whole, viz. to the gnonoe 
ERO: but it has been proved that the gnomon ERO 
is equal to C, and therefore TS is also equal to CS. 
Wherefore the parallelogram TS, equal to die given 
rectilineal figure C, is applied to the given straight 
line AB, deficient by the parallelogram SR, similsr 

• 24. 6. to the given one D, because SR is similar* to EF. 

Which was to be done. 

PROP. XXIX. PROB. 

To a given ttraight line to apply a partdlelogrmm epui 
to a given rectilineal figure, exceeding bg mpmnM^ 
gram similar to another given. 

Let AB be the given straight line, and C die given 
rectilineal figure to which the parallelogram to be 
applied is required to be equal, and D the parallelo- 
gram to which the excess of the one to be implied 
above that upon the given line is required to be similsr. 
It is required to apply a parallelogram to the given 
straight line AB which shall be equal to Ihe figure C, 
exceeding by a parallelogram similar to D. 

• 10. 1. Divide* AB into two equal parts in the point E, and 

• 18. 6. upon EB describe* the parallelogram EL similar, and 

• 25. e. similarly situated to D : and make * the parallelogram 

OH equal to EL and C together, and similar and dmi- 

• <!• 8. larly situated to D; wherefore OH is similar* to EL: 
let KH be the side homologous to FL, and KG to FE: 
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and because the parallelogram GH it greater than EL, 
therefore the side KH is greater than FL, and KG 
than FE. Produce FL and FE, and make FLM 
equal to KH, and FEN to KG, and complete the 
parallelogram MN: therefore MN is equal and similar 
to GH; hut GH is similar 
to EL; wherefore MN is 
umilar to EL, and conse- 
quently EL and MN are 

about the same diameter.* j ^\ y^ '^^ — x~^ * 2«. 6. 
Draw their diameter FX, 
and complete the scheme. 

Then, because GH is equal ' w p~x 

to EL and C together, and that GH is equal to MN; 
therefore MN is equal to EL and C: take away the 
common part EL; and the remainder, viz. the gnomon 
NOL, is equal to C. And because AE is equal to EB, 
the parallelogram AN is equal* to the parallelogram * 36. i. 
NB, that is, to BM:* add NO to each; therefore the * 43. i. 
whole, viz. the parallelogram AX, is equal to the 
gnomon NOL: but the gnomon NOL is equal to C; 
therefore also AX is equal to C. Wherefore to the 
straight line AB, there is applied the parallelogram 
AX equal to the given rectilineal C, exceeding by the 
parallelogfram PO, which is similar to D, because PO 
is similar* to EL. Which was to be done. * 24. 6. 

PROP. XXX. PROB. 

7b cut a given straight line in extreme and mean ratio. 

Let AB be the given straight line ; it is required to 
cut it in extreme and mean ratio. 

Upon AB describe* the square BC, and to AC apply * 46. i. 
the parallelogram CD equal to BC, exceeding by the 
figure AD similar to BC : * then shall AB be cut in * 29. 6. 
extreme and mean ratio in E. Since BC is a s^^axe, 

T 
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AD it alio a iquare ; and becaiue BC is equal to CD, 
by taking the common part CE tram each, the re- 
mainder BF ia equal to the remainder AD: and ihae 
figures are equiangular; therefore their 
sides about the equal angles are recipro- 

* 14. 6. cally* proportional: wherefore, as FE 

* 34. 1. to ED, so AE to EB: but FE is equal* 

to AC, that is, to AB; and ED is equal 
to AE : therefore as BA to AE, so.is AE 
to EB: but AB is greater than AE; 

* 14. 5. wherefore AE is greater* than EB: therefore the 

straight line AB is cut in extreme and mean ratio in 

* 3 Def. E.* Which was to be done. 

^' Otherwiae: 

Let AB be the given straight line ; it is reqwred to 
cut it in extreme and mean ratio. 

* II. 2. Divide* AB in the point C, so that the rectangle 

contained by AB, BC may be equal to , 

the square of AC: then shall AB be * c a 

cut in extreme and mean ratio in C. 

Because the rectangle AB, BC is equal to the square 

* 17. 6. of AC, as BA to AC, so is* AC to CB: therefore AB 

* 3 Def. is cut in extreme and mean ratio in C* Which was 
to be done. 



6. 



PROP. XXXr. THEOR. 

In right-angled triangles^ the rectiUneal figure described 
upon the side opposite to the right angle, is eqmal to 
the similar and similarly described figures upom the 
sides containing the right angle. 

Let ABC be a right-angled triangle, having the 

right angle BAC : the rectilineal figure described upon 

BC shall be equal to the similar and similarly described 

figures upon "BA, AC. 

*J2. I. Draw* the pcrpcTvA\c\\\wr Wi\ ^ct^Vstt^^V^csiuieiB 
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Um right-angled triangle ABC, AD is drawn from the 
right angle at A, perpendicular to the base BC, the 
trioDgles ABD, ADC are similar* to the whole triangle. * 8. 6. 
ABC, and to one another, and because the triangle 
ABC is similar to ADB, as CB to BA, so is* B A to * 4. 6. 
BD; and because these three straight lines are pro- 
portionals, as the first is to the third, so is the figure 
upon the firat to the similar and 

similarly described figure* upon /n!/ "\^^ to*f°'' 
the second: therefore as CB to 




BD, so is the figure upon CB to 
the similar and similarly described 

figure upon BA: and, inversely,* I J * B. 5. 

as DB to BC, so is the figure upon BA to that upon 
BC : for the same reason, as DC to CB, so is the figure 
upon CA to that upon CB; wherefore as BD and DC 
together to BC, so are* the figures upon BA, AC to that * 34. 5. 
upon BC : but BD and DC together are equal to BC : 
therefore the figure described on BC is equal * to the * A* ^* 
similar and similarly described figures on BA, AC. 
Wherefore, in right-angled triangles, &c. Q. £. D. 

PROP. XXXII. THEOR. 

Jf two irianglet which have two sides qf the (me pro* 
portional to two sides qf the others be joined at one 
anfflSf so as to have their homologous sides parallel to 
one another; the remaining sides shall he in a straight 
line. 

Let ABC, DCE be two triangles which have the 
two sides BA, AC proportional to the two CD, DE, 
viz. BA to AC, as CD to DE; 
and let A B be parallel to DC, 
and AC to DE, BC and C£ 
aba}) be In d straight line. 
Becaute AB Is parallel to 




• 1 As. 
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DC, and the straight line AC meets them, the alter- 

* S9. 1. nate angles* BAC, ACD are equal; for a like reason, 
the angle CDE is equal to the angle ACD ; wherefore 
also BAC is equal* to CDE : and because the triangles 

ABC, DCE have the angle A equal to the angle D, 
and the sides about these equal angles proportionals, 
viz. BA to AC, as CD to DE, the triangle ABC is 
*6. 6 equiangular* to DCE: therefore the angle ABC is 
equal to the angle DCE: and the angle BAC was 
proved to be equal to ACD : therefore the whole angle 

* S Ax. ACE is equal* to the two angles ABC, BAC; add to 

each of these equals the common angle ACB, then the 
angles ACE, ACB are equal to the angles ABC, BAC, 

* SS. 1. ACB: but ABC, BAC, ACB are equal* to two right 

angles; therefoi'e also the angles ACE, ACB are equal 
to two right angles ; and since at the point C, in die 
straight line AC, the two straight lines BC, CE, which 
are on the opposite sides of it, make the adjacent 
angles ACE, ACB equal to two right angles; there- 

* 14. 1. fore* BC and CE are in a straight line. Wherefore, ! 

if two triangles, &c. Q. E. D. 

PROP. XXXIII. THEOR. 

I 

In equal circlei, anglet, whether at the centres or ctr- | 
cum/ereneet, have the same ratio which the circum- 
ferences on which they stand have to one another: so \ 
also have the sectors. I 

Let ABC, DEF be equal circles; BGC, EHF angles 
at their centres, and BAC, EDF angles at their cir- 
cumferences; then the circumference BC shall be to 
the circumference EF, as the angle BGC to the angle t 
EHF, and the angle BAC to the angle EDF; and also < 
the sector BGC to the sector EHF. 

Take any number o5 cvccvwoSBtwwi^A d^^'^EA»^«»fth 
equal to BC, and any numbet N«\i^vaNct ^>\,^>^ ^»£ia. 
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equal to EF: and join GK, GL, UM, UN. Ik'caMsc 
the circumforeDcei BC, CK, KL ar* aJl equal, the 
angles BGC, CGK» KGL are aho all* equal : therefore * >'• *• 
what multiple locver the circumference BL ie of the 
Gircumference BC, the tame multiple ia the angle 
BGL of tlie angle BGC: for the same reason, what- 
ever multiple the circumference EN is of the circum- 
ference £F, the same multiple is the angle ElIN of 
the angle EHF: and if the circumference BL be equal 
lo the circumference EN, the angle BGL is also equal* * ^^' '• 
to the angle EHN ; and if the circumference BL be 
gireater than EN, the angle BGL is greater than EHN ; - 
and if less, less : therefore since there are four magni- 
Uideiv the two circumferences BC, EF, and the two 
angles BGC, EHF; and that of the circumference 
BC, and. of the angle BGC, have been taken any equi- 
multiples whatever, viz. the circumference BL, and 
the angle BGL; and of the circumference EF, and of 
the angle EHF, any equimultiples whatever, viz. tlie 




ciroumferenoe EN, and the angle EHN: and it has 
been proved, that, if the circumference BL be greater 
than EN, the angle BGL is greater than EHN; and 
if equal, equal ; and if less, less : therefore as the cir- 
cumference BC to the circumference EF, so* is the *< Def. 
angle BGC to the angle EHF: but as the angle BGC '' 
is to the angle EHF, so is* the angle BAC to the angle * 15. 6. 
EDF, for each is double* of each: therefore, as il\e*lQ>^« 
circumference BC is to EF, so is the an^Ve l&OC* \a^^ 
MMitrle EHF, and the angle BAC to the w^t ^X^\. 

T 2 
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Also, as the circumference BC to £F, so shall the 
sector BGC be to the sector EHF. Join BC, CK, and 
in the circumferences BC, CK take any points X, 0, 
and join BX, XC, CO, OK: then, because in the 
triangles GBC, GCK the two sides BG, GC are equal 
to the two CG, GK, and that they contain equal angles; 

* 4. 1. the base BC is equal* to the Jiase CK, and the triangle 

GBC to the triangle GCK: and because the circmn- 
ference BC is equal to the circumference CK, the re- 
maining part of the whole circumference of the circle 

* S Ax. ABC, is equal * to the remaining part of the whole cir- 

cumference of the same circle: wherefore the angle 
*27. 3. BXC is equal* to the angle COK; and the 8^:iDe]tt 
*iiDeCBXC is therefore similar* to the segment COK; 
and they are upon equal straight lines BC, CK: but 
similar segments of circles upon equal straight lines, 
*24. S. are equal* to one another: therefore the segment 
BXC is equal to the segment COK: and the triangle 
BGC was proved equal to the triangle CGK; there- 
fore the whole, the sector BGC, is equal to the 
whole, the sector CGK: for the same reason, the 
sector KGL is equal to each of the sectors BGC, 
CGK. In the same manner, the sectors EHF, FHM, 
MHN may be proved equal to one another: therefore, 
what multiple soever the circumference BL is of the 
circumference BC, the same multiple is the sector 
BGL of the sector BGC: for the same reason, what- 




ever multiple the ciTcumieTence ^^ \& ^^Y ^^« same 
multiple is the sector ^H^ oi VVie ^cJtot ^^S«v ^is&. 






Beclor EHN; and 
er tbsn BN, l1ic 
T EHN; and if lesi 



greBior than iheae 
then, there are foul 
BC, EP, and ihe two seelora BGC, EHF, and that of 
tlie circumference BC, and Eeclur BGC, the circum- 
ference BL and sector BGL are an; equal multiples 
wliaiever: and of the circumference EF, and secior 
EHF, Ihe circumference EN and aector EHN, are 
any equimuitiples whatever; and it lias been proved, 
that if the ciroumference BL be greater than EN, the 
aeclDT BGL IB greater than the sector EHN; and if 

curafereoce BC in to the ciruumfercnce EF, bo ia the 
■eclor BGC to the sector EHF. Wherefore, in equal 
circles, aic. Q. E. D. 

PROP. B. THEOR. 

ff OH aru/le qf a Mangle be Uteeted by a ilraighl tine, 
ahich likewise cull the bote; lie rectangle conlahted 
by the lidet qf lie triangle ie equal to lie rectangle 
eontainfd by Ike seffmeuis nf the base, loffelher with 
the ignore of ihe liraighi tine biateiiitg lis au/U. 
Let ABC he a triangle, and let the angle BAC be 

bisected by the Btraight line AD; the rectangle BA, 

AC shall be equal to the rectangle BD, DC, together 

wirh the square ofAD. 

Dewiribe* the circle ACB about 

Ihe triangle, and produce AD to 




S12 Euclid's elements. 

* 32. 1. segment; the triangles ABD, AEC are equiangular* to 

* 4. 6. one another: therefore as BA to AD, so is* £A to AC, 

* 16. 6. and consequently the rectangle BA, AC is equal* to 

* ^' '• the rectangle £A, AD, that is,* to the rectangle £D, 

DA, togedier with the square of AD: but the rec- 
*35. 3. tangle ED, DA is equal* to the rectangle BD, DC: 
therefore the rectangle BA, AC is equal to the rec- 
tangle BD, DC, together with the square of AD. 
Wherefore, if an angle, &c. Q. E. D. 

PROP. C. THEOR. 

If from an angle qf a triangle a ttrmght Une he drawm 
perpendicular to the base; the rectangle contained ijf 
the tides qf the triangle is equal to the rectangle eos- 
tained by the perpendicular and the diameter qf the 
circle described about the triangle, - 

Let ABC be a triangle, and AD the perpendicular 
from the angle A to the base BC; the rectangle BA, 
AC shall be equal to the rectangle contained by AD 
and the diameter of the circle described about the 
triangle. 

* 5. 4. Describe* the circle ACB about 

the triangle, and draw the diameter 
A£, and join EC. Because the 

* 31. 3. right angle BDA is equal* to the 

angle ECA in a semicircle, and 

* 21. 8. the angle ABD equal* to the angle 

AEC in the same segment; the 
*i.6. triangles ABD, AEC are equiangrular : therefore as* 

BA to AD, so is EA'to AC: and consequently the rec- 
♦J6. 6. tangle BA, AC is equal* to the rectangle EA, AD. 

If, therefore, from an angle, &c. Q. E. D. 




k 
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^jie rectangle conjoined hy t?ie dlogimoU i^ a <5>Mx^tv 
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laterai interibed m a circle^ is equal to both the rec- 
iangles contained by its opposite sides. 

Let ABCD be any quadrilateral inscribed in a circle, 
and join AC, BD; the rectangle contained by AC, BD 
shall be equal to the two rectangles contained by AB, 

CD, and by AD, BC* 

Make the angle ABE equal* to the angle DBC; add * 23. i. 
to each of these equals the common angle EBD, then 
the angle ABD is equal to the angle EBC: and the 
angle BDA is equal* to the angle BCE, because they * lei. 3. 
are in the same segment ; therefore 
the triangle ABD is equiang^ular 

to the triangle BCE: wherefore* f \\ /lY * ^- *• 
as BC is to CE, so is BD to DA ; 
and consequently the rectangle BC, 
AD is equal* to the rectangle BD, ^jf^; 3^^ • J6. 6. 

CE. Again, because the angle 
ABE is equal to the angle DBC, and the angle* BAE * 2>- '• 
to the angle BDC, the triangle ABE is equiangular to 

the triangle BCD: therefore as BA to AE, so is BD 
to DC; wherefore the rectangle BA, DC is equal to 
the rectangle BD, AE: but the rectangle BC, AD has 
been shown equal to the rectangle BD, CE; therefore^ 
the whole rectangle AC, BD* is equal to the rectangle * i- 2. 
AB, DC, together with the rectangle AD, BC. There- 
fore, the rectangle, &c. Q. £. D. 

* This Is a Lemma of CI. Ptolomseus, in page 9 of his "tinyuXn 

* The rectangles BC, AD and BA, DC are together equal * to * 2 Ax. 
the rectangles BD, CE and BD, AE; that is* to the whole rec- * i. 2. 
tangle BD, AC. 
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ELEMENTS OF EUCLID. 



BOOK XL 



DBFINITIONS. 

I. 
A soLiP » dMi which hadi length, breadth, and thick- 



IL 
That which bounds a solid is a tuperfieUi. 

III. 

\ ;iUMigbc line W jftiptmiiemimr, or mi right'angki to a 
plaue« when it makes right angles with every straight 
liiK tu^ciu^ it ilk that plane. 

IV. 

\ tfJaM t« p^tfMmHcmimr H m jrlsae, when the straigbt 
.'lU^^ driAvwu iii «Hi« qC the ^|lanc6 perpendicular to 
wiK" vvuukwu s*«5Uoa oi ^« twt» ^^axkRs^vx^^^Kc^* 



BOOK. XI. — DEFINITIONS. 21 5 

V. 

The tnelination of a ttraight line to apkme is the acute 
angle contained by that straight line, and another 
drawn from the point in which the first line meets 
the plane, to the point in which a perpendicular to 
the plane drawn from any point of ^e first line above 
the plane, meets the same plane. 

VI. 

The inclination qf a plane to a plane is the acute angle 
contained by two straight lines drawn from any the 
same point of their common section at right angles 
to it, one upon one plane, and the other upon the 
other plane. 

VII. 

Two planes are said to have the same, or a like incli- 
nation to one another, which two other planes have, 
when the said angles of inclination are equal to one 
another. 

VIII. 

Parallel planet are such as do not meet one another 
though produced. 

IX. 

\ iolid angle is that which is made by the meeting, in 
one point, of more than two plane angles, which are 
not in the same plane. 

X 

The tenth definition is omitted for reasons given in 
the notes.' See the Octavo Edition, 

XI. 

9imU ar eoUd figures are such as have aW t\ic\T «i^\\. 
mtgJee equal, each to each, and vvhich are couXaMA^ 
by the same number of similar planes. 
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XII. 

A pyramid is a solid figure contained by planes thtt 
are constituted betwixt one plane and one point 
above it in wbicb tbey meet. 

XIII. 

A prism is a solid figure contained by plane figures of 
wbicb two tbat are opposite are equal, similar, and 
parallel to one anotber; and tbe others parallelo- 
grams. 

XIV. 

A sphere is a solid figure described by the revdution 
of a semicircle about its diameter, which remains 
unmoved. 

XV. 

Tbe axis of a sphere is tbe fixed straight line aboat 
which the semicircle revolves. 

XVI. 

The centre of a sphere is tbe same with that of the 

semicircle. 

XVII. 
Tbe diameter of a sphere is any straight line which 
passes through the centre, and is terminated both 
ways by the superficies of tbe sphere. 

XVIII. 

A cone is a solid figure described by tbe revolution of 
a right-angled triangle about one of the sides con- 
taining the right angle, which side remains fixed. 

If the fixed side be equal to the other side containii^ 
the right angle, the cone is called a right-angied 
cone; if it be less tViavv x\ve oO^iet %\^^,«sv «btiMC- 
anffled; and if greater, au acute-<mgUd wstkft. 
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XIX. 

The iunt of a cone is the fixed straight line about which 
the triangle revolves. 

XX. 

The base of a cone is the circle described by that side 
containing the right angie, which revolves, 

XXI. 

A cylinder is a solid figure described by the revolution - 
of a right-angled parallelogram about one of its sides 
which remains fixed. 

XXII. 

The am of a cylinder is the fixed straight line about 
which the parallelogram revolves. 

XXIII. 

The bates of a cylinder are the circles described by the 
two revolving opposite sides of the parallelogram, 

XXIV. 

Similar cones and cylinders are those which have their 
axes and the diameters of their bases proportionals. 

XXV. 

A cube is a solid figure contained by six equal squares. 

XXVI. 

A tetrahedron is a solid figure contained by four equal 
and equilateral triangles. 

XXVII. 

An oeiaAedron ia a solid figure contamed \i^ «\|^X. 
equal and equiJateral triangles. 

V 
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XXVIII. 

A dodecahtdriM is a solid figure contain^ by twelve 
equal pentagons which are equilateral and equi- 
angular. 

XXIX. 

An icoaahedron is a solid figure contained by twenty 
equal and equilateral triangles. 

Def. A. 
A paraUelopiped is a solid figure contained by six 
quadrilateral figures, whereof every opposite two are 
parallel. 

PROP I. THEOR. 

One part qf a straight line cannot be in a plane, ad 
another part above it. 

If it be possible, let AB, part of the straight fine 

ABC, be in the plane, and the part BC above it: and 

since the straight line AB is in the 

plane, it can be produced in that 

plane. Let it be produced to D: 

and let any plane pass through the 

straight line AD, and be turned about it until it pass 

through the point C ; and because the points B, C are 
* 7 Def. in this plane, the straight line* BC is in it: therefore 
'' there are two straight lines ABC, ABD in the same 

*Cor. 11. plane that have a common segment AB, which is* im- 
^' possible. Therefore, one part, &c. Q. E. D. 




1 



PROP. II. THEOR. 

Two atnighi linti ahKh ml one /mother are in me 
planr, and Ihret firaight lines teltich taett one another 

Let iwa struighl lines AB, CD, rut one another in 
B; AB, CD shall be ode plane: and three stiaight 
lines EC, CB, BE which meet one another, shall be in 

Let any plane puss through 
the itraigbt line EB, oad ' 
the plane be turned about £ 
produced, if necessary, until it ^oie through the point 
Ci then because the paints &, C are in thia plane, ihc 
ttraight line* EC is in it; for the Eame reason, the • 
•irsighl line BC is in the aamc ; and, by the hypothesis, '' 
EB ii in it: therefore the tliree straight lines EC, CB, 
BE ve in one plane: hui in the plane in which EC, 
BB are, in the 1 " " " " 



PHOP. MI. THEOR, 

ff two pltOKi ™( one another, t/ieir conmi 
.iraight line. 
Let two planes AB, BC. cut one nnothi 
line UB be (heir common section: D 
Mraighl line. 

ir it be not, rrom the point D to B 
draw, in the plane AH, the straight 
line DEB, and In the plane BC the 
straight line DPB: then two straight |jli% 
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* 10 Ax. space betwixt them; which is* impossible: therefore 
BD the common section of the planes AB, BC cannot 
but be a straight line. Wherefore, if two planes, &c. 
Q. E. D. 

PROP. IV. THEOR, 

If a straight line stand at right angles to each qf two 
straight lines in the point qf their intersectkm, U 
shall also be at right angles to the plane which patsst 
through them, that is, to the plane m which theg art* 

Let the straight line EF stand at right angles to 
each of the straight lines AB, CD in E, the point d 
their intersection : EF shall be at right angles to tiie 
plane passing through AB, CD. 

Take the straight lines AE, £B, CE, ED all eqoal 
to one another; and through E draw, in the plane i> 
which are AB, CD, any straight line 6EH; and join 
AD, CB; then, from any point F in EF, draw FA, 
FG, FD, FC, FH, FB. And because the two straight 
lines AE, ED' are equal to the two BE, EC, and thtt 

* 15. 1. they contain equal angles* AED, BEC, the base AD 
« 4. 1. is equal* to the base BC, and the angle DAE to the 

* 15. 1. angle EBC : and the angle AEG is equal* to the angle 

BEH; therefore the triangles AEG, BEH have two 
angles of the one equal to two angles of the other, each 
to each, and the sides AE, EB, adjacent to the equal 
angles, equal to one another: therefore their othn 

*26. 1. sides are equal:* therefore GE is equal to EH, and 
AG to BH. And because AE is equsd to EB, and F£ 
common and at right angles to them, the base AF it 

*4. 1. equal* to the base FB; for the same reason, CF k 
equal to FD : and because AD is equal to BC, and AF 
to FB, the two sides FA, AD are equal to the tiro 
FB, BC, each to each; an^ xVkft\»sfc \i^ 'w^^^ra^^ 
equal to the base ¥C; tVexctete «tve «a^^^K5i> 




equal* <o ihe angle FBC. Ag-ain. it was provcil 

GA ii equa] to BH, and also AF to FB; Iherefore 

and AG, are equal to FB and BH, 

eiich to each; and tlie angle FAG 

haa been proved equal la the angle ^ 

FBHr thereforetliehweGFisequal* , 

to the base FH: aga: 

was pcDvcd, that GE it 

and EF » comnioD: tlierefore GE, 

EF are equal to HE, EF; and the * " 

base OF is equal to Ihe base FH; therefore the angle 

CEF is equal* to Ihe angle KEF; and consequently *B 

each of these angles is a righl" angle; llierefore FE *" 

makes right angles with GH, that is, with any straight 

Bine drawn through B in Ihe plane passiDg through 

AB, CD. In like manner, it may be proved, that FE 

tnakes right angles with every straight line which 

meet* it in thai plane: but a alraight line is at right 

angles to a plane when it makes right angles with 

erer; alraight line which mc«ta it in that plane;* *3 

therefore EF is at right angles to the plane in which "■ 

areAB.CD. Wherefore, if astiajghtline, &e. Q.E.D. 

PROP. V. THEOR. 
^ Ihrfe tiraight lines meel all in one point, and a 

ttraight line eland at right anj/lei to eaci if tiem in 

mat potnl: title three itraigbt linee ere in one and 

Ihe tiane plant. 

Let the straight line AB Etand at right angles to 
each of the straight lines BC, BD, BE, in B the point 
where they ineetr BC, BD, BE ahall be in onu and 
the aame plane. 

If not, let, if it be possible, BD and BE be in one 
plane, and BC be shave it: ami let a \iinne \iaia 
through AB, BC the fommon Bpclion of wVidi tiivXi 
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*3. 11. the plane in which BD and BE are, is a straight* 
line; let this be BF: therefore the three straight lines 
AB, BC| BF are all in one plane, viz. that which 
passes through AB, BC; and because AB stands at 
right angles to each of the straight lines BO, BE, it ii 
*4. 11. also at right angles* to the plane passing throa^ 
« 8 Def. them; and therefore makes right angles* witli eveiy 
straight line meeting it in that 
plane; but BF which is in that 
plane meets it: therefore the angle 
ABF is a right angle; but the 
angle ABC, by the hypothesis, is 
also a right angle; therefore the 
angle ABF is equal to the angle 
ABC, and they are both in the same plane, which is* 
impossible: therefore the straight line BC is notaboTe 
the plane in which are BD and BE: wherefore the ' 
three straight lines BC, BD, BE are in one and the 
same plane. Therefore, if three straight lines, &c. 
Q E. D. 

PROP. VI. THEOR. 

If two straight lines be at right angles to the tanii 
plane, they shall be parallel to one another. 

Let the straight lines AB, CD be at right angles to 
the same plane ; AB shall be parallel to CD. 

Let them meet the plane in the 
points B, D, and draw the straight 

* 11. 1. line BD, to which draw* D£ at 

right angles, in the same plane; 

* I. 3. and make* D£ equal to AB, and 

join BE, AE, AD. Thien, because 
AB is perpendicular to the plane, 

* 3 Def. it makes right* angles with every straight line which 

meets it, and is in that ^Aane-. Wx.'&\)^ ^^^ Nnhich are 
in that plane, do each o? t\\cm t«veeV..K^\ ^«^Vst* 
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each of the angles ABD, ABE is a right angle. For 
the same reason, each of the angles CDB, CDE is a 
right angle: and because ^B is equal to DE, and BD 
common, the two sides AB, BD are equal to the two 
ED, DB, each to each; and they contain right angles; 
therefore the base AD is equal* to the base BE. *4>i> 
Again, because AB is equal to DE, and BE to AD; 
AB, BE are equal to ED, DA, each to each ; and, in 
the triangles ABE, EDA, the base AE is common; 
therefore the angle ABE is equal* to the angle EDA: * S* i- 
but ABE is a right angle; therefore EDA is also a 
right angle, and ED perpendicular to DA ; but it is 
also perpendicular to each of the two BD, DC : where- 
fore ED is at right angles to each of the three straight 
lines BD, DA, DC in the point in which they meet ; 
therefore* these three straight lines are all in the same * 5. ii. 
plane : but AB is in the plane in which are BD, DA, 
because* any three straight lines which meet one ano- * 2. n. 
ther are in one plane; therefore AB, BD, DC are in 
one plane: and each of the angles ABD, BDC is a 
right angle ; therefore AB is parallel • to CD Where- * 28- »• 
f<nre, if two straight lines, &c. Q. E. D. 

PROP. VII. THEOR. 

llftwo ttraighi lines be parallel, the straight line drawn 
from any point in the one to (my point in the other, 
is in the same plane with the parallels. 

Let AB, CD be parallel straight lines, and take any 
point E in the one, and the point F in the other : the 
straight line which joins E and F shall be in the tame 
plane with the parallels. 

If not, let it be, if possible, 
above the plane, as EGF; and 
in the plane ABCD in which the 
parallels are, draw the straight 
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line EHF firom E to F; and since EGF also is a 
straight line, the two straight lines EHF, EGF include 
* 10 Ax. a space between them, whicli is* impossible: therefore 
'' the straight line joining the points £, F is not above 

the plane in which the parallels AB, CD are, and it 
therefore in that plane. Wherefore, if two straight 
lines, &c Q. £. D. 

PROP. VIII. THEOR. 

^ two gfraigM linet be paraUel, and one qf them it at 
right angles to a plane; the other also shall be at 
right angles to the same plane. 

Let AB, CD be two parallel straight lines, and let 
one of them AB be at right angles to a plane; the 
other CD shall be at right angles to the same plane. 

Let AB, CD meet the plane in the points B, D, and 

* 7. 11. join BD: therefore* AB, CD, BD are in one plane. 

* 11. 1. In the plane to which AB is at right angles, draw* DE 

* 3. 1. at right angles to BD, and make* DE equal to AB, and 

join BE, AE, AD. And because AB is perpendicular 
to the plane, it is perpendicular to every straight line 

* s Def. which meets it, and is in that plane : * therefore each 

11 ■ 

of the angles ABD, ABE, is a right angle: and be- 
cause the straight line BD meets the parallel straight 
lines AB, CD, the angles ABD, CDB are together 

* 29. 1. equal* to two right angl^: and ABD is a right angle; 

therefore also CDB is a right angle, 
and CD perpendicular to BD: and 
because AB is equal to DE, and BD 
common, the two AB, BD are equal 
to the Mo ED, DB, each to each; 
and the angle ABD is equal to the 
angle EDB, because eacli of them is 
*4. J. a right angle; therefore t\ve \>a&e kT> S& ^qjmJl* Na-^^ 
base BE. Again, because X^ Hs e^vvwi^ \o T$^ «»^ 
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BE to AD; the two AB, BE are equal to the two ED, 
DA, each to tach ; and die base AE is ccmimon to the 
triaog^es ABE, EDA; therefore the angle ABE is 
e^ual* to the angle EDA: and ABE is a right angle; * S- 1- 
therefore EDA is a right angle, and ED perpendicular 
to DA : but it is also perpendicular* to BD; therefore * Const. 
ED is perpendicular* to the plane which passes *^-ii* 
through BD, DA, and therefore* makes right angles * * ^'• 
with every straight line meeting it in that plane : but 
DC b in the plane passing through BD, DA, because 
an three are in the plane in which are the parallels 
AB, CD: wherefore ED is at right angles to DC; and 
dierefore CD is at right angles to DE : but CD is also 
at right angles to DB; therefore CD is at right angles 
to the two straight lines DE, DB in D the point of 
their intersecdon; and therefore is at right angles* to * ^- 1'- 
the plane passing dirough DE, DB, which is the same 
plane to which AB is at right angles. Therefore, if 
two straight lines, &c^ a E.D. 

PROP. IX. THEOR. 

TVo straight Imet whieh are each qf them parallel to 
the tame ttraight Une, and not in the eame plane with 
it, are parallel to one another. 

Let AB, CD be each of them parallel to EF, and 
not in the same plane with it: AB shall be parallel 
to CD. 

In £F take any point G, from 
which* draw, in the plane pass- l^^^^^^k. * "■ ^• 

ing through EF, AB, the straight 
line GH at right angles to EF; 
and in the plane passing through 
EF, CD, draw GK at right angles to t\ve «anv« ^"9 . 
And because EF is perpendiculax Ymth \o Q^^ V(A 
7K, EF is perpeadicular* to the p\ane UO¥l ^«SKaii%^ ^ """^ 
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through them: and £F is parallel to AB; therefore 
• 8 11. AB is at right angles* to the plane HGK: for the 
same reason, CD is likewise at right angles to the 
plane HGK; therefore AB, CD are each of them at 
right angles to the plane HGK. But if two straight 
lines are at right angles to the same plane, they are 
parallel* to one another: therefore AB is parallel to 
CD. Wherefore, two straight lines, &c Q> £. D. 



•6. 11. 



PROP. X. THEOR. 

If two 9traight lines meeting one another he paraBel to 
two others that meet one another, and are not m the 
same plane with the first two; the first two and the 
other two shall contain equal angles. 

Let the two straight lines AB, BC, which meet one 
another, be parallel to the two straight lines DE, EF, 
that meet one another, and are not in the same plane 
with AB, BC : the angle ABC shall be equal to the 
angle DEF. 

Take BA, BC, ED, EF all equal to one another; 
and join AD, CF, BE, AC, DF: then, because BA is 

* 33. 1. equal and parallel to ED, therefore AD is* both equal 

and parallel to BE: for the same reason, CF is equal 
and parallel to BE ; therefore AD and CF are each of 
them equal and parallel to BE. But straight lines 
that are parallel to the same straight line, and not in 

* 9. 11. the same plane with it, are parallel* to 

one another: therefore AD is parallel 

♦ 1 Ax. to CF; and it is equal* to it; and AC, 

DF join them towards the same parts: 

• 33. 1. and therefore* AC is equal and paral- 

lel to DF. And because AB, BC are 
equal to DE, EP, eacYv to ea«^, «xv4 i\va base AC to 
** '^ the base DF; the angVe K^C \* e<^A* v^ '^t vsis^ 
^k DEF.. Therefore, if i^oaua:\^v.Vmft*.^c. ^^,\i. 
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PROP. XI. PROS. 



To dnna a straight line perpendicular to a planet from 

a given point above it. 

Let A be the given point above the plane BH ; it is 
required to draw from the point A a straight line per- 
pendicular, to the plane BH. 

In the plane draw any straight line BC, and from 
the point A draw* AD perpendicular to BC: if then * 12. i. 
AD be also perpendicular to the plane BH, the thing 
required is already done; but if it be not, from the 
point D draw,* in the plane BH, the straight line DE * n. i. 
at right angles to BC; and from the point A draw AF 
perpendicular to DE: AF shall be perpendicular to 
the plane BH. 

Through F draw* GH parallel to BC: and because * 31 i- 
BC is at right angles to ED and DA, BC is at right 
angles* to the plane passing through ED, DA: and **• ii« 
GH is parallel to BC : but,, if two straight lines be 
parallel, one of which is at right 
angles to a plane, the other is at 

right* angles to the same plane; ^^^^a^^£ * ^' ^'* 
wherefore GH is at right angles to 
the plane through ED, DA; and 
is perpendicular* to every straight • 3 D^f. 

line meeting it in that plane: but AF, which is in the ^'' 
plaAe through ED, DA, meets it; therefore GH is 
perpendicular to AF; and consequently AF is per- 
pendicular to GH ; and AF is perpendicular to DE ; 
therefore AF is perpendicular to each of the straight 
lines GH, DE. But if a straight line stand at right 
angles to each of two straight lines in the point of their 
intersection, it is also at right angles* to lYie ^\'axv^^ *^>vv. 
pasnii^ through them: hut the plane pas&mg vVsom^ 
ED, GH IB the plane BH; therefore AT \a iptr^xi- 
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dicular to the plane BH; therefore, firom the giTen 
point A, above the plane BH» the straight line AF it 
drawn perpendicular to that plane. Which was to be 
done. 

PROP. XII. PROB. 

7V> erect a straight line at right angles to a given pUmtt 
Jrom a point given in the plane. 

Let A be the point given in the plane ; it is required 
to erect a straight line from the point A at right angles 
to the plane. 

From any. point B above the 

* 11. 11. plane draw* BC perpendicular to 

* 31. 1. it; and from A draw* AD paral- 

lel to BC. Because, therefore, 
AD, CB are two parallel straight 
lines, and one of them BC is at light angles to the 

* 8. 11. given plane, the other AD is also* at right angles to 

it: therefore a straight line has been erected at right 
angles to a given plane from a point given in it 
Which was to be done. 

PROP. XIII. THEOR. 

From the same point in a given plane, there cannot bi 
two straight lines at right angles to the planer igNW 
the same side of it: and there can be hut one perpen- 
dicular to a plane from a point above the plane. 

For, if it be possible, let the two straight linei 
AB, AC, be at right angles to a given plane from tlK 
same point A in the plane, and upon the same side 
of it; and let a plane pass through BA, AC; th« 
common section of this with the given plane is t 
* 3. 17. straight* line passing through A: let DAE be their 
common section: iVvctelote vJaa %\x^\^\\t lines AB, AC, 
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DAE are in one plane: and because CA is at right 
angles to the given plane, it 

makes right angles* with every IIH ||iH n'^' 

straight line meeting it in that 
plane: but DAE, which is in 
that plane, meets CA; therefore 
CAE is a right atgle. For the 
same reason BAE is a right angle: wherefore the 
angle CAE is equal* to the angle BAE; but this is * U Ax. 
impossible, because they are in one plane. Also, from 
ft point above a plane, there can be but one perpen- 
dicular to that plane ; for, if there could be two, they 
would be parallel* to one another, which is absurd. *S' !!• 
Therefore, from the same point, &c. Q. E. D. 



PROP. XIV. THEOR. 

Planm to which the same straight line is perpendicular, 
are parallel to one another. 

Let the straight line AB be perpendicular to each 
of the planes CD, EF; these planes shall be parallel 
to one another. 

If not, they will meet one another 
prhen produced; let them meet; 
then their common section is a 
ttraight line GH, in which take any 
Mint K, and join AK, BK. Then, 
>ecai]8e AB is perpendicular to the 
)lane EF, it is perpendicular* to 
be straight line BK which is in that plane: therefore ^^- 
iBK 18 a right angle. For the same reason, BAK is 
I right angle; wherefore the two angles ABK, BAK 
f the triangle ABK are equal to. two right angles, 
rhich is* impossible: therefore the planes CD»¥»¥^* V^.V» 
houg'b produced, do not meet one atvotVieT \ i^«X \fc> 
ejr are parallel • Therefore planes, &c. Q. ^. \> . \>'^'^* 

X 




*SDe«. 
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PROP/;XV. THEOR. ' 

If two ttroighi Unet meettng one another, beparaHel to 
two other ttraight lines which meet one another, M 
are not in the same plane with the first two: the 
plane which passes through these is parallel to tie 
plane passing through the others. 

Let AB, BC, two straight lines meeting one another, 
he parallel to DE, EF two other straight lines that 
meet one another, hut are not in the same plane with 
AB, BC: the planes through AB, BC, and DE, EF 
shall not meet, though produced. 

* 11. 11. From the point B draw BG perpendicular* to Ae 

plane which passes through DE, EF, and let it meet 

* 31. 1. that plane in G; and through G draw GH parallel* to 

ED, and GK parallel to EF. And because BG i> 

* 3 Def. perpendicular to the plane through DE, EF, it makes* 

right angles with every straight 
line meeting it in that plane: 
hut the straight lines GH, GK 
in that plane meet it; therefore 
each of the angles BGH, BGK 
is a right angle: and hecause ' 

* 9. 11. BA is parallel* to GH (for each 

of them is parallel to DE, and they are not both in the 
same plane with it) the angles GBA, BGH are together 

* 29. 1. eqbal* to two right angles : and BGH is a right angle; 

therefore also GBA is a right angle, and GB perpen- 
dicular to BA. For the same reason, GB is perpen- 
dicular to BC: therefore since the strai^t line GB 
stands at right angles to the two straight lines BA, 

* 4. 11. BC, which cut one another in B; GB is perpendiculaz* 

* Const, to the plane through 6 A, BC: and it is perpendicular* 

to the plane through T>^, 'El \ V^«t^at^ Yfi. \a ijer- 
pendicular to each o« the v\aRe% VJkcw^^ >C«»^^^^^s^ 
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EF: but planes to which the same straight line 
rpendicular, are parallel* to one another: there- * 14. ii. 
the plane through AB, BC is parallel to the plane 
igh D£, EF. Wherefore, if two straight lines, 
Q. £. D. 



PROP. XVI. THEOR. 

to paraUei pUmm he cut by another plane, their 
wmmon sectionrwith it areparalMt. 

I the parallel planes AB, CD be cut by the plane 
G, and let their common sections with it be EF, 

EF shall be parallel to GH. 
r, if it is not, EF, GH shall meet, if produced, 
r on the side of FH, or EG. First, let them be 
iced on the side of FH, and meet in the point K : 
fore, since EFK is in the plane AB, every point* * i- ii. 
PK is in that plane; 
!C is a point in EEK; 
Wre K is in the plane 

For the same reason 
ilso in the plane CD: 
ifinre the planes AB, ' 
roduced meet one ano- 
but they do not meet, 

they are parallel by the hypothesis: therefore 
raight lines EF, GH do not meet when produced 
( side of FH. In the same manner it may be 
It that EF, GH do not meet when produced on 
de of EG : but straight lines which are in the 
plane and do not meet, though produced either 
ire parallel: therefore EF is parallel to GH. 
ifore, if two parallel planes, &c. Q. £. D. 
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PROP. XVII. THEOR. 

^two straight lines be cut by parallel planes, they shall 
be cut in the same ratio. 

Let the straight lines A B, CD be cut by the parallel 
planes GH, KL, MN, in the points A, E, B; C, F, 
D; as AE is to EB, so shall CF be to FD. 

Join AC, BD, AD, and let AD meet the plane KL 
in the point X; and join EX, XF. Because the two 
parallel planes KL, MN are cut by the plane EBDX, 

* 16. 11. the common sections EX, BD, are* parallel: for the 

same reason, because the two pa- 
rallel planes GH, KL are cut by 
the plane AXFC, the common 
sections AC, XF are parallel: 
and because EX is parallel to 
BD, a side of the triangle ABD, 
*2. 6. as AE to EB, sois* AX toXD. 
Again, because XF is parallel 
to AC, a side of the triangle 
ADC, as AX to XD, so is CF to FD: and it was 

* n. 5. proved that AX is to XD, as AE to EB; therefore,* 

as AE to EB, so is CF to FD. Wherefore, if two 
straight lines, &c. Q. E. D. 

PROP. XVIIL THEOR. 

If a straight line be at right angles to a plane, every 
plane which passes through it shall be at right angks 
to that plane. 

Let the straight line AB be at right angles to the 
plane CK ; every plane which passes through AB shall 
be at right angles lo the \AMve CK. * 

Let any plane BB ipaaa xVvtciiu^ K^, %xAV\^:t 
he the common section ol i\ie v\Mve%\S^,^^\N^ 
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any point F in CE, from which draw FG in the plane 
DE at right* angles to CE; and f^,,, » a w ♦ ii. i. 
because AB is perpendicular 
to the plane CK, therefore* it 
is also perpendicular to every 
straight line in that plane meet- . ^^^^^^^^^^ 
ing it: and consequently it is perpendicular to CE: 
wherefore ABF is a right angle; but GFB is likewise 
• right angle: therefore AB is parallel* to FG: and *28. i. 
AB is at right angles to the plane CK; therefore FG 
is also* at right angles to the same plane. But one * 8. ii. 
plane is at right angles to another plane when the 
straight lines drawn in one of the planes, at right 
aagles to their common section, are also* at right angles * * ^f- 
to the other plane; and any straight line FG in tlie 
plane DE, which is at right angles to CE the common 
section of the planes, has been proved to be perpen- 
dicular to the other plane CK; therefore the plane 
DE is at right angles to the plane CK. In like man- 
ner, it may be proved that all the planes which pass 
through AB are at right angles to the plane CK. 
Therefore, if a straight line, &c. Q. E. D. 

PROP. XIX. THEOR. 

^ two planet which cut one another be each qf them 
perpendicular to a third plane; their common section 
ii perpendicular to the same plane. 

Let the two planes AB, BC be each of them per- 
pendicular to a third plane, and let BD be the common 
section of the first two; BD shall be perpendicular to 
the third plane. 

If it be not, from the point D, in the plane AB, 
draw* the straight line DE at right angles U> KYi xJcvt * ^^ ^• 
common section of the plane AB with the t\vVtdL^«cv^\ 
and in the plane BC draw DF at rigVit awft\«% \.o C,\> 

X 2 j 
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the common section of the plane BC with the third 
plane. And hecause the plane AB is 
perpendicular to the third plane, and 
DE is drawn in the plane AB at right 
angles to AD their common section, 

* 4 Def. DE is perpendicular* to the third 

plane. In the same manner it may Jp 
be proved that DF is perpendicular to the third plane: 
wherefore, from the point D two straight lines stand 
at right angles to the third plane, upon the same side 

* l-S. 11. of it, which is* impossible; therefore, from the point 

D there cannot be any straight line at right angles to 
the third plane, except BD the common section of the 
planes AB, BC : therefore BD is perpendicular to the 
third plane. lYherefore, if two planes, &c Q. £. D. 

PROP. XX. THEOR. 

If a solid angle be contained by three plane anglet, any 
two of them are greater than the third. 

Let tlie solid angle at A be contained by the three 
plane angles BAG, CAD, DAB: any two of them 
shall be greater than the third. 

If the angles BAC, CAD, DAB be all equal, it is 
evident that any two of them are greater than- the 
third. But if they are not, let BAG be that angle 
which is not less than either of the other two, and is 
greater than one of them DAB ; and at the point A in 
the straight line AB, make, in the plane which passes 

* 23. 1. through BA, AC, the angle BAE equal* to the angle 

DAB; and make AE equal to ^ 

AD, and through £ draw BEC 
cutting AB, AC in the points 
B, C, and join DB, DC. And 
because DA is equa\ v> \^, 
and AB is common, i^e two \>K, 
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AB are equal to the two EA, AB, each to each, and 
the angle DAB is equal to the angle EAB : therefore 
the base DB is equal* to the base BE. And because * 4. i. 
BD, DC are greater* than CB, and one of them BD * 20. i. 
has been proved equal to BE, a part of CB, therefore 
the other DC is greater* than the remaining part EC. * ^ ^x* 
And because DA is equal to AE, and AC common, but 
the base DC greater than the base EC ; therefore the 
angle DAC is greater* than the angle EAC; and, by * 25. i. 
the construction, the angle DAB is equal to the angle 
BAE ; wherefore the angles DAB, DAC are together 
greater* than BAE, EAC, that is, than the angle BAC : * 4 Ax. 
but BAC is not less than either of the angles DA3i 
DAC ; therefore BAC, with either of them, is greater 
than the other. Wherefore, if a solid angle, &c. Q. E. D. 

PROP. XXI. THEOR. 

Every solid angle is contained by plane angles which 
together are less than four right angles. 

First, let the solid angle at A be contained by three 
plane angles BAC, CAD, DAB : these three together 
shall be less than four right angles. 

Take in each of the straight lines AB, AC, AD any 
points B, C, D, and join BC, CD, DB. Then, because 
the solid angle at B is contained by the three plane 
angles CBA, ABD, DBC, any two of them are greater* * 20. u. 
than the third; therefore the angles CBA, ABD are 
greater than the angle DBC : for the same reason, the 
angles BCA, ACD are greater than the 
angle DCB; and the angles CD A, ADB 
greater than BDC: wherefore the six 
angles CBA, ABD, BCA, ACD, CDA, 
ADB are greater than the three angles 
DBC, BCD, CDB: but the three angles 
I?BC, BCD, CDB are equal • to two right » <^ * ^'^''^ 

I 
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angles: therefore the six angles CBA, ABI^, BCAi 
ACD, CDA, ADB are greater than two right angle& 
And because the three angles of each of the trianglet 
ABC, ACD, ADB are equal to two right angles, there- 
fore the nine angles of these three triangles, inz. the 
angles CBA. BAC, ACB, ACD, CDA, DAC, ADB, 
DBA, BAD are equal to six right angles : of these the 
six angles CBA, ACB, ACD, CDA, ADB, DBA are 
greater than two right angles : therefore the remaining 
three angles BAC, DAC, BAD, which contain the 
solid angle at A, are less than four right angles. 

Next, let the solid angle at A be contained by any 
number of plane angles BAC, CAD, DAE, EAF, 
FAB; these together shall be less than four right 
angles. 

Let the planes in which the angles are, be cut by a 
plane, and let the common section ^ 

of it with those planes be BC, CD, 
D£, EF, FB. And because the 
solid angle at B is contained by 
three plane angles CBA, ABF, 

* 20. 11. FBC, of which any two are greater* 

than the third, the angles CBA, 
ABF are greater than the angle 
FBC : for the same reason, the two " 

plane angles at each of the points C, D, £, F, viz. the 
angles which are at the bases of the triangles having 
the common vertex A, are greater than the third angle 
at the same point, which is one of the angles of the 
polygon BCDEF: therefore all the angles at the bases 
of the triangles are together greater than all the angles 
of the polygon : and because all the angles of the tri- 

* 32. 1. angles are together equal to twice as many right angles* 

as there are triangles; that is, as there are sides in 

the polygon BCDE¥ •, and \\i^x. «2\ V!kv« QXi^«& of the 

polygon, together wUYk four xi^x. «i\^e!«^ «x^ \^«:sk>ba. 
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equal to twice as many right angles* as there are sides * 1 ^'• 
in the polygon; therefore all the angles of the tri- 
angles are equal * to all the angles of the polygon * i Ax 
t(^ther with four right angles. But all the angles at 
the bases of the triangles are greater than all the angles 
of the polygon, as has been proved: wherefore the 
remaining angles of the triangles, viz. those at the 
yertex, which contain the solid angle at A, are less 
than four right angles. Therefore, every solid angle, 
&c Q. E. D. 

PROP. XXII. THEOR. 

• 

y every two qf three plane angles he greater than the 
third, and \f the straight lines which contain them he 
aU equal; a triangle may he made of the straight 
lines that join the extremities qf those equal straight 
lines. 

Let ABC, DEF, GHK be three plane angles, whereof 
every two are greater than the third, and are contained 
by die equal straight lines AB, BC, DE, EF, GH, 
HK; if their extremities be joined by the straight 
lines AC, PF, GK, a triangle Aiay be made of three 
straight lines equal to AC, DF, GK; that is, every two 
of them shall be together greater than the third. 

If the angles at B, E, H are equal: AC, DF, GK 
are also equal,* and any two of them greater than the * 4. 1. 
third : but if the angles are not all equal, let the angle 
ABC be not less than either of the two at E, H ; there- 
fore the straight line AC is not less* than either of the * 4. l. or 
other two DF, GK; and it is plain that AC, together **' *' 
with either of the other two, must be gpreater than the 
third. Also DF with GK are greater than AC: for, 
at the point B in the straight line AB make* iVve mv^<^^ *i%A. 
ABL equal to the angle GHK, and make "BL ec^^ \o 
one of the straight lines AB, BC, DE, EiT, O'tt.,^^^ 
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and join AL, LC : then because AB, BL are equal to 
GH, HK, and the angle ABL to the angle GHK, the 

* 4. 1. base AL is eq^* to the base GK: and because the 

* Hyp. angles at E, H are greater* than the angle ABC, of 

which the angle at H is equal to ABL, therefore the 

* 5 Az. remaining angle at £ is greater* than the angle LBC: 





and because the two sides LB, BC are equal to the 
two DE, EF, and that the angle DEF is greater than 

* 24. 1. the angle LBC, the base DF is greater* than the base 

LC: and it has been proved that GK is equal to AL; 

* 4 Ax. therefore DF and GK are greater* than AL and LC: 
•20.1. but AL and LC are greater* than AC; much more 

then are DF and GK greater than AC. Wherefore 
every two of these straight lines AC, DF, GK are 
gpreater than the third; and, therefore, a triangle may 

* 22. 1. be made,* the sides of which shall be equal to AC, 

DF, GK. a E. D. 

PROP. XXIIL PROB. 

T\) make a solid angle which ehaU be eoniamed by three 

* 20. 11. given plane angles, any two qf them being greater* 

* 21. 11. than the third, and all three together less* thanfitar 

right angles. 

Let the three given plane angles be ABC, 1>EF, 

GHK, any two of which are greater than the third, 

and all of them together less than four right angles: it 

is required to make a aoWd «u^ cq>w\»:\tv«^ \f| \SN6ee 

plane angles equal to ABC» \>^^ , O^Y., ^w3ii \a ^»^ 
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From the straight lines containing the angles, cut 
off AB, BC, D£, £F, GH, HK, all equal to one aiio- 
tfaer; and join AC, DF, GK: then a triangle may be 
made* of three straight lines equal to AC, DF, OK. * 23. il. 




Let this be the triangle LMN,* so that AC be equal * 22. 1. 
to LM, DF to MN, and GK to LN; and about the 
triangle LMN describe* a circle, and find X its centre, * 5. 4. 
which will be either within or out of the triangle, or in 
one of its sides. 

First, let X the centre be within the triangle, and 
join LX, MX, NX: AB shall be greater than LX. ' If 
not, AB must either be equal to LX, or less than it 
First, let it be equal : then because AB is equal to LX, 
and that AB is also equal to BC, and LX to XM, AB 
and BC are equal to LX and XM, each to each ; and 
the base AC is, by construction, equal to the base LM ; 
wherefore the angle ABC is equal* to the angle LXM. * 8. i. 
For the same reason, the angle DEF is equal to the 
angle MXN, and the angle GHK 
to the angle NXL: therefore the 
three angles ABC, DEF, GHK are 
equal to the three angles LXM, 
MXN, NXL: but the three angles 
LXM, MXN, NXL are equal* to 
four right angles: therefore also 
the three angles ABC, DEF, GHK 
are equal to four right angles: but tiiia \* «L>a»K^,\4^- 
uujse, by the hypothesis, they are leas lYiaxi lo>a tv^dX 




* 2. Cor. 
15. 1. 
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angles ; therefore AB is not equal to LX. But neitfaet 
can AB be less thaai LX: for, if possible, let it be lem, 
and upon the straight line LM, on the side of it on 

* 22. 1, which is the centre X, describe* the triangle LOM| the 

sides LO, OM of which are equal to AB, BC; and be- 
cause the base LM is equal to the base AC, die sngle 

* 8- 1- LOM is equal* to the angle ABC: and AB, duit is, 

LO, by the h3rpothe8is, is less than LX; wherefore 
LO, OM fall within the triangle LXM; for, if they 

* 21. 1. fell upon its sides, or without it, they would be* equsl 

to, or greater than LX, XM: therefore the angle 

* 21. 1 . LOM, that is, the angle ABC, is greater* than the angle 

LXM. In the same manner it may be proved that 
the angle DEF is gpreater than the angle MXN, and 
the angle GHK greater than the angle NXL: there- 
fore the three angles ABC, DEF, GHK are greater 

* 2 Cor. than the three angles LXM, MXN, NXL; that is,* 

than four right angles: but this is absurd, because the 

* Hyp. same angles ABC, DEF, GH R are less* than four right 

angles: therefore AB is not less than LX, and it has 
been proved that it is not equal to LX; therefore AB 
is greater than LX 

Next, let X the centre of the circle fall in one of the 
sides of the triangle, viz. in MN, 
and join XL. In this case also AB 
shall be greater than LX. If not, 
AB is either equal to LX, or less 
than it. First, let it be equal to 
XL: therefore AB and BC, that is, 
DE, and EF, are equal to MX and 
XL, that is, to MN: but, by the 
construction, MN is equal to DF; therefore DE, EF 

* 20. 1. are equal to DF, which is* impossible: wherefore AB 

is not equal to LX; nor is it less; for then, much more, 
an absurdity would ioWo^ ; tYv^xelcitc^ k^ \% ^gKAibec 
than LX. 
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But, let X the centre of the circle fall without the 
triangle LMN, and join LX, MX, NX. In this case 
likewise AB shall be greater than LX. If not, it is 
either equal to, or less than LX. First, let it be equal ; 
it may be proved in the same manner, as in the first 
case, tliat the angle ABC is equal to the angle MXL, 
and GHK to LXN; therefore the whole angle MXN 
is equal to tlie two angles ABC, GHK : but ABC and 
GHK are together greater* than the angle DEF; there- * Hyp. 
finre also the angle MXN is greater than DEF. And 
because DE, EF are equal to MX, XN, and the base 
DP to the base MN, the angle MXN is equal* to the * 8. 1. 
ai^le DEF; but this is absurd, because it has been 
proyed that MXN is greater than DBF: therefore 
AB is not equal to LX. Nor yet is it less ; for then, 
as has been proved in the first case, the angle ABC is 
greater than the angle MXL, and the angle GHK 
greater than the angle LXN. At the point B in the 
straight line CB make the angle CBP equal to the 
angle GHK, and make BP equal to HK, and join CP, 
AP. And because CB is equal to GH ; CB, BP are 




equal to GH, HK, each to each, and they contaiu 

equal angles; wherefore the base CP -is equal to the 

base GK, that is, to LN. And in the isosceles triangles 

ABC, MXL, because the angle ABC is greater than 

the angle MXL, therefore the angle MLX at tlv« V^^%^ 

is greater* than the angle ACB at the \iaae, '^ot ^^ * ^'i^-^^ 

wne reason, because the angle GHK, ot C^"^, Ha 

Y 
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greater than the angle LXN, the angle XLN is greater 
than the angle BCP: therefore the whole angle MLN 
is greater than the whole angle ACP. And because 
ML, LN are equal to AC, CP, each to each, but the 
angle MLN is greater than the angle ACP, the bate 

* 24. 1. MN is greater* dian the base AP: 

and MN is equal to DF; therefore 
also DF is greater than AP. Again, 
because DE, EF are equal to AB, 
BP, each to each, but the base DF 
greater than the base AP, the an- 

* 25. 1 . gle D EF is greater * than the angle 

ABP: but ABP is equal to the two 
angles ABC, CBP, that is, to the 
two angles ABC, GHK; therefore the angle DEF it 
greater than the two angles ABC, GHK; but this ii 
impossible, because, by hypothesis, it is leas than the 
same two angles; therefore AB is not less than LX; 
and it has been proved that it is not equal to it: there- 
fore AB is greater than LX. 

* 12. II. From the point X erect* XR at right angles to the 

plane of the circle LMN. And because it has been 
proved in all the cases, that AB is greater than LX, 
find a square equal to the excess of the square of AB 
above the square of LX, and make RX equal to its 
side, and join RL, RM, RN; then the solid angle at 
R shall be the angle required. 

Because RX is perpendicular to the plane of the 

* 8 Def. circle LMN, it is* perpendicular to each of the straight 

lines LX, MX, NX. And because LX is equal to 
MX, and XR common, and at right angles to each of 

* 4. 1. them, the base RL is equal* to the base RM. For the 

same reason, RN is equal to each of the two RL, RM : 

therefore the three straight lines RL, RM, RN are all 

equal. And because tVfe «x^«x« ol'!^.^''» ^o^oalNsk^hft 

excess of the square of KB eJao^e ^^ ^njx«* «R. \:k\ 
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• 

therefore the square of AB is equal to the squares of 
hX, XR: but the square of RL is equal* to the same * ^7. i. 
squares, because LXR is a right angle: therefore the 
square of Afi is equal to the square of RL| and the 
straight line AB to RL. But each of the straight lines 
BC, DE, £F, 6H, HK is equal to AB, and each of the 
two RM, RN is equal to RL: wherefore AB, BC, DE, 
EF, GH, HK are each of them equal to each of the 
straight lines RL, RM, RN. ^ind because RL, RM, 
are equal to AB, BC, each to each, and the base LM 
to the base AC ; the angle LRM is equal* to the angle * 8- !• 
ABC. For the same reason, the angle MRN is equal 
to the angle DEF, and NRL to 6HK. Therefore 
there is made a solid angle at R, which is contained 
by three plane angles LRM, MRN, NRL, which are 
equal to the three given plane angles ABC, DEF, 
GHK> each to each. Which was to be done. 

PROP. A. THEOR. 

J[f eeieh qf two solid angles be contained by three plane 
angles equal to one another, each to each; the planes 
in which the equal angles are, have the same tnclinO' 
tion to one another. 

Let there be two solid angles at the points A, B ; 
and let the angle at A be contained by the three plane 
angles CAD, CAE, EAD ; and the angle at B by the 
three plane angles FBG, FBH, HBG; of which the 
angle CAD is equal to the angle FBG, and CAE to 
FBH, and EAD to HBG: the planes in which the 
equal angles are, shall have the same inclination to 
one another. 

In the straight line AC take any point K, and in the 
plane CAD draw* from K the straight line KD at right * J i. I- 
angles to AC, and in the plane CAE t\ie EtcaiK^X \yca 
KZ at right angles to the same AC-. tYiexetoi:^ xiafc 
angle DKLia the inclination* of OiepVatve C^X> ^-^^^^T" 
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the plane CAE.. In BF take BM equal to AK, and 
in the planes FBG, FBH, draw from the point M the 
straight lines MG, MN at right angles to BF; there- 
6 Def. fore the angle GMN is the inclination* of the plane 
FBG to the plane FBH. 
Join LD, NG; and be- 
cause in the triangles 
KAD, MBG, the angles 
KAD, MBG are equ^ 
as also the right angles 
AKD, BMG, and that * ^ 

the sides AK, BM, adjacent to the equal angles, are 

* 26. 1. equal to one another: therefore KD is equal* to MG, 

and AD to BG. For the same reason, in the triangles 
KAL, MBN, KL is equal to MN, and AL to BN: and 
in the triangles LAD, NBG, LA, AD are equal to 
NB, BG, each to each, and they contain equal angles; 
*4. 1. therefore the base LD is equal* to the base NG. 
Lastly, in the triangles KLD, MNG, the sides DK, 
KL are equal to GM , MN, each to each, and the base 
LD to the base NG; therefore the angle DKL is 

* 8. 1. equal* to the angle GMN: but the angle DKL is the 

inclination of the plane CAD to the plane CAE, and < 
the angle GMN is the inclination of the plane FBG to 
the plane FBH, which planes have therefore the same 

* 7 Def. inclination* to one another. And in the same manner 
it may be demonstrated, that the other planes in which 
the equal angles are, have the same inclination to one 
another. Therefore, if each of two solid angles &c. 
Q. E. D. 

PROP. B. THEOR. 

Two solid angles contained, each by three pkme anglet 
which are equal to one another, each to each, and 
alike situated, are eqwX to wm cmother. 
Let there be two soViA an^e* «x ^ «»^ '^^ ^\>«V\^ 
the wlid angle at \ U contam^^ Vj ^\v^ ^^^'^'^ >^^' 



11. 
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angles CAD, CAE, BAD; and that at B by the three 
plane angles FBG, FBH, HBG; of which CAD is 
equal to FBG; CAE to FBU; and BAD to HBG: 
the solid angle at A shall be equal to the solid angle 
at B. 

Let the solid angle at A be applied to the solid angle 
at B ; and, first, the plane angle CAD being applied 
to the plane angle FBG, so that the point A may coin- 
cide with the point B, and the straight line AC with 
BF; then AD coincides with BG, 
because the angle CAD is equal to 
the angle FBG. And because the 
inclination of the plane CAE to the 
plane CAD is equal* to the inclina- " " * A. 11. 

tion of the plane FBH to the plane FBG, the plane 
CAE coincides with the plane FBH, because the planes 
CAD, FBG coincide with one another. And because 
the straight lines AC, BF coincide, and that the angle 
CAE is equal to the angle FBH ; therefore AE coin- 
cides with BH, and AD coincides with BG ; wherefore 
the plane BAD coincides with the pl^e HBG : there- 
fore the solid angle A coincides with ^he solid angle 
B, and consequently they are equal* to.. one another. * ^ ^.x. 
Q. E. D. '• 

PROP. C. THEOR. 

Solid figure ctmtained by the same number qf eqwU 
and similar planes alike situated, and having none qf 
their solid angles contained by more than three plane 
angles; are equal and similar to one another. 

Let AG, KCi be two solid figures contained by the 
same number of similar and equal planes, alike situated, 
viz. let the plane AC be similar and equal to the ^lane 
KM, the plane AF to KP; BG to LQ,; OT>X»<^\ 
J?B to NO; and lastly, FH similar and e<\JMX \^ ^^*» 

y2 
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the solid figure AG shall he equal and similar to the 
solid figure KQ. 

Because the solid angle at A is contained hy the 
three plane angles BAD, BAE, EAD, which, hy die 
hypothesis, are equal to the plane angles LKN, LKO, 
OKN, which contain the solid angle at K, each to 
* B. 11. each; therefore the solid angle at A is equal* to the 
solid angle at K. In the same manner, the other solid 
angles of the figures are equal to one another. Let, 
then, the solid figure AG be applied to the solid figure 
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KQ, and first, the plane figure AC being applied to 
the pleine figure KM, so that the straight line AB may 
coincide with KL, the figure AC must coincide with 
the figure KM, because they are equal and similar: 
therefore the straight lines AD, DC, CB coincide with 
KN, NM, ML, each with each; and the points A, D, C, 
B, with the points K, N, M, L : and the solid angle at 
* B. 11. A coincides with* the solid angle at K; wherefore the 
plane AF coincides with the plane KP, and the figure 
AF with the figure KP, because they are equal and 
similar to one another: therefore the straight lines 
AE, EF, FB, coincide with KO, OP, PL; and the 
points E, F, with the points O, P. In the same man- 
ner, the figure AH coincides with the figure KR, and 
the straight line DH with NR, and the point H with 
the point R. And because the solid angle at B is 
equal to the solid angle at L, it may be proved, in the 
same manner, that the figure B6 coincides with the 
figure LQ, and t\\e 8tta\%\vt\\tve C^ vrv\>ci^^^.,«sA\VA 
point G with the po\tvt (^ TVvexetoc^, «««.^ ^ ^^ 
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planes and sides of the solid figure AG coincide with 
the planes and sides of the solid figure KQ, AG is 
equal and similar to KQ. And, in the same manner, 
any odier solid figures whatever contained by the same 
number of equal and similar planes, alike situated, and 
and having none of their solid angles contained by 
more than three plane angles, may be proved to be 
equal and similar to one another. Q. E. D. 

PROP. XXIV. THEOR. 

If a solid be contained by tix planety two and two qf 
which are parallel; the opposite planes are similar 
and equal paralklofframs. 

Let the solid CDGH be contained by the parallel 
planes AC, GF: BG,C£; FB, AE: its opposite planes 
shall be similar and equal parallelograms. 

Because the two parallel planes BG, CE, are cut by 
the plane AC, their common sections AB, CD,* are * 16. 11. 
parallel: and because the two parallel planes BF, 
AE, are cut by the plane AC, their common sections 
AD, BC,» are parallel: and AB is parallel to CD; * »«• l>- 
therefore AC is a parallelogram. In like manner, it 
may be proved that each of the 
figures CE, FG, GB, BF, AE is a 
parallelogram. Join AH, DF; and 
because AB is parallel to DC, and 
BH to CF; the two straight lines 
AB, BH, which meet one another, 
are parallel to DC and CF which meet one another, 
and are not in the same plane with the other two; 
wherefore they contain* equal angles; therefore the * lO. 11. 
angle ABH is equal to the angle DCF. And because 
AB, BH, are equal to DC, CF, and the angle ABH 
equal to the angle DCF: therefore the ba«e K& S& 
equal* to the base DF, and the triangle \li^ Xo ^^^ ^*'^ 
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* 34. 1, triangle DCF: but the parallelogram BG is double* 
of the triangle ABH, and the parallelogram C£ double 
of the triangle DCF ; therefore the parallel(^irauu BG 
is equal and similar to the parallelogram CE. In the 
same manner it may be proved, that the parallelogram 
AC is equal and similar to the parallelogram GF, and 
the parallelogram A£ to BF. Therefore, if a solid, 
&c. Q. E. D. 
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jjT a paraUelopiped be cut by a plane parallel to two qf j 
it» opposite pkmesi it dmdes the whole into two eoUdtt 
the base of one qf which is to the base qf the other, 
as the one solid is to the other. 

Let the paraUelopiped ABCD be cut by the plane 
EV, which is parallel to the opposite planes AR, HD, 
and divide the whole into the two solids ABFV, EGCD; 
the base AEFY of the first shall be to the base EHCF 
of the other, as the solid ABFV to the solid EGCD. 

Produce AH both ways, and take any number of 
straight lines HM, MN, each equal to EH, and any 
number AK, KL each equal to EA, and complete the 
parallelograms LO, KY, HQ, MS, and the solids LP, 
KR, HU, MT. Then, because the straight lines LK, 
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KA, A£ are all equal, the parallelograms LO, KY, 

•86.1. AF are* equal: and likewise the parallelograms 

* 24 u. KX, KB, AG: also* the parallelograms LZ, KP, AR, 

are equal, because t\\e^ axe o^^^*^^ ^-axwe^*, iur the 

same reason, the paxaWeVo^wos "^^, "^^-i >\^^ «i^ 
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equal;* apd the parallelograms HG, HI, IN, as also * 86. 1. 
HD, MU, NT, are* equal: therefore three planes of • 14- II. 
the solid LP are equal and similar to three planes of 
the solid KR, as also to three planes of the solid AY: 
but the three planes opposite to these three are equal 
and similar* to them in the several solids, and none of * *^' ^^* 
their solid angles are contained by more than three 
plane angles: therefore the three solids LP, KR, AV 
are equal * to one another. For the same reason, the * C. 1 1. 
three solids ED, HU, MT are equal to one another: 
therefore what multiple soever the base LF is of the 
base AF, the same multiple is the solid LV of the solid 
AY. Fot the same reason, whatever multiple the base 
NF is of the base HF, the same multiple is the solid 
NV of the solid ED: and if the base LF be equal to 
die base NF, the solid LV is equal* to the solid NY ; * C. 11. 
if the base LF be greater than the base NF, the solid 
LY is greater than the solid NY; and if less, less. 
Since then there are four magnitudes, viz. the two 
bases AF, FH, and the two solids AY, ED, and of the 
base AF and solid AY, the base LF and solid ITY are 
any equimultiples whatever; and of the base FH and 
solid ED, the base FN and solid NY are any equi- 
multiples whatever; and it has been proved, that if 
the base LF is greater than the base FN, the solid LY 
is greater than the solid NY ; and if equal, equal ; and 
if less, less: therefore* as the base AF is to the base * 5 Def. 
FH, so is the solid AY to the solid ED. Wherefore, ** 
if a parallelopiped, &c. Q. E. D. 
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PROP. XXVI. PROB. 

At a given point in a given itraight line, to make a eoUd 
angle equal to a given solid angle contained by tkftt 
plane anglee. 

Let AB be a given straight line, A a given point in 
it, and D a given solid angle contained by the three 
plane angles EDC, EDF, FDC : it is required to make 
at the point A, in the straight line AB, a solid angle 
equal to the solid angle D. 

In the straight line DF take any point F, from 

* 11. 11- which draw* FG perpendicular to the plane EDC, 

meeting that plane in G; join DG, and at the point A 

• 23. 1. in the straight line AB make* the angle BAL equil 

to the angle EDC, and in the plane BAL make the 
angle BAK equal to the angle EDG; then make AK 

« 12. n. equal to DG, and from the point K erect* KH at 
right angles to the plane BAL ; and make KH equal 
to GF, and join AH : then the solid angle at A, which 
is contained by the three plane angles BAL, BAH, 
HAL, shall be equal to the solid angle at D contained 
by the three plane angles EDC, EDF, FDC. 

Take the equal straight lines AB, DE, and join HB, 
KB, FE, GE. And because FG is perpendicular to 

« 3 Def. the plane EDC, it makes right angles* with every 
straight line meeting it in that plane : therefore each 
of the angles FGD, FGE, is a right angle. For the 
same reason, HKA, HKB are right angles: and be- 
cause KA, AB are equal to GD, DE, each to each, 
and contain equal angles, therefore the base BK is 

* 4. 1. equal* to the base EG: and KH is equal to GF, and . 

• 4. 1. HKB, FGE, are right angles, therefore HB is* equal 

to FE. Again, because AK, KH are equal to DG, 

GF, each to each, and contaVn x\^t «xv^«&, ^^ \«sft 

AH is equal to the base I>¥ \ ^xA K^\^ ^^s^^\.^\S^, 
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therefore HA, AB are equal to FD, DE, each to each, 
and the base HB is equal to the base F£; therefore 
the angle BAH is equal* to the angle EDF. For the * ^ i* 
same reason, the angle HAL is equal to the angle 
FDC : because if AL and DC be made equal, and KL, 
HL, GC, FC be joined, since the whole angle BAL is 
equal to the whole EDC, and die parts of them BAK, 
£DG are, by the construction, equal; therefore the 
remaining angle KAL is equal to the remaining angle 
GDC: and because KA, AL are equal to GD, DC, 
each to each, and contain equal angles, the base KL 
is equal* to the base GC: and KH is equal to GF, *^' '■ 
so that LK, KH are 
equal to CG, GF, each 
fo each, and they con- 
tain right* angles; there- 
finre the base HL is 
equal* to the base FC. 

Again, because . HA, AL are equal to FD, DC, each 
to each, and the base HL to the base FC, the angle 
HAL is equal* to the angle FDC. Therefore, because * 8- !• 
the three plane angles BAL, BAH, HAL, which con- 
tain the solid angle at A, are equal to the three plane 
angles EDC, EDF, FDC, which contain the solid angle 
at D, each to each, and are situated in the same order, 
the solid angle at A is equal* to the solid angle at D. * B. U, 
Therefore, at a given point in a given straight line, a 
solid angle has been made equal to a given solid angle 
contained by three plane angles. Which was to be 
done. 

PROP. XXVIL PROB. 

To describet/rom a given straight line, a parallelopiped 
eimUar, and rimilarly rituated to one gvoea. 

LetAB be the given straight line, atvd CD \>ci^ SS^^"^ 
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Euclid's elements. 



* 26. n. 



parallelopiped : it is required from AB, to describe a 
parallelopiped similar and similarly situated to CD. 

At the point A of the given straight line AB, make* 
a solid angle equal to the solid angle at C, and let 
BAK, KAH, HAB be the three plane angles which 
contain it, so that BAK be equal to the angle ECG, 
and KAH to GCF, and HAB toFCE: and as EC to 
CG, so make* BA to AK; and as GC to OF, so make* 
KA to AH ; wherefore, ex aequali,* as EC to CF, lo 
is BA to AH. Complete the parallelogram BE, and 
the solid AL: then AL shall be similar and similarlj 
situated to CD. 

Because, as EC to CG, so BA to AK, the sides abcfnt 
the equal angles ECG, BAK are proportionals; there- 
• 1 Def. fore the parallelogram BK is similar* to EG. For dM 
same reason, the parallelogram KH is similar to 6F, 
and HB to FE: wherefore three parallelograms of the 
solid AL are similar to three of the solid CD; and die 



• 12. 6. 

• 12. 6. 

• 22. 5. 
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* 24.11. three opposite ones in each solid are equal* and 

similar < to these, each to each. Also, because die 
plane angles which contain the solid angles of the 
figures are equal, each to each, and situated in the 

* B. 11. same order, the solid angles are equal* each to each: 

* 11 Def, therefore the solid AL is similar* to the solid CD. 

Wherefore from a given straight line AB, a parallelo- 
piped AL has been described similar and similarly 
situated to the given one CD. Which was to be done. 
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PROP. XXVIII. TIIEOR. 

V « jMraUdt^tyied be eui b^ a phme pasHtig through 
the diagonMlt qf two qf the oppaeite pkmet, it $haU 
be cut m two equal parte. 

Let AB be a parallelopiped, and DE, CF the diago- 
nals of die opposite parallelograms AH, GB, viz. those 
which are drawn betwixt the equal angles in each : and 
because CD, FE are each of them parallel to 6A, and 
not in the same plane with it, CD, FE are* parallel; * 9. ll. 
wherefiNre the diagonals CF, D£ are 
in the plane in which the parallels 
are, and are themselves* parallels: 
thto the plane CDEF shall cut the 
mAaA AB into two equal parts. 

Because the triangle CGF is equal* 
to the triangle CBF, and the triangle DAE to DHE; 
and that the parallelogram CA is equal* and similar * M. li. 
to the opposite one BE ; and the parallelogram GE to 
CH: therefore the prism contained by the two tri- 
angles CGF, DAE, and the three parallelograms CA, 
GE, EC, is equal* to the prism contained by the two * C* H* 
triangles CBF, DHE, and the three parallelograms 
BE, CH, EC ; because they are contained by the same 
number of equal and similar planes, alike situated, and 
none of their solid angles are contained by more than 
three plane angles. Therefore the solid AB is cut 
into two equal parts by the plane CDEF. Q. E. D. 




♦ 16. 11. 



•«4. 1. 



* N. B. The insisting str&ight lines of a parallelopiped, men- 
' tioned in the next and some following propositions, are the 

* sides of the parallelograms betwixt the base and the opposite 

* plane parallel to It' 



I 



2M 



EUCLID'S ELEMENTS. 



PROP. XXIX. THEOR. 

Pardttelopipeds upon the same biue, and qf the tame 
altitude, the innsting straight lines qf which are 
terminated in the same straight lines in the plane 
opposite to the base, are equal to one another. 

Let the parallelepipeds AH, AK be upon the same 
base AB, and of the same altitude, and let their in- 
sisting straight lines AF, AG, LM , LN, be terminated 
in the same straight line FN, and CD, CE, BH, BK 
be terminated in the same straight line DK; the solid 
AH shall be equal to the solid AK. 

First, let the parallelograms DO, HN, which are 
opposite to the base AB, have a common side HG. 
Then, because the solid AH is cut by the plane AGHC 
passing through the diagonals AG, CH of the c^posite 
28. 11. planes ALGF, CBHD, AH is cut into two equal parts^ 
by the plane AGHC: therefore the solid AH is double 
of the prism which is contained 
betwixt the triangles ALG, 
CBH. For the same reason, 
because the solid AK is cut by 
the plane LGHB through the 
diagonals LG, BH of the opposite planes ALNG, 
CBKH, the solid AK is double of the same prism 
which is contained betwixt the triangles ALG, CBH; 
therefore the solid AH is equal* to the solid AK. 

But, let the parallelograms DM, EN opposite to the 




*6 Ax. 




hBBCf have no comtnotv %\Ae. TVxeTi^\«RaM»fe ^i:^>^:%^ 
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are parallelograms, CB is equal* to each of the oppo- * 34. i. 
site sides DH, EK; wherefore DH is equal to EK: 
add, or take away the common part HE; then* DE is ax.°' 
equal to HK: wherefore the triangle CDE is equal* * S8. i. 
to the triangle BHK: and the parallelogram DG is 
equal* to the parallelogram HI*. For the same rea- * sc. i. 
son, the triangle AFG is equal to the triangle LMN, 
and the parallelogram CF is equal* to the parallelo- * 24. ii. 
gram BM, and CG to BN; for they are opposite. 
Therefore the prism which is contained by the two 
triangles AFG, CDE, and the three parallelograms 
AD, DG, GC is equal* to the prism contained by * C. 11. 
the two. triangles LMN, BHK, and the three paral- 
lelograms BM, MK, KL. Therefore if the prism 
LHNBHK be taken from the solid of which the 
base is the parallelogram AB, and in which FDKN is 
tiie one opposite to it; and if from this same solid 
there be taken the prism AFGCDE ; the remaining 
solid, vi2. the parallelopiped AH, is equal* to the *3Ax. 
remaining parallelopiped AK. Therefore p^allelo- 
pipeds, &C. Q. £. D. 

PROP. XXX. THEOR. 

Parallelepipeds upon the same basct and of the same 
aUitude, the insisting straight lines qf which are not 
terminated in the same straight lines in the plane 
opposite to the base, are equal to one another. 

Let the parallelopipeds CM, CN, be upon the same 
base AB, and of the same altitude, but their insisting 
straight lines AF, AG, LM, LN, CD, CE, BH, BK, 
not terminated in the same straight lines: the solids 
CM, CN shall be equal to one another. 

Produce FD, MH, and NG, KE, and UllVv^xa m<&«^. 

one another in the points O, P, Q, "R.-, audi \«vw KSi^ 

LP, BQ, CR. And because the plaive "L^A^.^ S& \!«^- 




in which also is iIig Ggure BLPQi and the plant 
ACDF ia (hat in which are Uie parallels AC, FDOR. 
ch also ia the figure CAOR; tbererore the figurs 
BLFQ. CAOR are in piLrallel planei. In like mannn, 
le the plane ALNG ii parallel to the oppoaitt 
plane CBKE. and that the plane ALNG ia thai n 
_ which are the parallels AL, OPGN> in nhich aim ii 
gure ALPO; and the plane CBKB is ihai ia 
which are Che jmrallcU CB, RQEK, in which also ti 
(be figure COQR; therefore the ligurea ALPO, CBQR 
are in parallel planes; and the plane* ACBL, ORQF 
Hre'parallel : therefore the aolid CP ia iparallelapiped,- 

1. but the aolid CM la equal* to the aolid CP, became ' 
the; are upon the aame basB ACBL, aod their iniiiCint J 
sitsight lines AF, AOj CD, CR; LM, LPi BH, I" 
arc in the same straight linea PR, MQ; and the icliil 

1. CP is equal > to the solid CN ; Tor they are upoa the 
same base ACBL, and their insiitiog straight HiM 
AO, AG; LP, LN; CR, CE; BQ, BK are ii " 
■ame straight lines ON, RK; therefore the lolid CU 

- is equal la the solid CM. Wherefore parallelepipeds 

a E. D. 
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PROP. XXXI. THEOR. 



Paraltelopipeda wMeh are tqnm equal baeee, and qf the 
same altitude, are equal to one another. 

Let the parallelopipeds AE, CF, be Qpon equal bases 
AB, CD, and be of the same altitude; the solid AE 
shall be equal to the solid CF. 

First, let the insisting straight lines be at right 
angles to the bases AB, CD, and let the bases be placed 
in the same plane, and so that the sides CL, LB be in 
a straight line; therefore the straight line LM, which 
is at right angles to the plane in which the bases are, 
in the point L, is common* to the two solids AE, CF; 
let the other insisting lines of the solids be AG, HK, 
BE; DF, OP, CN: and first, let the angle ALB be 
equal to the angle CLD; then AL, LD are in a 
■Craigfat line.* Produce OD, HB, and let them meet * 14. i. 
in Q, and complete the parallelepiped LR, the base of 
which is the parallelogram LQ, and of which LM ia 



• IS. 11. 




one of its insisting straight lines: therefore, because 
the parallelogram AB is equal to CD, as the base AB 
b to the base LQ, so is* the base CD to the same LQ, • 7. 5. 
And because the parallelopiped AR is cut by the 
plane LMEB, which is parallel to the opposite planes 
AK, DR; as the base AB is to the base LQ, so is* the * 25. il. 
solid AE to the solid LR: for the same reason, because 
the paralJeicpiped CR is cut by t\ve '^Xuae AiVl^\><» 

z 2 
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which is parallel to the opposite planes CP, BR; as 
the base CD to the hase LQ, so is the scJid CF to the 
solid LR: but as the base AB to the base LQ, so the 
base CD to the base LQ, as was before proved ; there^ 

• n. 5. fore* as the solid AE to the solid LR, so is the solid 

CF to the solid LR; and therefore the solid AE is 

* 9. ff equal • to the solid CF. 

But let the parallelopipeds SE, CF be upon equal 
bases SB, CD, and be of the same altitude, and let 
their insisting straight lines be at right angles to the 
bases; and place the bases SB, CD in the same plane, 
so that CL, LB be in a straight line; and let the 
angles SLB, CLD be unequal ; the solid SE shall be 
equal to the solid CF. Produce DL, TS until they 
meet in A, and from B draw BH parallel to DA ; and 
let HB, OD produced meet in Q, and complete the 

* 29. 11. solids AE, LR: therefore the solid AE is equal* to 

the solid SE; for they are upon the same base LR, 
and of the same altitude, and their insisting straight 
lines, viz. LA, LS, BH, BT; MO, MV, EK, EX are 
in the same straight lines AT, GX: and because the 

• 85. 1. parallelogram AB is equal* to SB, for they are upon 

the same base LB, and between the same parallels LB, 
AT; and that the base SB is equal to the base CD; 
therefore the base AB is equal to the base CD, and 
the angle ALB is equal to the angle CLD : therefore, 
by the first case, the solid AE is equal to the solid CF; 
bqt the solid AE is equal to the solid SE, as was 
demonstrated ; therefore the solid SE is equal to the 
solid CF. 

But, if the insisting straight lines AG, HK, BE, 
LM; CN, RS, PF, OP, be not at right angles to the 
bases AB, CD : in this case likewise the solid AE shall 
be equal to the solid CF. From the points G, K, E, 
Mf N, S, F, P, draw v\\e ?k\iii\^t \vtv«^ OQ^ KT, EV, 
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MX; NY, SZ, FI, PU» perpendicular* to the plane * H- !>• 
in which are the bases AB, CD; and let them meet it 
in the points Q, T, V, X; Y, Z, I, U, and join QT, 
TV, VX, XQ; YZ, ZI, lU, UY. Then, because GQ, 
KT, are at right angles to the same plane, they are* 





m, v 



parallel* to one another: and MG, ER are parallels; * 6. ii. 
therefore the planes MQ, ET, of which one passes 
through MG, GQ, and the other through ER, RT 
which are parallel to MG, GQ, and not in the same 
plane with them, are parallel* to one another: for the * 15. ii. 
same reason, the planes MY, GT are parallel to one 
another; therefore the solid Q£ is a parallelopiped. 
In like manner, it may be proved, that the solid YF 
is a parallelopiped : but, from what has been demon- 
strated, the solid EQ is equal to the solid FY, because 
they are upon equal bases MK, PS, and of the same 
altitude, and have their insisting straight lines at right 
angles to the bases: and the solid EQ is equal* to the • 29 or 
solid AE, because they are upon the same base and of '^^ ''* 
the same altitude : and for the same reason, the solid 
FY is equal to the solid CF : therefore the solid AE 
is equal to the solid CF: wherefore parallelepipeds, 
&c Q. E. D. 
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PROP. XXXII. THEOR. 



Pm vUt kp ipedi which httoe the fOMt aUiimth, «r« (9 
one tmothtr om their hatee. 

Let AB) CD be parallelopipeds of the same altitude; 
they are to one another as their bases; that is, as the 
base AE, to the base CF, so shall the solid AB be to 
the solid CD. 

To the straight line FG apply the parallelogram FH 
equal* to AE, so that the angle FGH be equal to the 
angle LCG ; and complete the parallelopiped GK upon 
the base FH, one of whose insisting lines is FD, 
whereby the solids CD, GK must be of the same alti- 
• 81. 11. tude: Uierefore the solid AB is equal* to the solid 
GK ; because they are upon equal bases A£, FH, and 



• Cor, 
45. 1. 
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are of the same altitude ; and because the parallelo- 
piped CK is cut by the plane DG which is parallel to 
* 26. 11. its opposite planes, the base HF is* to the base FC, 
as the solid HD to the solid DC: but the base HF is 
equal to the base AE, and the solid GK to the solid 
AB : therefore, as the base AE to the base CF, so is 
the solid AB to the solid CD. Wherefore parallelo- 
pipeds, &c. Q. E. D. 

Cor. From this it is manifest that prisms upon tri- 
angular bases, of the same altitude, are to one another 
as their bases. 

Let the prisms, the bases of which are the triangles 
AEM, CFG, and ^BO, YI>Q. iaci% xx\w\^c^ ^^V^is to 
them, have the same a\t\t»de-, tVve^ ^^»3^ \sfc \a vswt 
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another as their bases. Complete the parallelograms 
AE, CF» and the parallelopipeds AB, CD, in the 
first of which let MO, and in the other let GQ be 
one of the insisting lines: and because the parallelo- 
pipeds AB, CD have the same altitude, they are to 
one another as the base AE is to the base CF; where- 
*fore the prisms, which are their halves* are to one * SS. ii. 
another as ihe base AE to the base CF ; that is, as 
the triangle AEM to the trian^e CFG. 

PROP. XXXIII. THEOR. 

Shmkar pmrmtMop^ptdt are one to (mother m the tr^jtU- 
eaie ratio of their homoiogoma eidee. 

Let AB, CD be similar parallelopipeds, and the 
side AE homologous to the side CF: the solid AB 
shall have to the solid CD, the triplicate ratio of that 
which AE has to CF. 

Produce AE, GE, HE, and in these produced take 
EK equal to CF, EL equal to FN, and EM equal to FR ; 
and complete the parallel<^am KL, and the solid KO. 
Because KE, EL are equal to CF, FN, each to each, 
and the angle KEL equal to the angle CFN, because 
it is equal to the angle AEG which is equal to CFN, 
by reason that the solids AB, CD are similar; therefore 
the parallelogram KL is similar and equal to the pa- 
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rallekigTsin CN. For the same reavm, iVa ^t«SX<^<^ 
^xBio MK ia umilar and equal to CK^ vaOi i^»^ 012* ^A 
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FD: therefore three parallelograms of the solid KO 
are equal and similar to three parallelc^^ms of the 
solid CD: and the diree opposite ones in each solid 

• 24. 11. are equal* and similar to these: therefore the solid 

• C. II. KO is equal* and similar to the solid CD. Complete 

the parallelc^^ram GK, and upon the bases GK, KL, 
complete the solids EX, LP, so that EH be an insisting 
straight line in each of them, whereby they must be of 
the same altitude with the solid AB. And because the 
solids AB, CD are similar, and, by permutation, as A£ 
is to CF, so is EG to FN, and so is EH to FR; but 
FC is equal to £K, and FN to EL, and FR to EM: 
therefore, as AE to £K, so is EG to EL, and so is HE 

• 1. 6. to EM: but, as AE to EK, so* is the parallelogram 

AG to the parallelogram GK; and as GE to EL, so 

• 1 6. is* GK to KL and as HE to EM, so* is P£ to KM: 

* 1 A 

therefore as the parallelogram AG to the parallelogram 
GK, so is GK to KL, and PE to KM: but as AG to 

• 25. 11. GK, so* is the solid AB to the solid EX; and as GK 

• 25. 11. to KL, so* is the solid EX to the solid PL; and as 

• 25. 11. p£ to KM, so* is the solid PL to the solid KO: there- 

fore as the solid AB to the solid EX, so is EX to PL, 
and PL to KO. But if four magnitudes be continual 
proportionals, the first is said to have to the fourth the 
*I1 Def. triplicate* ratio of that which it has to the second: 
^' therefore the solid AB has to the solid KO, the tripli- 

cate ratio of that which AB has to EX: but as AB if 
to EX, so is the parallelogram AG to the parallelo- 
gram GK, and the straight line AE to the straight line 
EK: wherefore the solid AB has to the solid KO, the 
triplicate ratio of that which AE has to EK. But the 
solid KO is equal to the solid CD, and the straight 
line EK is equal to the straight line CF: therefore 
the solid AB has to the solid CD, the triplicate ratio 
of that which tbe aide \!& Y^aa x& ^^\«k\Ek!Q\»^gM]a nde 
CF. Therefore, timVUi ^M«\\feVi\>Vfi«.^^^' ^^4».\i, 
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Cor. From this it is manifest, that if four straight 
lines be continual proportionals, as the first is to the 
fourth, so is the parallelopiped described fro/n the first 
to the similar solid similarly described from the second ; 
because the first straight line has to the fourth the tri- 
plicate ratio of that which it has to the second. 



PROP. D. THEOR. 

Parallehpipedi contained byparaliehgramaeqtdangular 
to one another, each to each, that it, of which the 
eolid anglee are equal, each to each^ have to one ano- 
ther the ratio which it the tame with the ratio com- 
pounded qf the ratios qf their sidee. 

Let AB, CD be parallelopipeds, of which AB is 
contained by the parallelograms AE, AF, AG equi- 
angular, each to each, to the paraUelograms CH, CK, 
CL, which contain the solid CD : the ratio which the 
solid AB has to the solid CD shall be the same with 
that which is compounded of the ratios of the sides AM 
to DL, AN to DK, and AO to DH. 

Produce MA, NA, OA to P, Q, R, so that AP be 
equal to DL, AQ to DK, and AR to DH: and com- 
plete the parallelopiped AX contained by the paral- 
lelograms AS, AT, AY similar and equal to CH, CK, 
CL, each to each: therefore the solid AX is equal* to * C. n. 
'die solid CD. Complete likewise the solid AY, the 
base of which is AS, and of which AO is one of its 
insisting straight lines. Take any straight line a, and 
as MA to AP, so make* a to b; and as NA to AQ, so * 12. 6. 
make b to c: and as AO to AR, so c to d: then, be- 
cause the parallelogram AE is equiangular to AS, AE 
is to AS, as the straight line a to c, as is demonstrated 
in the 23rd Prop, Book vi. ; and t\ie «o\\d% K.^^ K?i <» 
beJDgr betwixt the parallel planes BOY,TS»NS>»«t^ oV 



tlie ume Hltitude: tberafore the solid AB ia 10 the 
'■ Bulid AV. Bi» the boBB AE lo ibe baw ASi that is. ■■ 

the Btraiglit liae a is Co ihe ■Iroight line c. And ibe 
1 Bolid AY ii lo the wild AX. u* the base OQ is I« llie 

bane QR; thsl i*. » the itrBight line OA lo ARi ihU 

is, n> the nraight line c Id the alraight line ct. Aqd 
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!C the Kl>d AB it lo the Bolid AY, 
iG solid AV 10 the solid AX. at c ii 

the colid AX, or 
But ihe 
lunded* of the raiioa i 
to c, and c (o d, whicli are tile aame with the ratio* i 
Ihe aides MA lo AP. NA to AQ, and OA id AH, earil 
lo each: and the sides AP, AQ, AR are equal ID the 
tides DL. DK, DH, ?ach io each; iherefore the «iUii 
AB has to the Rolid CD the ratio which is the sube 
with that which i> compoutided of the rallos of die 
sides AM 10 DL, AN to DK, and AO la DH. Q. E. D' 

PBOr, XXXIV. THEOR. 

Tht baia and elliludei of equal puratleU^gnA, wl 
rrcipracally prof/tiFi ionah "nil if ' ' 
luda it rrciprocally /irvporlianal, lie paralt 

1 ^Ma.\\elo\rt^di: and 
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the insiitiDg straight lines AG» EF, LB, HK; CM, 
MX» OD, PR be at right angles to the bases. 

If the solid AB be equal to the solid CD, their bases 
shall be reciprocally proportional to their altitudes; 
that is, as the base EH is to the base NP, so shall CM 
be to AG. 

If the base EH be equal to the base NP, then be- 
cause the solid AB is likewise equal to the solid CD, 



L ^^ 



^CI3 'NZ3, 

▲ « c ^» 



N. 



CM shall be equal to AG. Because if the bases EH, 
NP be equal, but the altitudes AG, CM be not equal, 
neither shall the solid AB be equal to the solid CD: 
but the solids are equal, by the hypothesis. Therefore 
the altitude CM is not unequal to the altitude AG: 
that is, it is equal to it Wherefore as the base EH to 
the base NP, so is CM to AG. 

Next, let the bases EH, NP be unequal, and let EH 
be the greater of the two: then since the solid AB is 
equal to the solid CD, CM is therefore greater than 



''vtiy 






"if 



AG. For, if it be not, neither also in this case would 
the solids AB, CD be equal, which, by l\\e \\Y^^«Na^ 
are equal. Make then CT equal to AG, »xi(^ «om\^«Xft 

A A 



the pnrallcloplped CV of which the base U NP. all- 
aJtilude CT. Because ilia solid AB it equal 
Mlid CD, therefore the iioliil AB is to the salid CT,! 
u* Ihe lolid CD lo the solid CV. But aa ihe hjHIJ 
AB <o Che solid CV, so* is Ihe base EH to 
NP: for the Bolidi AB, CV are of the same altitudeil 
nnd B8 the solid CD lo CV, to* a the boK MP I ' 
bnse FT, and so* is Itie alraight line MC lo CT 
CT 19 equul to AG: tlierefore, bb the hale EH 
bcEc NP. so is MC to AG. Wherefore, (he bam tl 
psrallelopipeds AB, CD are reoiprocally propoe- 






dtudes 




Agnin, let the bases of the paralletopipedB AB, CD 
be leciprocalty propnrtioniil lo Iheir altitudes: tIl M 
the bane EH to the bsse NP.so let CH the altiluderf 
the solid CD be to AG Ihe Hllilude of the solid ABt 
die solid AB shall be equal to the solid CD. Tlm^ 
if the base EH be equal to the base NP, ajpce EH ii 
to NP, as the altitude of the solid CD i> to the allilt^ 
of the solid AB, therefore the altitude of CD is equal* 
to the altitude oF AB. But parallelopipedi upM 
I . equal baseii and or the same altitude, are equal * to oM 
another: therefore the solid AB is equal to Ihe ulij 
CD. 

But let Ihe bases EH, NP be unequal, and lei EH 
be the greater of the t«a. Because bb the base BH J 
to the base NP, so is CM the attitude of the solid CM 
to AG the altitude •>( AB; Iherefiire CM is gmt«M 
than AG. Again, take CT equal to AG, and compltlti ] 
as before, the solid CV. And, because Ihe base BS 
is to the base NP, as CM to AG, and that AG is eqal 
to CT, therefore the base EH is to the base NP,a 
CT: but OB the base EH U lo NP, so* is lb 
Ihe solid. CV; t6r the solida AB, CT sk 

tliBiameBltitaie', «iuLu MC to CT.ao'utlw bw 
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MP to the haae PT, and the ■olid CD to the loUd* * ts. n. 
CV: and therefore as the solid AB to the solid CY, so 
is the solid CD to the solid CY; that is, each of the 
solids AB, CD has the same ratio to the solid CV ; and 
therefore the solid AB is equal • to the solid CD. * ^- ^• 

Seemid fftmenil cate. Let the insistiiig straight lines 
FE, BL, GA, KH; XN, DO, MC, RP not be at right 
angles to the bases of the solids: in this case, likewise, 
if the solids AB, CD be equal, their bases are recipro- 
cally proportional to their altitudes, viz. the base EH 
to the base NP, as the altitude of the solid CD to the 
altitude of the solid AB. 

From the points F, B, K, O; X, D, R, M draw 
perpendiculars to the planes in which are the bases 
EH, NP meeting those planes in the points S, Y, Y, 
T; Q, I, U, Z; and complete the solids FY, XU, 
which are parallelepipeds, as was proved in the last 
part of Prop. xxxL of this Book. 

Because the solid AB is equal to the solid CD, and 
that the solid BA is equal* to the solid BT, for they * *9. or 
are upon the same base FK, and of the same altitude; 
and that the solid DC is equal* to the solid DZ, being * >^- »' 





upon the same base XR, and of the same altitude; 
therefore the solid BT is equal to the solid DZ. Bat 
the bases are reciprocally proportional to the altitudes 
of equal parallelepipeds of which the insisting straight 
Xmea are at right Angleu to their bases, aa Yieloi^ "vraik 
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proyed: therefore as the bsse FK to the base XR, so 
is the altitude of the solid DZ to the altitude of the 
solid BT: and the base FK is equal to the base EH, 
and the base XR to the base NP: therefore, as the 
base EH to the base NP, so is the altitude of the solid 
DZ to the altitude of the solid BT. But the altitudes 
of the solids DZ, DC, as also of the solids BT, BA are 
the same: therefore as the base EH to the base. NP, 
80 is the altitude of the solid CD to the altitude of the 
solid AB ; that is, the bases of the paraUelopipeds AB, 
CD are reciprocally proportional to their altitudes. 

Next, let the bases of the solids AB, CD be recipro- 
cally proportional to their altitudes, viz. the base EH 
to the base NP, as the altitude of the solid CD to the 
altitude of the solid AB; the solid AB shall be equal 
to the solid CD. The same construction being made; 
because, as the base EH to. the base NP, so is the alti- 
tude of the solid CD to the altitude of the solid AB; 
and that the base EH is equal to the base FK; and 
NP to XR; therefore the base FK is to the base XR, 
as the altitude of the solid CD to the altitude of AB: 
but the altitudes of the solids AB, BT are the same, 
as also of CD and DZ; therefore as the base FK to 
the base XR, so is the altitude of the solid DZ to the 
altitude of the solid BT: therefore the bases of the 
solids BT, DZ are reciprocally proportional to their 
altitudes; and their insisting straight lines are at 
right angles to the bases; wherefore, as was before 
proyed, the solid BT is equal to the solid DZ : but BT 
« 29.or is equal* to the solid BA, and DZ to the solid DC, 

JO 11 

because they are upon the same bases, and of the same 
altitude. Therefore the solid AB is equal to the solid 
CD. a E. D. 
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PROP. XXXV. THEOR. 

Ifftfirom the veriieei qftwo equal plane anglee^ there be 
drawn two etraight Imee elewUed above the planee m 
which the anglee are, and eontakiing equal an§lee 
with the aidee qf those anglee, each to each; and \fin 
the lines above the planee there be taken anp pointe, 
andflvm them perpendieulare be drawn to the planee 
in which the flrtt named anglee are: and from the 
points in which they meet the planes, straight lines be 

^ drawn to the vertices efthe angles first named: these 
wtraight Hnes shall contain equal angles with the 
straight Hnes which are above the planes qf the 
emgles. 

Let BAC, EDF be two equal plane angles; and 
from the points A, D let the straight lines AG, DM be 
elevated above the planes of the angles, making equal 
anglet with their sides each < to each, viz. the angle 
GAB equal to the angle MDE, and GAC to MDF; 
and in AG, DM let any points G, M be taken, and 
from them let perpendiculars GL, MN be drawn* to * n. 11, 





tlie planes BAG, EDF meeting these planes in the 
points L, N; and join LA, ND: the angle GAL shall 
be equal to the angle MDN. 

Make AH equal to DM, and through H draw HK 
jNunUeJ to GL: but GL is perpendicuVax Vo V^ca'^vba 

A A 2 
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*8. 11. BAG; wherefore HR is perpendicular* to the same 
plane. From the points K, N, to the straight lines 
AB, AC, DE, DF, draw perpendiculars KB, KC, NE, 
NF; and join HB, BC, ME, EF. Because HK is 
perpendicular to the plane BAG, the plane HBK which 

* 18. 11. passes through HK is at right angles* to the plane 

BAG; and AB is drawn in the phmte BAG at right 

angles to BK the common section of the two ^anes; 

*4Def. therefore AB is perpendicular* to the plane HBK, 

*^8 Def. ^"^^ makes right angles* with every straight line 

11. meeting it in that plane: but BH meets it in diat 

plane : therefore ABU is a right angle. For the same 

reason, DEM is a right angle, and is therefore equal 

* Hyp* to the angle ABH: and the angle HAB is equal* to 

the angle MDE: therefore in the two triangles HAB* 
MDE there are two angles in the one equal to two 
angles in the other, each to each, and one side equal 
to one side, opposite to one of the equal angles in each, 
viz. HA equad to DM; therefore the remaining sidet 

* 26. 1. are equal * each to each : wherefore AB is equal to 

DE. In like manner, if HG and MF he joined, it 
may be demonstrated that AG is equal to DF: there- 
fore, since AB is equal to DE, BA and AG are equal 
to ED and DF, each to each : and the angle BAG is 

* Hyp. equal* to the angle EDF; wherefore the base- BG is 

* 4. 1. equal* to the base EF, and the remaining angles to 

the remaining angles : . therefore the angle ABG is 
equal to the angle DEF: and the right angle ABK is 
equal to the right angle DEN, whence the remaining 
angle GBK is equal to the remaining angle FEN. 
For the same reason, the angle BGK is equal to the 
angle EFN: therefore in the two trianglee BGK, EFN, 
there are two angles in the one equal to two angles in 
the other, each to each, and one side equal to one side 
adjacent to the equal atig\e« m ««l<^, ^na..'!&C «n^ttl to 
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EF; therefore the other tides are equal to the other 
■ides; BK then is equal to EN: and AB is equal to 
DE; wherefore AB, BK are equal to D£, EN, each 
to each; and they contain right angles; wherefore the 
hsse AK is equal to the base DN. And since AH is 
equal to DM, the square of AH is equal to the square 
of DM: but the squares of AK, KH are equal to the 
square* of AH, because AKH is a right angle: and * ^^' i* 
die squares of DN, NM are equal to the square of 
DM, for DNM is a right angle; wherefore the squares 
of AK, KH are equal to the squares of DN, NM; 
and of these the square of A K is equal to the square 
of DN : therefore the remaining square of KH is equal 
to the remaining square of NM; and the straight line 
KH to the straight line NM: and because HA, AK 
are equal to MD, DN each to each, and the base HK 
to the base MN as has been proved; therefore the 
angle HAK is equal* to the angle MDN: therefore, *8. i. 
if from the vertices, &c. Q. £. D. 

CoK. From this it is manifest, that if, from the ver- 
tices of two equal plane angles, there be elevated two 
equal straight lines containing equal angles with the 
sules of the angles, each to each ; the perpendiculars 
dra¥m from the extremities of the equal straight lines 
to the {Janes of the' first angles are equal to one 
another. 

Another Demonstration qf the Corollary, 

Let the plane angles BAG, EDF be equal to one 
another, and let AH, DM be two equal straight lines 
above the {Janes of the angles, containing equal angles 
with BA, AC; ED, DF, each to each, viz. the angle 
HAB equal to MDE, and HAC equal to the angle 
MDF; and from H, M let HK, Ml^ V» ^cr^fcxv^vi>\- 
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Ian to the planet BAG, EDF: HK shall be equal to 
MN. 

Because die solid angle at A is contained by tiie 
three plane angles BAG, BAH, HAG, which are, each 
to each, equal to the three plane angles EDF, EDM, 
MDF containing the solid angle at D ; the solid an^es 
at A and D are equal, and dierefore coincide with one 
another; to wit, if the plane angle BAG be applied to 
the plane angle EDF, the straight line AH coincides 
with DM, as was shown in Prop. B. of this Book. And 
because AH is equal to DM, the point H coincides 
with the point M: wherefore HK which is perpen- 
* IS. 11. dicular to the plane BAG coincides with MN* which 
is perpendicular to the plane ,EDF, because diese 
planes coincide with one another: therefore HK it 
equal to MN. Q. E. D. 



PROP. XXXVI. THEOR. 

If three straight linee be pr^pwiumahy the paraikbh 
piped deeeribed from all three at Ue eidae, i» equal ie 
the equilateral parall^lopiped deecribedjrom the mess 
proportional^ one qf the aolid anglee qf fohieh it eon- 
tained by three plane anglee ^equal, each to each, ie 
the three plane anglee containing one t^ the toUd 
angles of the other figure. 

Let A, B, G be three proportionals, viz. A to B, ss 
B to G : the solid described from A, B, G shall be equal 
to the equilateral solid described firom B, equiangular 
to the other. 

Take a solid angle D contained by three plane 
angles EDF, FD6, GDE; and make each of the 
straight lines ED, DF, D6 equal to B, and complete 
the parallelopipedBH*. m«2iK£ \»^ «QiQ»\. \sk K.^«ndat 
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the point K in the straight line LK make* a solid * M. 11, 
angle contained by the three plane angles LKM, 
MKN, NKL equal to the angles £D^, FDG, GDE, 
each to each; and make KN equal to B, and KM 
equal to C; and complete the parallelepiped KO. 
And because, as A is to B, so is B to C, and that A is 
equal to LK, and B to each of the straight lines DE, 
DF, and C to KM; therefore LK is to ED, as DF to 



^ 



13 



KM ; that is, the sides about the equal angles are reci- 
procally proportional ; therefore the parallelogram LM 
is equal* to £F. And because EDF, LKM are two * 14.6. 
equal plane angles, and the two equal straight lines 
I)G, KN are drawn from their vertices above their 
planes, and contain equal angles with their sides; 
therefore the perpendiculars from the points G, N, to 
the planes EDF, LKM are equal* to one another: *Cor.8f. 
therefore the solids KO, DH are of the same altitude; ^'* 
and they are upon equal bases LM, EF, and therefore 
they are equal* to one another: but the solid KO is * 81. 11. 
described from the three straight lines A, B, C, and 
the solid DH from the straight line B. Therefore if 
three straight lines, &c. Q. E. D. 
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* II. 0. 



Vfowr ttraight Imet be propcrHonaU, the nmOar pa- 
ralMqp^fedt nmilarfy described /irom them shaU alto 
be proportumiUt. And if the ehmlar paralMopqfedi 
eimilarfy described Jrom fimr straight iines be pr(h 
portumals, the straight lines shall be prctportionals. 

Let the four straight lines AB, CD, £F, GH be 
proportionals, viz. as AB to CD, so EF to GH; and 
let the similar parallelopipeds AR, CL, EM, GN be 
similarly described from them: then AK shall be to 
CL, as EM to GN. 

Make* AB, CD, O, P continual proportionals, as 
also EF, GH, Q, R. And because as AB is to CD, so 



V 



Tv^ 



* 11. 5. EF to GH; and that CD is* to O, as GH to Q, snd 

* 22. 5. O to P, as Q to Ri therefore, ex »quali,* AB is to P, 

*Cor.S8. as EF to R: but as AB to P, so* is the solid AK to 
11 

* Cor.SS. ^^^ ^^^^ ^^> ^^^^ ^ ^P to R, 80* is the solid EM to 

j^i- the solid GN: therefore* as the solid A K to the soUd 

"' ^' CL, so is the solid EM to the solid GN. 

Next, let the to\\d KIL \^« x<(^ \^« WkVACL^ as the 
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solid EM to the solid GN: the straight line AB shall 
be to CD, as EF to GH. 

Take AB to CD, as EF to ST, and from ST de- 
scribe* a parallelopiped SV similar and similarly *S7- 11* 
situated to either of the solids EM, GN. And because 
AB is to CD, as EF to ST, and that from AB, CD the 
parallelopipeds AK, CL are similarly described; and 
in like manner the solids EM, SV from the straight 
lines EF, ST; therefore AK is to CL, as EM to SV : 
but,, by the hypothesis, AK is to CL, as EM to GN: 
therefore GN is equal* to SV: but it is likewise * 9- 5. 
similar and similarly situated to SV; therefore the 
planes which contain the solids GN, SV are similar 
and equal, and their homologous sides GH, ST equal 
to one another: and because as A B to CD, so EF to 
ST, and that ST is equal to GH; therefore AB is to 
CD, as EF to GH. Therefore, if four straight lines, 
&c Q. E. D. 



PROP. XXXVin. THEOR. 

*' If a pUme be perpendicular to another ptane, and a 
'* etraight line be drawn from a poini m one qf 
** the planee perpendicular to the other plane, tJdt 
" etraighi Hne ehaUfatt on the common eeetionqfthe 
*'plane»." 

** Let the plane CD be perpendicular to the plane 
** AB, and let AD be their common section; if any 
** point £ be taken in the plane CD, the perpendicular 
** drawn from E to the plane AB shall fall on AD. 

*' For, if it does not, let it, if possible, fall elsewhere, 
" as EF: and let it meet the plane AB in the point 
" F ; and from F draw,* in the plane AB a perpendi- ♦ 12. 1. 
** cular FO to DA, which is also per^ndVcviX'n^ \& ^^ ^ •k\>K^. 
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plane CD; and join EG. Then becauae FG ia par- 
** pendicular to the plane CD, and the atraigbt Use 
** EG> which is in that plane, meeta it; therefore FOE 




« 

a 



• 8 Def. ** is a right* angle: bnt EP is also at right angles to 
'^' "the plane AB: and therefore EFG is a right angle; 

" wherefore two of the angles of the triangle EFG are 

* 17. 1. « equal together to two right angles; which is* absurd: 
therefore the perpendicular from the point £ to the 
plane AB, does not fidl elsewhere tlian upon the 
straight line AD: it therefore falls upon it. There- 

" fore if a plane, &c. Q. E. D." 



PROP. XXXIX. THEOR. 

JDi a pttraUehp^tedt if the ndet qf two qf the ofpomii 
piamet be dmded each into two equai parte, the oosi- 
mon eeetion qf the pkmet paeehtj^ tkrough the poieit 
Hf divieum, and the diameter ^ the paraUekp^M 
cut each other into two equal parte* 

Let the sides of the opposite planes CF, AH of die 
parallelepiped AF, be divided each into two equal 
parts in die points K, L, M, N; X, O, P, R; and jein 
KL, MN, XO, PR. And because DK, CL are equal 
*n,h and parallel, KL is parallel* to DC: for the same 
reason, MN is parallel to BA: and BA is parallel to 
DC; therefore, because KL, BA are each of them 
paraUel to DC, and not m tkie «»ii« "^axkA^i^Vt, KL 
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with it, KL is panillEl- la MN; whnerore KL, MN • 
we in one plane. ' In like manner, il niB;^ be proved, 
Out XO, PR are in one plane. Let YS be ilie cam- 
nmn sectioa of the planes KN, XR; and DC the dia- 
meter of Ihe parullelojiiped AF: YS and DG ihall 
meet, and cut one anatlier ioto two equal parts. 

Join DY, YE, B8, SG. Btcause DX ig parallel la 
OE, ifae alleniBte angles DXY, YOE are equal* to one ' 
another: and becaiue DX, XY are equal to EO, OY, 
each to each, and conbiin equal angles, the base DY is 
•qual * to the base Y£, and the other angles are equal ; * 
Ihnelorc (be angle XYD is equal to the angle OYE, 
and DYE is a ttraighl* line. Far the ume reason * 
BSO is a straight line, and fiS equal to SG. And be- 
CBUae CA is equal and parallel to DB, and also equal 
and parallel to EG ; therefore DB is equal and parallel* ■ 
to EG: and DE, BG join their extremities; therefore 
DE il equal and parallel* to BG: and DG, YS are • 
drawn from points in the one, to poinu in the olberi 
and are ibcrefaie in one plane : whence it is manifest, 
that DQ, YS must meet one another-, \eX th<nn nwiVi. 
jo r. And becaate DE is parallel to %0, i\vc A\.«- 
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•29. 1, nate angles EDT, BGT are* equal; and the angle 
* 15. 1. DTY is equal* to the angle GTS: therefore in die 
triangles DTY, GTS ther« are two angles in the one 
equal to two angles in the other, and one side equal to 
one side, opposite to two of the equal angles, viz. DY 
to GS; for they are the halves of DE, BG; therefore 
*26. 1. the remaining sides are equal,* each to each: there- 
fore DT is equal to TG, and YT equal to TS. Where- 
fore, in a parallelopiped, &c. Q. E. D. 



PROP. XL. THEOR. 

If there be two trianguiar prisms qf the same altitudet 
the base qfone qf which is a paraUeloffram, and the 
base qf the other a triangle; if the parallelogram be 
double of the triangle^ the prisms shall be equal to 
one another. 

Let the prisms ABCDEF, GHKLMN he of the 
same aldtude, the first whereof is contained by the two 
triangles ABE, CDF, and the three parallelograms 
AD, DE, EC; and the other by the two triangles 
GHK, LMN and the three parallelograms LH, HN, 
NG; and let one of them have a parallelogram AF, 
and the other a triangle GHK for its base; if the 
parallelogram AF be double of die triangle GHK, 
the prism- ABCDEF shall be equal to the prism 
GHKLMN. 

Complete the solids AX, GO; and because the pa- 
rallelogram AF is double of the triangle GHK; and 
* 34. 1. the parallelogram HK double* of the same triangle; 
therefore the para\\e\of^am k¥ v& ec^^ to HK. But 
parallelopipeds upon. et^As^ \»afe%, wA oil 'Cbr \»sssa 
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dtude, are equal* to one another: therefore the * Si. u. 
lid AX U equal to the solid GO; and the prism 



^H^ 




BCDEF is half* of the solid AX; and the prism * 28. ii. 
HKLMN half* of the solid GO: therefore the prism * 28. 11. 
BCDEF is equal to the prism GHKLMN. Where- 
re, if there be two, &c Q. £, D. 
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BOOK XII. 



LEMMA I.» 

Jfffrom the greater qf two unequal magfdtudee, then 
be taken more than its half, and from the remainder 
more than its half; and so on: there shall at length 
remain a magnitude less than the least qf the pro- 
posed magnitudes. 

Let AB and C be two unequal magnitudes, of which 
AB is the greater. If from AB there be taken more 
than its half, and from the remainder ^ 9 

more than its balf, and so on; tbere 
shall at length remain a magnitude less 
than C. 

For C may be multiplied so as at 
length to become greater than AB. Let 
it be so multiplied, and let DE its mul- 
tiple be greater than AB, and let DE 
be divided into DF, FG, 0£, each equal to C. From 



J 



• This la the first PropotlWou ot ^IkA \«DAv^o(i)(^ «&&. Vi tmmr 
aary to some of the Proposition* ot \.Y»Xa "B«iV 
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AB take BH grcfater than its hal^ and firom the re- 
mainder AH take HK greater than its half, and so on 
until there be as many divisions in A B as there are in 
DE: and let the divisions in AB be AK, KH, HB; 
and the divisions in DE be DF, F6, G£. And be- 
cause DE is greater than AB, and that EG taken from 
DE is not greater than its half, but BH taken from 
AB is greater than its half; therefore the remainder 
GD is greater than the remainder HA. Again, be- 
cause GD is greater than HA, and that GF is not 
greater than the half of GD, but HK is greater than 
the half of HA ; therefore the remainder FD is greater 
than the remainder AK: and FD is equal to C, there- 
fore C is greater than AK: that is, AK is less than C. 
Q. E. D. 

And if only the halves be taken away, the same 
thing may in the same way be demonstrated. 



PROP. L THEOR. 

Similar polygons hueribed in circles, are to one another 
as the squares qf their diameters. 

Let ABCDE, FGHKL be two circles, and in them 
the similar polygons ABCDE, FGHKL; and let BM, 
ON be the diameters of the circles: the polygon 
ABCDE shall be to the polygon FGHKL, as the 
square of BM is to the square of GN. 

Join BE, AM, GL, FN. And because the polygon 
ABCDE is similar to the polygon FGHKL, and be- 
cause similar polygons n^y be divided into the same 
number of similar triangles; the triangles ABE, FGL, 
are similar and equiangular;* and therefore the ang^e * 20. fl. 
AEB is equal to the angle FLG: but ABB is equal* * 21. 1, 
to AMB, because they stand upon the «axn.« <sac;>xGDk.- 
ference; and the angle FLG is foT 1i!h.e «u&!& t««s«ni> 

B B 2 
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equal to the angle FNG: therefore also the angle 
AMB ii equal to FNG: and the right angle BAM is 
*81. S. equal to the right* angle GFN; wherefore the re- 
maining angles in the triangles ABM, FGN are equal. 




and they are equiangular to one another: therefore as 
*4.6. BM to GN, so* is BA to GF; and therefore the 

* 10 Del duplicate ratio of BM to GN, is tlie same* with the 
A. & 22. duplicate ratio of BA to GF. But the ratio of the 

* 20. 6. square of BM to the square of GN, is the duplicate* 

ratio of that which BM has to GN ; and the ratio of 
the polygon ABCDE to the polygon FGHK.L is the 
« 20. 6. duplicate* of that which BA has to GF: therefore as 
the polygon ABCDE to the polygon FGHKL, so is 
the square of BM to the square of GN. Wherefore 
similar polygons, &c. Q. £. D. 



PROP. II. THEOR. 

CfircUi are to one attother at the eguaree qf tkeir 

diametere. 

Let ABCD, EFGH be two circles, and BD, FH 
their diameters: as the square of BD to the square of 
FH, so shall the circle ABCD be to the circle EFGH. 

For, if it be not so, the square of BD must be to 
the square of FH, as t\ie c\Tc\e lwftC\i \a xa vnne 
space either less than t\\c cwc\fe "E^^O^, «t ^^Nsst 



thao it.' First, if possible, lei it be la a epscc S ]ess 
thBD aieoirclc EPGHg and in Ihe circle EFGH in- 
scribe* the square EFGH; this square is greaier tlian ' ' 
half of Ihe circle EFGH; becaase if, tbrough Ihe . 
points E, F. G, H, there be drawn Wngents to ilie 
circle, Ibe square EFGH fc half" o( the squsrc dc * ' 
scribed about Ibe circlei and ihe circle is ]eea ihan the 
square described about il; tlierefore the square EFGH 
is greater Ihan half of the circle. Divide the circum- 
ferences EF, F6, GH, HE, each into two equal pans 
in Ihe poinn K, L, M, N, and join EK, KF, Ft, LG, 
CM, MH, UN, NE: Iberefoce each of the triangles 
EKF, FLG, GMH, HNF is greater iban half of the 
Hegmeni of Uie circle in which il atanda; because, if 
straight lines touching the circle be drann through the 
points K, L, M, N, and paralteli^ania upon the 
straight linei EF, FG, GH, HE, be completed; each 
of the triangles EKF, FLG, GMH, HNB is ihe half* * 
of the parallelogram in which it is: but every segment 
is less than the parallelogrstn in wliicb it is: there- 
fore each cfilie triangles EK.P. FLG, GMH. HNE is 
greater than half the segment of the circle which con- 
tains it. Again, if the circumferences before named 
be divided each into two equal pans, and their ex- 
tremities be joined by straight lines by coniinuitig to 
do this, and there Hill al length remain segments of 
the circle which, togeiber. are less than the excess of 
the circle EFGH aboiie Ihe space Si becsusc. by the 
lireceding lemnu, if from the ^ealer of two unequal 
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magnitude! there be taken more' than its half, and from 



o 




the remainder more than its half, and so on, there at 
length remains a magnitude less than the least of the . 
proposed magnitudes. Let then the s^pnents £K, 
KF, FL, LG, GM, MH, HN, NE be those that re- 
main and are together less than the excess of the circle 
£FGH above S : therefore the rest of the circle, viz. 
the polygon EKFLGMHN, is greater than the space 
S; that is, the space S is less than the polygon 
EKFLGMHN. Describe likewise in the circle ABCD 
the polygon AXBOCPDR similar to the polygon 
EKFLGMHN: therefore as the square of BD is to 

* 1. 12. the square of FH, so* is the polygon AXBOCPDR to 

the polygon EKFLGMHN: but the square of BD is 

* Hyp. also to the square of FH,* as the chrcle ABCD is to the 

space S : therefore as the circle ABCD is to the epace 

* i>-5* 8, so is* the polygon AXBOCPDR to the polygon 

EKFLGMHN: but the circle ABCD is greater than 

the polygon contained in it ; wherefore the space S is 

« 14. 5. grreater* than the polygon EKFLGMHN: but diis is 

impossible, because it has been demonstrated to be 

less than the same polygon. Therefore the square of 

BD is not to the square of FH, as the circle ABCD is 

to any space less than the circle EFGH. In the same 

manner, it may be demonstrated, that neither is the 

square of FH to the square of BD, as the circle EFGH 

is to any space less than the circle ABCD. Nor is 

the square of BD to tYie «k^«x« qiI '^^^ «& the circle 

ABCD is to any space gteaXAX xStvaxi xJsit «:>»^^«X^^«eL. 

For, if possible, let it Vie so to ^ t^ «^^s.^ ^^v«:is«« 
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the circle EFGH; therefore inversely as the square 
of FH to the square of BD, so is the space T to the 




circle ABCD: but as the space* T is to the circle 
ABCD, so is the circle EFGH to some space, which 
must be less*, than the circle ABCD, because the * ^^* ^• 
space T is greater, by hypothesis, than the circle 
EFGH: therefore as the square of FH is to the square 
of BD, so is the circle EFGH to a space less than the 
circle ABCD, which has been demonstrated to be im- 
possible. Therefore the square of BD is not to the 
square of FH as the circle ABCD to any space greater 
than the circle EFGH : and it has been demonstrated, 
that neither is the square of BD to the square of FH, 
as the circle ABCD to any space less than the circle 
EFGH : therefore, as the square of BD to the square 
of FH, so is the circle ABCD to the circle EFGH.^ 
Therefore, circles are, &c Q. £. D. 

■ For as in the foregoing note, it was explained how it was 
poesible there could be a fourth proportional to the squares of 
BD, FH, and the circle ABCD, which was named 8. So in like 
manner there can be a fourth proportional to this other space, 
named T, and the circles ABCD, EFGIf . And the like is to b« 
understood in some of the following Propositions. "^ 

* Because as a fourth proportional to the t<vuBX«% Q>t ^^^^^\ 
aiuf the circle ABCD is possible, and thaX it CMi tk«\^«t>bV«k 
nar greater than the circle EFGH, it must be «(v>3iBXtnVt. 
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PROP. III. THEOR. 

Bffery pyramid having a triangular base, mag be di- 
vided into two equal and similar pyramids having 
triangular bases, and which are similar to the whole 
pyramd; and into two equal prisms which together 
are greater than half qf the whole pyramid. 

Let there be a pyramid of which the base is the tri- 
angle ABC and its vertex the point D: the pyramid 
ABCD may be divided into two equal 
and similar pjrramids having triangular 
bases, and similar to the whole ; and into 
two equal prisms which together shall be 
greater than halt of the whole pyramid. 

Divide AB, BC, CA, AD, DB, DC, 
each into two equal parts in the points 
E, F, G, H, K, L, and join EH, EG, 

GH. HK, KL, LH, EK, KF, FG. Be- i Ip" 

cause A£ is equal to EB, and AH to HD, HE is 

* 2. 6. parallel* to DB. For the same reason, HK is parallel 

to AB : therefore HEBK is a parallelogram, and HK 

• 34. 1. equal* to EB: but EB is equal to AE; therefore also 

AE is equal to HK: and AH is equal to HD; where- 
fore EA, AH are equal to KH, HD, each to each; and 

• 29. 1. the angle EAH is equal* to the angle KHD; there- 

fore the base EH is equal to the base KD, and die 
•4.1. triangle AEH equal* and similar to the triangle 
HKD. For the same reason, the triangle AGH is 
equal and similar to the triangle HLD. And because 
the two straight lines EH, HG which meet one another 
are parallel to KD, DL that meet one another, and are 

* 10. 11. not in the same plane with them, they contain equal* 

angles; therefore the angle EHG is equal to the angle 

KDlu Again, because 'EiB.,'aG, «xe ^<^3ai\o'^KSi^^I^ 

each to each, and t\ie an^L^e ^^<^ «<V^^ ^» '^^^ ^a^"^ 
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KDL; therefore the base EG is equal to the base KL: 
and the triangle EHG equal* and similar to the * 4' i* 
triangle KDL. For the same reason, the triangle 
AEG is also equal and similar to the triangle HKL: 
therefore the pyramid of which the base is the triangle 
AEG, and of which the vertex is the point H, is equal* * C. 11. 
and similar to the pyramid the base of which is the tri- 
angle KHL, and vertex the point D. And because 
HK is parallel to AB a side of the triangle ADB, the 
triangle ADB is equiangular to the triangle HDK, 
and their sides are* proportionals: therefore the tri- *4. 6. 
angle ADB is similar to the triangle HDK: and for • 
the same reason, the triangle DBC is similar to the 
triangle DKL; and the triangle ADC to the triangle 
HDL; and also the triangle ABC to the triangle AEG. 
But the triangle AEG is similar to the triangle HKL, 
as before was proved; therefore the triangle ABC is 
similar* to the triangle HKL; and therefore the * 21. 6. 
pyramid of which the base is the triangle ABC, and 
vertex the point D, is similar* to the pyramid of which * B.ii.ft 
the base is the triangle HKL, and vertex the same n, 
point D. But the pyramid of which the base is the 
triangle HKL, and vertex the point D, is similar, as has 
been proved, to the pyramid the base of which is the 
triangle AEG, and vertex the point H : wherefore the 
pyramid the base of which is the triangle ABC, and 
vertex the point D, is similar to the pyramid of which 
the base is the triangle AEG and vertex H : therefore 
each of the pyramids AEGH, HKLD is similar to the 
whole pyramid ABCD. And because BF is equal to 
FC, the parallelogram EBFG is double* of the triangle * 4i. 1. 
GFC: but when there are two prisms of the same 
altitude, of which one has a parallelogram for its base, 
and the other a triangle that is half oi iVv^ '^w^Ais.W 
gram, these prisma are equal* to one ano^cT % \Jcv«?t^Vst^ ^ *»Si«^ 
the prism having the parallelograiA 'E.^'^O l«t \^»»^J»»»^ 
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and the straight line KH opposite to it, is equal to the 
prism having the triangle GFC for its base, and the 
triangle HKL opposite to it; for they are of the same 

» 15. ]]. altitude, because diey are between the parallel* planes 
ABC, HKL. And it is manifest that each of these 
prisms is greater than either of the pyramids of which 
the triangles AEG, HKL are the bases, and the ver- 
tices the points H, D ; because, if EF be joined, the 
prism having the parallelogrram EBFG for its base, and 
KH the straight line opposite to it, is greater than the 
pyramid of which the base is the triangle EBF, and 

* C. 11. vertex the point K; but this pyramid is equal* to the 
pyramid the base of which is the triangle AEG, and 
vertex the point H; because they are contained hy 
equal and similar planes : wherefore the prism having 
the parallelogram EBFG for its base, and opposite side 
KH, is greater than the pyramid of which the base is 
the triangle AEG, and vertex the point H: and the 
prism of which the base is the parallelogram EBFG, 
and opposite side KH is equal to the prism having the 
triangle GFC for its base, and HKL the triangle op- 
posite to it; and the pyramid of which the base is the 
triangle AEG, and vertex H, is equal to the pyramid 
of which the base is the triangle HKL, and vertex D: 
therefore the two prisms before mentioned are greater 
than the two pyramids of which the bases are the tri- 
angles AEG, HKL, and vertices the points H, D. 
Therefore the whole pyramid of which the base is the 
triangle ABC, and vertex the point D, is divided into 
two equal pyramids similar to one another, and to the 
whole pyramid; and into two equal prisms; and the 
two prisms are together greater than half of the whole 
pyramid. Q. E. D. 
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PROP. IV. THEOR, 



Jf there he two pyramide (^ the eame altitude ifpon /rt- 
angular bases, and eieh qfthem be divided into two 
equal pyramids similar to the whole pyramid, and 
also into two equal prisms; and (f each qf these pyra- 
mids be divided in the same manner as the first two, 
and soon: as the base of one qf the first two pyramids 
is to the base of the other, so are all the prisms in one 
qf them to all the prisms in the other that are pro* 
duced by the same number of divisions. 

"Let there be two pyramids of the same altitude upon 
the triangular bases ABC, DEf, and having their ver- 
tices in the points G, H; and let each of them be 
divided into two equal pyramids similar to the whole, 
and into two equal prisms; and let each of the pyra- 
mids thus made be conceived to be divided in the like 
manner, and so on: as the base ABC is to the base 
D£F, so shall all the prisms in the pyramid ABCG be 
to all the prisms in the pyramid DEFH made by the 
same number of divisions. 

Make the same construction as in the foregoing Pro- 
position. And because BX is equal to XC, and A L to LC, 
therefore XL is parallel* to AB, and the triangle ABC * 2- ^* 
similar to the triangle LXC : for the same reason, the 
triangle DEF is similar to RVF: and because BC is 
double of CX, and EF double of FV, therefore* BC is * C. 5. 
to CX, as EF to FV: and upon BC, CX are described 
the similar and similarly situated rectilineal figures 
ABC, LXC; and upon EF, FV, in like manner, are 
described the similar figures DEF, RVF: therefore, as 
the triangle ABC is to the triangle LXC, so* is the *22. 6 
triangle DEF to the triangle RVF, ai\d, b^^ ^crcft>\\3^- 
tlon, as the triangle ABC to the tT\ai\^\e li^^ , %aN» 
the triangle LXC to the triangle KVY. \Ti^\i^c»»ft 

c c 



MO 
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the planes* ABC, OMN, as also the planes DEF, STY 
* 15. 11. are parallel,* the perpendiculars drawn from the 
points G, H to the bases ABC, DEF, which, by the 
hypothesis, are equal to one another, shall be cut each 
^ 17. 11. into two equal* parts by the planes OMN; STY, 
because the straight lines GC, HF are cut into two 
equal parts in the points N, Y by the same planes: 
therefore the prisms LXCOMN, RVFSTY.are of the 
same altitude ; and therefore, as the base LXC to the 
base RVF ; that is, as the triangle ABC to the triangle 
DEF, so* is the prism having the triangle LXC for its 
base, and OMN the triangle opposite to it, to the prism 
of which the base is the triangle RVF, and the opposite 
triangle STY. And because the two prisms in the py- 
ramid A6CG are equal to one another, and also the 
two prisms in the pyramid DEFH equal to one another, 
as the prism of which the base is the paralleli^Tam 
KRXL and opposite side MO, to the prism having the 
triangle LXC for its base, and OMN the triangle op- 



X 



*Cor. 
32. II. 




* 7. 5. posite to it; so is the prism of which the base* is the 
parallelogram PEVR, and opposite side TS, to the 
prism of which the base is the triangle RVF, and op- 
posite triangle STY: therefore, componendo, as the 
prisms KBXLMO LXCOMN together are to the 

■ Because GM i« equa\ io 'ML^^ «xk^ dO Vn <^K^\^v«^^ckte OM 
^ 2. 6. iM parallel * to AB ; \n ViWe matxivet 01» \* -^w^^X^X \ft KR.\ sjsax^ 
• J5. 11. fore the plane MON ii parifteY* to\\» v^^tv^^^-^• 
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prism LXCOMN; so are the prisms PEVRTS, * 

RVFSTY to the prism RVFSTY: and permutando, 

as the prisms KBXLMO, LXCOMN are to the prisms 

PEVRTS, RVFSTY; so is the prism LXCOMN to 

the prism RVFSTY: hut as the prism LXCOMN to 

the prism RVFSTY, so is, as has heen proved, the 

base ABC to the base DEF: therefore, as the base 

ABC to the base DEF, so are the two prisms in the 

pyramid ABCG to the two prisms in the pyramid 

DEFH. And likewise if the pyramids now made, for 

example, the two OMNG, STYH be divided in the 

same manner; as the base OMN is to the base STY, 

so are the two prisms in the pyramid OMNG to 

the two prisms in the pyramid STYH. But the 

base OMN is to the base STY, as the base ABC to the 

base DEF; therefore, as the base ABC to the base 

DEF, so are the two prisms in the pyramid ABCG to 

the two prisms in the pyramid DEFH ; and so are the 

two prisms in the pyramid OMNG to the two prisms in 

the pyramid STYH ; and so are all four to all four : 

and the same thing may be shown of the prisms made 

by dividing the pyramids AKLO and DPRS, and of 

all made by the same number of divisions. Q. E. D. 

PROP. V. THEOR. 

Pyramids qf the same altitude which have triangular 
bases, are to one another as their bases. 

Let the pyramids of which the triangles ABC, DEF 
are the bases, and of which the vertices are the points 
G, H, be of the same altitude: as the base ABC to the 
base DEF, so shall the pyramid ABCG be to the py- 
ramid DEFH. 

For, if it be not so, the base ABC must be to the • 
base DEF, as the pyramid ABCG to a solid either less 
than the pyramid DEFH, or greatcx l\v«a.\X> Yvc^^ 

a See note at foot of pa^e %%%. 



293 Euclid's elements. 

if possible, let it be to a solid less tban it, viz. to the 
■olid Q : and divide the pyramid DEFU into two equal 
pyramids, similar to the whole, and into two equal 

* S. 13. prisms: therefore these two prisms are greater* than 

the half of the whole pyramid. And again, let the py- 
ramids made by this divisicm be in like manner divided, 
•Lemma and so on,* until the pyramids which remain undivided 
in the pyramid DEFH be, all of them together, less 
than the excess of the pjrramid DEFH above the solid 
Q: let these, for example, be the pyramids DPRS, 
STYH: therefore the prisms, which make the rest of 
the pyramid DEFH, are greater than the solid Q; that 
is, the solid Q is less than these prisms. Divide like- 
wise the pyramid ABCG in the same manner, and into 
as many parts, as the pyramid DEFH : therefore, as 

* 4. 12. the base ABC to the base DEF, so* are the prisms in 

the p3rramid ABCG to the prisms in the pyramid 
• DEFH : but as the base ABC to the base DEF, so, by 
hypothesis, is the pyramid ABCG to the solid Q; and 
therefore, as the pyramid ABCG to the solid Q, so are 
the prisms in the pyramid ABCG to the prbms in the 
pyramid DEFH : but the pyramid ABCG is greater 

* 14.5. than the prisms contained in it; wherefore* also the 

solid Q is greater than the prisms in the pyramid DEFH : 
but this is impossible, because the solid Q has been de- 
monstrated to be less than these prisms. Therefore the 
base ABC is not to the base DEF, as the pyramid ABCG 
to any solid which is less than the pyramid DEFH. 
In the same manner it may be demonstrated, that the 
base DEF is not to the base ABC, as the pyramid 
DEFH to any solid which is less than the pyramid 
ABCG. Nor can the base ABC be to the base DEF, 
* as the pyramid ABCG to any solid which is greater than 
the pyramid DEFH. For if it be possible, let it be so 
to Z a, solid greater t\iat\ iVc ^ycaxsv\^. KxA\v«5:»saaeft. 
the base ABC is to t\ie \)a&t X>^^ ^ ^^\^ Y5^«ssi^ 
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ABCG to the solid Z; by inversion, as the base DEF 
to the base ABC, so is the solid Z to the pyramid 




\ \ 


z 


\ \ 



ABCG. But as the solid Z is to the pyramid ABCG, 
80 is the pyramid DEFH to some solid* which must be 
less* than the pyramid ABCG, because the solid Z is * '^' ^* 
greater than the pyramid DEFH. And therefore, as 
the base DEF to the base ABC, so is the pyramid 
DEFH to a solid less than the pyramid ABCG ; the 
contrary to which has been proved : therefore the base 
ABC is not to the base DEF, as the pyramid ABCG to 
any solid which is greater than the pyramid DEFH. 
And it has been proved, that neither is the base ABC 
to the base DEF, as the pyramid ABCG to any solid 
which is less than the pyramid DEFH. Therefore, as 
the base ABC is to the base DEF, so is the pyramid 
ABCG to the pyramid DEFH. Wherefore pyramids, 
&c. Q. E. D. 



PROP. VI. THEOR. 

Pyramids of the same altitude which have polygons ^r 
their basest are to one another as their bases. 

Let the pyramids which have the polygons ABCDE, 
FGHKL for their bases, and their vertices in the points 
M, N, he of the same altitude: aa l\ve\i^&ft K!5jC70^n» 

* See note at foot of page 7%^. 
c c 2 
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the base FGHRL, so shall the pyramid ABCDEM be 
to the pyramid FGHKLN. 

Divide the base ABCDE into the triangles ABC, 
ACD, ADE; and the base FGHKL into the trinngles 
FGH, FHK, FKL: and upon the bases ABC, ACD, 
ADE let there be as many pyramids of which the com- 
mon vertex is the point M, and upon the remaining 
bases as many pyramids having their comxnon vertex in 
the point N : therefore, since ^the triangle .ABC is to 
• 5. 12. the triangle FGH, as* the pyramid ABCM to the py- 
ramid FGHN: and the triangle ACD to the triangle 
FGH, as the pyramid ACDM to the pyramid FGHN; 





and also the triangle ADE to the triangle FGH» as the 
pyramid ADEM to the pyramid FGHN ; as all the first 

* 2 Cor. antecedents to their common consequent; so* are all 
^^' ^' the other antecedents to their common consequent; 

that is, as the base ABCDE to the base FGH, so is the 
pyramid ABCDEM to the pyramid FGHN. And, for 
the same reason, as the base FGHKL to the base 
FGH, so is the pyramid FGHKLN to the pyramid 
FGHN: and, by inversion, as the base ^GH to the 
base FGHKL, so is the pyramid FGHN to tlie py- 
ramid FGHKLN; then, because as the base ABCDE 
to the base FGH, so is the pyramid ABCDEM to the 
pyramid FGHN ; and as the base FGH to the base 
FGHKL, so is the pyramid FGHN% the pyramid 

* 22. 5. FGHKLN ; therefore, ex sequali * as the base ABCDE 

to the base FGHKL, «o \% the ^^v^amid ABCDEM to 
the pyramid FGHKV*^. tVvctetoxft Yjt^xscv^ %*. 
Q E. D. 
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PROP. VII. THEOR. 



Every priim hemnff a triangular base may be ditfided 
into three pyramids that have triangular bases, and 
are equal to one another. 

Let there be a prism of which the base is the triangle 

ABC, and let DEF be the triangle opposite to it: the 
prism ABCDEF may be divided into three equal 
pyramids having triangular bases. 

Join BD, EC, CD ; and because ABED is a paral- 
lelogram of which BD is the diameter, the triangle 
ABD is equal* to the triangle EBD; therefore the*^*-*- 
pyramid of which the base is the triangle ABD, and 
vertex the point C, is equal ♦ to the pyramid of which * ^* '^* 
the base is the triangle EBD, and vertex the point C; 
but this pyramid is the same with the pyramid the 
base of which is the triangle EBC, and vertex the 
point D ; for they are contained by the same planes : 
therefore the pyramid of which the base is the triangle 

ABD, and vertex the point C, is equal to the pyramid, 
the base of which is the triangle EBC, and vertex the 
point D. Again, because FCBE is a parallelogram 
of which the diameter is CE, the tri- 
angle ECF is equal • to the triangle ^ ^^'^fN^ ^ * S4. i. 
ECB; therefore the pyramid of which 
the base is the triangle ECB, and ver- 
tex the point D, is equal to the pyra- 
mid, the base of which is the triangle 
ECF, and vertex the point D: but the pyramid of 
which the base is the triangle ECB, and vertex the 
point D has been proved equal to the pyramid of 
which the base is the triangle ABD, and vertex the 
point C : therefore the prism ABCDEF is divided into 
three equal pyramids having tr\ang;u\ax \i«a«ik, nyl,\eiN» 

the pyramids ABDC, EBDC, EiCl?I>. KsA Xi^'sajas^ 
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the pyramid of which the base is the triangle A6D, 
and vertex the point C, is the same with the pyramid 
of which the base is the triangle ABC, and vertex the 
point D, for they are contained by the same planes; 
and that the pyramid of which the base is the triangle 
ABD, and vertex the point C, has been demonstrated 
to be a third part of the prism the base of which is the 
triangle ABC, and to which DEF is the opposite tri- 
angle ; therefore the pyramid of which the base is the 
triangle ABC, and vertex the point D, is the third 
part of the prism which has the same base, viz. the 
'triangle ABC, and DEF is the opposite triangle. 
Q. E. D. 

Cor. 1. From this it is manifest, that every pyramid 
is the third part of a prism which has the same base, 
and is ot an equal altitude with it; for if the base of 
the prism be any other figure than a triangle, it may 
be divided into prisms having triangular bases. 

Cor. 2. Prisms of equal altitudes are to one another 
as their bases; because the pyramids upon the same 
* 6. IS. bases, and of the same altitude, are* to one another as 
their bases. 

PROP. Vin. THEOR. 

Similar pyramids having triangular bases are one to ano- 
ther in the triplicate ratio of that qf their homologous 
sides. 

Let the p3n*amids having the triangles ABC, DEF 

for their bases, and the points G, H for their vertices, 

be similar, and similarly situated; the pyramid ABCG 

shall have to the pyramid DEFH, the triplicate ratio of 

that which the side BC has to the homologous side EF. 

Complete the parallelograms ABCM, GBCN, ABGK, 

and the paralleloi^\ped BGML contained by these 

pianes and those- opposvle \o \5cvetci\ ^tv^^ VcvX^^xsasx- 

ner, complete the paiaWeVo^vp^^ ^^^Ci cski\s^^\s^ 
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the three parallelograms DEFP, HEFR, DEHX, and 
those opposite to them. And because the pyramid 
ABCG is similar to the pyramid DEFH, the angle 
ABC is equal* to the angle DEE, and the angle GBC * ii ^f- 
to the angle HEF, and ABG to DEH: and AB is* V'l oef. 
to BC, as DE to EF; tliat is, the sides about the equal ^' 





V^ 



angles are proportionals ; wherefore the parallelogram 
BM is similar to EP: for the same reason, the paral- 
lelogram BN is similar to ER, and BK to EX: there- 
fore the three parallelograms BM, BN, BK are similar 
to the three EP, ER, EX: but the three BM, BN, 
BK, are equal and similar* to the three which are • 24. n. 
opposite to them, and die three EP, ER, EX equal 
and similar to the three opposite to them : wherefore 
the solids BGML, EHPO are contained by the same 
number of similar planes; and their solid angles* are * B. ii. 
equal; and therefore the solid BGML is similar* to • ii Def. 
the solid EHPO: but similar parallelopipeds have the '*' 
triplicate* ratio of that which their homologous sides * SS. ll. 
have: therefore the solid BGML has to the solid 
EHPO the triplicate ratio of that which the side BC 
has to the homologous side EF. But as the solid 
BGML is to the solid EHPO, so is* the pyramid « 19. 9. 
ABCG to the pyramid DEFH; because the pyramids 
are the sixth part of the solids, since the prism, which 
is the half* of the parallelopiped, is triple* of the * 28. 11. 
pyramid. Wherefore likewise the pyramid ABCG has 
to the pyramid DEFH, the tnpWcaXe t^>ja ^\ "CgaX 
which BC has to the homologous side'Ek^. ^^.\>* 
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Cor. From this it is evident, that similar pyramids 
which have multangular bases, are likewise to one 
another in the triplicate ratio of their homologous 
sides. For they may be divided into similar pyramids 
having triangular bases, because the similar polygons, 
which are their bases, may be divided into the same 
number of similar triangles homologous to the whole 
polygons ; therefore as one of the triangular pyramids 
in the first multangular pyramid is to one of the trian- 
* 12. s. gular pyramids in the other,* so are all the triangular 
^ pyramids in the first to all the trian^^ar pyramids in 
the other : that is, so is the first mt Ecangular pyramid 
to the other: but one triangular pyramid is to its similar 
triangular pyramid, in the triplicate ratio of their 
homologous sides; and therefore the first multangular 
pyramid has to the other, the triplicate ratio of that 
which one of the sides of the first has to the homolo- 
gous side of the other. 



PROP. IX. THEOR. 

The bases and altitudes of equal pyramids having tri- 
angular bases are reciprocallg proportional: and tri- 
angular pyramids qf which the bases and altitudes are 
reciprocally proportional, are equal to one another. 

Let the pyramids of which the triangles ABC, DEF 
are the bases, and which have their vertices in the 
points G, H, be equal to one another: the bases and 
altitudes of the pyramids ABCG, DEFH shall be reci- 
procally proportional, viz. the base ABC shall be to 
the base DEF, as the altitude of the pyramid DEFH 
to the altitude of the pyramid ABCG. 

Complete the parsdlelograms AC, AG, GC, DF, 
DH, HF; and t\\e pataVVeVo^Ve^^ ^^^V ^^PO 
contained by these pVane* axv^ Vliaoaa o^-^(QKv\fc Vi ^^^a.. 
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And because the pyramid A6CG is equal to the pyra- 
mid DEFH, and that the solid BGML is sextuple* of * 28. ii. 
the pyramid ABCG, and the solid EHPO sextuple of 
the pyramid DEFH; therefore the solid BGML is 
equal* to the solid EHPO. But the bases and alti- * i Ax. 
tudes of equal parallelopipeds are reciprocally pro- 
portional;* therefore as the base BM to the base EP, * 34. 11. 
so is the altitude of the solid EHPO to the altitude of 
the solid BGML: but as the base BM to the base EP, 
so is* the triangle ABC to the triangle DEF; there- * ^^* ^• 
fore as the triangle ABC to (he triangle DEF, so is 



A 


a- 


\ 




the altitude of the solid EHPO to the altitude of the 
solid BGML: but the altitude of the solid EHPO is 
the same with the altitude of the pyramid DEFH ; and 
the altitude of the solid BGML is the same with the 
altitude of the pyramid ABCG: therefore, as the base 
ABC to the base DEF, so is the altitude of the pyra- 
mid DEFH to the altitude of the pyramid ABCG: 
therefore the bases and altitudes of the pyramids 
ABCG, DEFH are reciprocally proportional. 

Again, let the bases and altitudes of the pyramids 
ABCG, DEFH be reciprocally proportional, viz. the 
base ABC to the base DEF, as the altitude of the 
pyramid DEFH to the altitude of the pyramid ABCG : 
the pyramid ABCG shall be equal to the pyramid 
DEFH. 

The same construction being laade, \iee^>a&fc ^^ '^^ 
base ABC to the base DE¥, so \« xVvft bXxaVxjl^^ ^H. '^^ 
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pyramid DEFH to the altitude of the p3nrainid ABCG; 
and as tlie base ABC to the base DBF, so is the pa- 
rallelogram BM to the parallelogram £P; therefore 
the parallelogram BM is to £P, as the altitude of the 
pyramid DEFH to the altitude of the pyramid ABCG: 
but the altitude of the pyramid DEFH is the same 
with the altitude of the parallelopiped EHPO; and 
the altitude of the pyramid ABCG is the same with 
the altitude of the parallelopiped BGML: therefore, 
as the base BM to the base EP, so is the altitude 
of the parallelopiped EHPO to the altitude of the 
parallelopiped BGML. But parallelopipeds having 
their bases and altitudes reciprocally proportional, are 

* S4. 11. equal* to one another: therefore the parallelopiped 

BGML is equal to the parallelopiped EHPO. And 
the pyramid ABCG is the sixth part of the solid 
BGML, and the pyramid DEFH is the sixth part of 
the solid EHPO: therefore the pyramid ABCG is 

• 2 A. 5. equal* to the pyramid DEFH. Therefore the bases, 

&c. Q. E. D. 

PROP. X. THEOR. 

Every cone is the third part of a cylinder which has the 
same base, and is qfan equal altitude with it. 

Let a cone have the same base with a cylinder, viz. 
the circle ABCD, and the same altitude: the cone 
shall be the third part of the cylinder; that is, the 
cylinder shall be triple of the cone. 

If the cylinder be not triple of the cone, it^must 

either be greater than the triple, or less than it. First, 

if possible, let it be greater than the triple ; and in- 

scribe the square ABCD in the circle; this square is 

greater than the \\a\f ot t\ve cvtc\e A.BCD,* Upon the 

• At was shown \tv Pxov- ^'^« ^^ v\v\%"V^«^, 
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square ABCD erect a prism of the same altitude with 
the cylinder; this prism shall be greater than half of 
the cylinder; because if a square is described about 
the circle, and a prism erected upon the square, of the 
same altitude with the cylinder, then the inscribed 
square is half of that circumscribed; and upon these 
square bases are erected parallelepipeds, viz. the prisms 
of the same altitude; therefore the prism upon the 
square ABCD is the half of the prism upon the square 
described about the circle: because they are to one 
another* as their bases: but the cylinder is less than * ^2. 11. 
the prism upon the square described about the circle 
ABCD: therefore the prism upon the square ABCD 
of the same altitude with the cylinder, is greater than 
half of the cylinder. Bisect the circumferences AB, 
BC, CD, DA in the points £, F, G, H; and join AE, 
EB, BF, FC, CG, GD, DH, HA: then, each of the 
triangles AEB, BFC, CGD, DHA is greater than the 
half of the segment of the circle in which it stands, as 




was proved in Prop. ii. of this Book. Erect prisms 
upon each of these triangles of the same altitude with 
the cylinder; each of these prisms shall be greater 
than half of the segment of the cylinder in which it is ; 
because, if, through the points E, F, G, H, parallels 
be drawn to AB, BC, CD, DA, and parallelograms be 
completed upon the same AB, BC, CD, DA, and pa- 
rallelopipeds be erected upon the parallelo^«xcA\ l\\<% 
prisms upon the triangles AEB, B¥C, CO\>, \3i^K 
irethebaJves of the parallelopipcdA*.* wci^ ^^ ^^V^v^^ 
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ments of the cylinder which are upon the segments of 
the circle cut off by AB, BC, CD, DA, are less than 
the parallelopipeds which contain them ; therefore the 
prisms upon the triangles A£B, BFC, CGD, DHA, 
are greater than half of the segments of the cylinder in 
which they are ; therefore, if «each of the circumfereDces 
be divided into two equal parts, and straight lines be 
drawn from the points of division to the extremities of 
the circumferences, and upon the triangles thus made, 
prisms be erected of the same altitude with the cylinder, 
and so on, there must at length remain some segments 

'Lemma of the cylinder which together are less* than the excess 
of the cylinder above the triple of the cone. Let them 
be those upon the segments of the circle AE, EB, BF, 
FC, CG, GD, DH, HA: therefore the rest of the cy- 
linder, that is, the prism of which the base is the poly- 
gon AEBFCGDH, and of which the altitude is the 
same with that of the cylinder, is greater than the 

* I Cor. triple of the cone : but this prism is triple* of the py- 
ramid upon the same base, of which the vertex is the 
same with the vertex of the cone : therefore the pyra- 
mid upon the base AEBFCGDH, having the same 
vertex with the cone, is greater than the cone, of which 
the base is the circle ABCD: but this is impossible, 
because the pyramid is less than the cone, being con- 
tained within it ; therefore the cylinder is not greater 
than the triple of the cone. 

Nor can the cylinder be less than the triple of the 
cone. Let it be less, if possible : therefore, inversely, 
the cone is greater than the third part of the cylinder. 
In the circle ABCD inscribe a square; this square is 
greater than the half of the circle. Upon the square 
ABCD erect a pyramid having the same vertex with the 
cone ; this pyramid is gceateT than the half of the cone : 
because as was before demoTv^ttaX<A,\S. ^ ^njaax^Xs^ ^«s.- 
•cribed about tV\e cVtc\e, Oae ^v^a-xe K«»Q.WS& '^^^^ 
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of it; and if, upon these squares there be erected 
parallelepipeds of the same altitude with the cone, 




SOS 



which are also prisms, the prism upon the square 
A BCD is the half of that which is upon the square 
described about the circle ; for they are to one another 
as their bases;* as are also the third parts of them: * S3, ii. 
therefore the pyramid, the base of which is the square 
ABCD, is half of the pyramid upon the square de- 
scribed about the circle. But this last pyramid is 
greater than the cone which it contains ; therefore the 
pyramid upon the square ABCD, having the same ver- 
tex with the cone, is greater than the half of the cone. 
Bisect the circumferences AB, BC, CD, DA in the 
points E, F, G, H, and join AE, EB, BF, FC, CG, 
GD, DH, HA: therefore each of the triangles AEB, 
BFC, CGD, DHA is greater than half of the segment 
of the circle in which it is. Upon each of these tri- 
angles erect pyramids having the same vertex with the 
cone : therefore each of these pyramids is greater than 
the half of the segment of the cone in which it is, as 
before was demonstrated of the prisms and segments of 
the cylinder; and thus dividing each of the circum- 
ferences into two equal parts, and joining the points of 
division and their extremities by istraight lines, and 
upon the triangles erecting pyramids having their ver* 
. tices the same with that of the cone, and so on, there 
must at length remain some segments of the cone^ 
which together are less* than the c!iicw» ol ^^ ^^tAv'^Njeaso 
above the third part of the cyVmdex. \*^x. ^^^a^k^ "^"^ 
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segments upon AE, EB, BF, FC, CG, GD, DH, HA: 

therefore the rest of the cone, that is,, the pyramid, of 
which the base is the polygon AEBFCGDH, and of 
which the vertex is the same with that of the cone, is 
greater than the third part of the cylinder: but this 
pyramid is the third part of the prism upon the same 
base AEBFCGDH, and of the same altitude with the 
cylinder: therefore this prism is greater than the cy- 
linder of which the base is the circle A BCD: but 
this is impossible, because the prism is less than the 
cylinder, being contained within it: therefore the cy- 
linder is not less than the triple of the cone. And it 
has been demonstrated that neither is it greater than 
the triple: therefore the cylinder is triple of the cone, 
or, the cone is the third part of the cylinder. Where- 
fore every cone, &c Q. £. D. 



PROP. XL THEOR. 

Cones and cylinders qf the same > altitude, are to one 
another as their bases. 

Let the cones and cylinders, of which the bases are 
the circles A BCD, EFGU, and the diameters of their 
bases AC, EG, and KL, MN the axes of the cones or 
cylinders, be of the same altitude: as the circle ABCD 
to the circle EFGU, so shall the cone AL be to the 
cone EN. 

If it be not so, the circle ABCD must be to the 
circle EFGH, as the cone AL to some solid either less 
than the cone EN, or greater than it First, if it be 
possible, let it be to a solid less than EN, viz. to the . 
5oiid X ; and let Z \>e \\\e «o\\d vihich is equal to the 
excess of the cone "E^ aboNt \\ift «KiW^"X.\ "^^^^Vn.^ 
die cone EN is equal to l\\e «>\\^ ^, T* Xn^'^iasa. \^ 



Ihe circle EFGU inscribe lhe»quiire EPUH, ibeieUii 
Ihis square i« giealer than the half of the circle. Upon 
ihe square EFGH erect a pyramid of llie same altitude 
with the cone; this pyramid shall be greater ihan half 
of the cone. For, if a equare be described about the 
circle, and a pyramid be erected upon ii, having Ihe 
Eame vertex with ihe cone,* the pyramid inscribed in 
the cone is half uf the pyramid cin^umasribed about il, 
becauao they are to one another as their basest* hut • 
the cone is leas than the circumscribed pyramid: 
therefore the pyramid of which the haaa is the square 
EFGH, and its vertex the same with that of the coue, 
is greater than half of the cone. Divide the circum- 
ferences EF, FG, GH, HE, each into two equal parts 
in the points 0, P, R, S, and join EO, OF, FP, I'G, 
GR, RU, HS, SE; Iberefare each of the triangles EOF, 
FPG, GRH, HSE is greater than half of the segment 
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angles erect a pyramid having the same vertex with 
the cone ; each of these pyramids is greater than the 
half of the segment of the cone in which it is: and thus 
dividing each of these circumferences into two equal 
parts, and from the points of division drawing straight 
lines to the extremities of the circumferences, and 
upon each oF the triangles thus made erecting pyramids 
having the same vertex with the cone, and so on, there 
must at length remain some segments of the cone which 
*Lemma are together less* than the solid Z; let these be the 
segments upon EO, OF, FP, PG, GR, RH, HS, SE: 
therefore the remainder of the cone, viz. the pyramid 
of which the base is the polygon EOFPGRHS, and its 
vertex the same with that of the cone, is greater than 
the solid X ; that is, the sdid X is less than the py- 
ramid. In the circle ABCD inscribe the polygon 
ATBYCVDQ similar to the polygon EOFPGRHS, 
and upon it erect a pyramid having the same vertex 
with the cone AL: and because, as the square of AC is 

* 1. 12. to the square of EG, so* is the polygon ATBYCVDQ 

to the polygon EOFPGRHS; and as the square of 

* 2. 12. AC to the square of EG, so is * the circle ABCD to 

* 11- 5. the circle EFGH; therefore the circle ABCD* is to 

the circle EFGH, as the polygon ATBYCVDQ to 
the polygon EOFPGRHS. But as the circle ABCD 
to the circle EFGH, so is the cone AL to the solid X; 
and as the polygon ATBYCVDQ to the polygon 

* 6. 12. EOFPGRHS, so is* the pyramid of which the base is 

the first of these polygons, and vertex L, to the pyra- 
mid of which the base is the other polygon, and its 
vertex N : therefore, as the cone AL to the solid X, .so 
is the pyramid of which the base is the polygon 
ATBYCVDQ, and vertex L, to the pyramid the base 
of which is the polygon EOFPGRHS, and vertex N. 
But the cone AL is gtealct xSaaxv VJoa yT'^^^^^ ^'^s^- 
* 14. 5. tained in it; therefore tVve WAVE'S. Va \sc^ax«t* ^Cbsko.'^'s; 
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pyramid in the cone EN : but this is absurd, because 
it has been proved to be less than the pyramid. There- 
fore the circle ABCD is not to the circle EFGH, as 
the cone AL to any solid which is less than the cone 
£N. In the same manner it may be demonstrated 
that the circle EFGH is not to the circle ABCD, as the 
cone EN to any solid less than the cone AL. Nor can 
the circle ABCD be to the circle EFGH, as the cone 
AL to any solid greater than the cone EN. For, if it 
be possible, let it be so to I, a solid greater than the 
cone EN. Therefore, by inversion, as the circle EFGH 
to the circle ABCD, so is the solid I to the cone AL: 
but as the solid I to the cone AL, so is the cone EN to 
some solid, which must be less* than the cone AL, * 14. 5. 
because the solid I is greater than the cone EN: 
therefore, as the circle EFGH is-to the circle ABCD, 
so is the cone EN to a solid less than the cone AL, 
which was shown to be impossible : therefore the circle 
ABCD is not to the circle EFGH, as the cone AL is 
to any solid greater than the cone EN: and it has 
been demonstrated that neither is the circle ABCD to 
the circle EFGH, as the cone AL to any solid less 
than the cone EN : therefore the circle ABCD is to the 
circle EFGH, as the cone AL to the cone EN. But 
as the cone is to the cone, so* is the cylinder to the * 15. 5. 
cylinder, because the cylinders are triple* of the cone • 10. 12. 
each to each: therefore, as the circle ABCD to the 
circle EFGH, so are the cylinders upon them of the 
same altitude. Wherefore cones and cylinders of the 
same altitude are to one another as their bases. Q. E. D. 

PROP. Xn. THEOR. 

Similar cones and cylinders have to one another the tripli^ 
caterath qfthai which the duimef era qf tH€\T'bQft«.%>flm^^ 

Let the cones and cylinders oi vi\vv^ x>^^\i«s«^ '«^^ 
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the circles ABCD, EFGH, and the diameters of the 
bases AC, EG, and KL, MN, the axes of the cones or 
cylinders, be similar: the cone, of which the base 
is the circle ABCD, and vertex the point L, shall have 
to the cone of which the base is the circle EFGH, and 
vertex N, the triplicate ratio of that which AC has 
to EG. 

For if the cone ABCDL has not to the cone EFGHN 
the triplicate ratio of that which AC has to EG, the 
cone ABCDL shall have the triplicate of that ratio to 
some solid which is less or greater than the cone 
EFGHN. First, if possible, let it have it to a less, 
viz. to the solid X. Make the same construction as in 
the preceding proposition, and it may be demonstrated 
the very same way as in that proposition, that the solid 
X is less than the pyramid of which the base is the po- 
lygon EOFPGRHS, and vertex N. Inscribe also in 
the circle ABCD the polygon ATBYCVDQ similar to 
the polygon EOFPGRHS, upon which erect a pyramid 
having the same vertex with the cone ; and let L AQ be 





4 



f\ 



^CI^J 



one o£ the triangles cotvta\mtv^ ^e ^>3\%»KA>s^\SL'^'ft. 
polygon ATBYCVDQ tVie NCtie^R. o^ ^VvJo. S&\.n ««A 
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let NES be one of the trimgles containing the pyramid 
upon the polygon EOFPGRHS of which the vertex is 
N; and join KQ, MS: then because the cone ABCDL 
If similar to the cone EFGHN, AC is* to EG, as the *,** ^'• 
axis KL to the axis MN; and as AC to EG, so* is AK * 15. 5. 
to EM; therefore, as AK to EM, so is KL to MN; 
and, alternately, AK to KL, as EM to MN: and the 
right angles AKL, EMN are equal; therefore, the 
■ides about these equal angles being proportionals, the 
triangle AKL is similar* to the triangle EMN. *^*'' 
Again, because A K is to KQ, as EM to MS, and that 
these sides are about equal angles AKQ, EMS, because 
these angles are, each of them, the same part of four 
right angles at the centres K, M; therefore the tri- 
angle AKQ is similar* to the triangle EMS. And*^*^* 
b^ause it has been proved that as A K to KL, so is 
EM to MN, and that AK is equal to KQ; and EM to 
MS, therefore as QK to KL, so is SM to MN; and 
therefore, the sides about the right angles QKL, 
SMN being proportionals, the triangle LKQ is similar 
to the triangle NMS. And because of the similarity 
of the triangles AKL, EMN, as LA is to A K, so is 
NE to EM; and by the similarity of the triangles 
AKQ, EMS, as KA to AQ, so ME to ES; therefore 
ex aequali,* LA is to AQ, as NE to ES. Again, be- * '^' *• 
cause of the similarity of the triangles LQK, NSM, as 
LQ to QK, so NS to SM: and from the similarity of 
the triangles KAQ, MES, as KQto QA, so MS to SE; 
therefore ex squali,* LQ is to QA, as NS to SE: *22 5. 
and it was proved that QA is to AL, as SE to EN ; 
therefore, again, ex aequali, as QL to LA, so is SN to 
NE: wherefore the triangles LQA, NSE, having the 
sides about all their angles proportionals, are equi-- 
angular* and similar to one another: and therefore the * ^* '• 
pyramid of which the base is the ttiMv^^ KYw^^ -axv^ 
vertex L, is Bimilar to the pyramid 0\eYiaai& i^l ni^v^ Naw 
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the triangle EMS, and vertex N : because their solid 

* B. 11. angles are equal* to one another, and. they are con- 

tained by the same number of similar planes: but 
similar pyramids which have triangular bases have to 

* 8. 12. one another the triplicate* ratio' of that which their 

homologous sides have; therefore the pyramid AKQL 
has to the pyramid EMSN the triplicate ratio of rhit 
which AK has to EM. In the same manner, if strai^t 
lines be drawn firom the points D, V, C, Y, B, T, to K, 
and from the points H, R, G, P, F, O to M, and pyra- 
mids be erected upon the triangles having the same 
vertices with the cones, it may be demonstrated that 
each pyramid in the first cone has to each in die other, 
taking them in the same order, the triplicate ratio of 
that which the side AK has to the side EM; that is, 
which AC has to EG; but as one antecedent to its 
consequent, so are all the antecedents to all the con- 

* 12. 5. sequents;* therefore as the pyramid AKQL to the py- 

ramid EMSN, so is the whole pyramid the base of 
which is the polygon DQATBYCV, and vertex L, to 
the whole pyramid of which the base is the polygon 
HSEOFPGR, and vertex N: wherefore also the first 
of these two last named pyramids has to the other the 
triplicate ratio of that which AC has to EG. But, by 
the hypothesis, the cone of which the base is the circle 
ABCD,and vertex L, has to the solid X, the triplicate 
ratio of that which AC has to EG : therefore, as the 
cone of which the base is the circle ABCD, and vertex 
L, is to the solid X, so is the pyramid the base of 
which is the polygon DQATBYCV, and vertex L, 
to the pyramid the base of which is the polygon 
HSEOFPGR and vertex N. But the said cone is 
greater than the pyramid contained in it, therefore the 

* I >. 5. solid X is greater* than the pyramid, the base of which 

18 the polygon HSE.O¥YG^ «R!aLN«t\j«L^N\»\w\t]biU 
ia impossible, because i\vew>\\dL'S.*\%\«»\Jaasi"^^^V 
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ramid. Therefore the cone of which the base is the 
circle ABCD and vertex L, has not to any solid which 
is less than the cone of which the base is the circle . 
EFGH and vertex N, the triplicate ratio of that which 
AC has to EG. In the same manner it may be de- 
monstrated that neither has the cone EFGHN to any 
solid which is less than the cone ABCDL, the triplicate 
ratio of that which EG has to AC. Nor can the cone 
ABCDL have to any solid which is greater than the 
cone EFGHN, the triplicate ratio of that which AC 
has to EG. For, if it be possible, let it have it to 
a greater, viz. to the solid Z : therefore, inversely, the 
solid Z has to the cone ABCDL, the triplicate ratio of 
that which EG has to AC : but as the solid Z is to the 
cone ABCDL, so is the cone EFGHN to some solid, 
which must be less* than the cone ABCDL, because * 14. 5. 
the solid Z is greater than the cone EFGHN: there- 
fore the cone EFGHN has to a solid which is less than 
the cone ABCDL, the triplicate ratio of that which 
EG has to AC, which was demonstrated to be impos- 
sible. Therefore the cone ABCDL has not to any 
solid greater than the cone EFGHN, the triplicate 
ratio of that which AC has to EG; and it was demon- 
strated that it could not have that ratio to any solid 
less than the cone EFGHN: therefore the cone 
AQCDL has to the cone EFGHN, the triplicate ratio 
of that which AC has to EG. But as the cone is to the 
cone, so* the cylinder to the cylinder; for every cone * is. 5. 
is the third* part of the cylinder upon the same base, * 10. 12. 
and of the same altitude: therefore also the cylinder 
has to the cylinder, the triplicate ratio of that which 
AC has to EG : wherefore similar cones, &c. Q. E. D. 



PROP. XIII. TREOR. 

if a eyimdtr be ad 6y a ptow parallel to ill offwifc 
planet, or iam: il dieidei the cylmdtr Uo Iw 
eylhtden. out ^f uAutil ittotlit tihtr n Heukrf 
thefirt la the aiit i^lit ether. 
Let the c^liader AD be cut by tbe 
plooe GH parallel to the oppodle ' 
planes, AB, CD, meeting the axis ^ 
EF in the poiot K, sud lei the line 
OH be the common section of the J^ 
plane GH and ihe surface of the cy- 
lincler AD. Let AEFC be the parol- , 
lelogram in any position of it, bj the 
revolutioD of irhich about the (traight ' 
line EF the cylinder AD is degcribed; 
and let GK be the oomnK 
of the plane GH, and the plane AEFC 
And because the parsUel planes AB, QH are cut bj 
Ihe plane AEKO, AE, KG, their eommoD MCtialii 
IS. ir. with it are parallel ;• wherefore AK is a panlldogram, 
and GK equal to EA the atraighl line from the centra 
of the circle AB: for the same reason, each of the 
straight lines drawn irotn the point K to the line GH 
may he proved to be equal to ibose which are drsvn 
from the centre of ibe circle AB to iti circomlereaeci 
and are therefore all equal lo one another : ifaerdon 
11 Dec the line GH is the circumference of a circle* of which 
(he cenUe is the point K; therefore the plane OH 
divides the cylinder AD into the cylinders AH, GDt 
for (hey are Ihe same which would be described bf (bs 
rcTolution of the parallelDgrBms AK, GF, about At 
wraighl lines EK.,K.¥-- an&SxuttiVdioiwa that the 
tryjinder AH ia W the cjWnaet TiC, » «i« «£*'%». » 
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Produce the axis £F both ways; and take any num- 
ber of straight lines EN, NL, each equal to £K; and 
any number FX, XM, each equal to FK; and let 
planes parallel to AB, CD pass through the points L, 
Ny X, M; therefore the common sections of these 
planes with the cylinder produced are circles, the 
centres of which are the points L, N, X, M, as was 
proved of the plane GH; and these planes cut off the 
cylinders, PR, RB, DT, TQ. And because the axes 
LN, NE, £K are all equal: therefore the cylinders 
PR, RB, BG are* to one another as their bases; but * n. 12. 
their bases are equal, and therefore the cylinders PR, 
RB, BG are equal. And because the axes LN, NE, 
EK are equal to one another, as also the cylinders PR, 
RB, BG, and that there are as many axes as cylinders ; 
therefore, whatever multiple the axis KL is of the 
axis KE, the same multiple is the cylinder PG of the 
cylinder GB. For the same reason whatever multiple 
the axis MK is of the axis KF, the same multiple is 
the cylinder QG of the cylinder GD: and if the axis 
KL be equal to the axis KM the cylinder PG is equal 
to the cylinder GQ; and if the axis KL be greater 
than the axis KM the cylinder PG is greater than the 
cylinder GQ; and if less, less. Since therefore there 
are four magnitudes, viz. the axes EK, KF, and the 
cylinders BG, GD, and that of the axis EK and 
cylinder BG there have been taken any equimultiples 
whatever, viz. the axis KL and cylinder PG; and of 
the axis KF and cylinder GD, any equimultiples 
whatever, viz. the axis KM and cylinder GQ; and 
since it has been demonstrated, if the axis KL be 
greater than the axis KM, the cylinder PG is' greater 
than the cylinder GQ; and if equal, equal ; and if less, 
less: therefore* the axis EK is to the axis KF^ aa*5DeC. 
the cylinder BG to the^cylinder Gl>. 'WViCt^Ssst^^M ^ ' 
cylinder, &c. Q. E. D. 

B E 
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PROP. XIV. THEOR. 

Cones and cylinders upon equal bases are to one another 

as their altitudes. 

Let the cylinders £B, FD be upon the equal bases 
AB, CD: as the cylinder £B to the cylinder FD, so 
shall the axis GH be to the axis KL. 

Produce the axis KL to the point N, and make LN 

.equal to the axis GH, and let CM be a cylinder of 

which the base is CD, and axis LN, and because die 

cylinders EB, CM have the same altitude, they are to 

* 11. 12. one another as their bases:* but their bases are equal, 

therefore also the cylinders EB, CM are equal. And 





<^«^ 



because the cylinder FM is cut by the plane CD pa- 
rallel to its opposite planes, as the cylinder CM to the 

* IS. 12. cylinder FD, so is* the axis LN to the axis KL; but 

the cylinder CM is equal to the cylinder EB, and the 
axis LN to the axis GH; therefore as the cylinder EB 
to the cylinder FD, sp is the axis GH to the axis KL: 

* IS. 5. and as the cylinder EB to the cylinder FD, so is* the 
cone ABG to the cone CDK, because the cylinders are 
triple* of the cones: therefore also the axis GH is to 
the axis KL, as t\\e coive k^G vo t\ve cone CDK, and 

as the cylinder EB to xVie c^Vavdiet^Ti. N^^^^Vst*, 
cones, &c. Q. E. r>. 
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PROP. XV. THEOR. 

The bases and altitudes of equal cones and cylinders, 
are reciprocally proportional; and if the bases and 
altitudes be reciprocally proportional, the cones and 
cylinders are equal to one another. 

Let the circles ABCD, EFGH, the diameters of 
which are AC,. EG, he the bases, and KL, MN the 
axes, as also the altitudes, of equal cones and cylinders; 
and let ALC, ENG be the cones, and AX, EO the 
cylinders: the bases and altitudes of the cylinders AX, 
EO shall be reciprocally proportional : that is, as the 
base A BCD to the base EFGH, so shall the altitude 
MN be to the altitude KL. 

Either the altitude MN is equal to the altitude KL, 
or these altitudes are not equal. First, let them be 
equal; and the cylinders AX, EO being also equal, 
and cones and cylinders of the same altitude being to 
one another as their bases,* therefore the base ABCD * ii« 13. 
is equal* to the base EFGH; and as the base ABCD * A. 5. 
is to the base EFGH, so is the altitude MN to the 





altitude KL. But let the altitudes KL, MN, be un- 
equal, and MN the greater of the two, and from MN • 
take MP equal to KL, and through the point P cut 
the cylinder EO by the plane T\S> ^«t«J\A \a l^"^ 
opposite planes of the circles E¥GVI,^0\ V^'ei^'to^'^ 
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the common section of the plane TYS and the cylinder 
£0 is a circle, and consequently ES is a cylinder, the 
base of which is the circle EFGH, and altitude MP. 
And because the cylinder AX is equal to the cylinder 

* 7. 5. EO, as AX is to the cylinder ES, so • is the cylinder 

£0 to the same ES: but as the cylinder AX to the 

* 11. 12. cylinder ES, so* is the base ABCD to the base EFGH; 

for the cylinders AX, ES are of the same altitude; and 

* IS. 12. as the cylinder EO to the cylinder ES, so* is the alti- I 

tude MN to the altitude MP, because the cylinder EO 
is cut by the plane TYS parallel to its opposite planes: 
therefore as the base ABCD to the base EFGH, so is 
the altitude MN to the altitude MP: but MP is equal 
to the altitude KL; wherefore as the base ABCD to 
the base EFGH, so is the altitude MN to the altitude 
KL ; that is, the bases and altitudes of the equal cylin- 
ders AX, EO are reciprocally proportional. 

But let the bases and altitudes of the cylinders AX, 
EO, be reciprocally proportional, viz. the base ABCD 
to the base EFGH, as the altitude MN to the altitude 
KL: the cylinder AX shall be equal to the cylinder 
EO. 

First, let the base ABCD, be equal to the base 

EFGH; then because as the base ABCD is to the 

base EFGH, so is the altitude MN to the altitude KL: 

•A. 5. therefore MN is equal* to KL, and therefore the 

* 11. 12. cylinder AX is equal* to the cylinder EO. 

But let the bases ABCD, EFGH be unequal, and 
let ABCD be the greater; and because, as the base 
ABCD is to the base EFGH, so is the altitude MN to 

* A. 5. the altitude KL; therefore MN is greater* than RL. 

Then, 'the same construction being made as before, 

because as the base ABCD to the base EFGH, so is 

the altitude MN lo i\ie altitude KL; and because tlie 

altitude KL is equal to tVve aJL\\\.\3Ae "Ntt % S>cvftx«i\<Qit^'^ 

• /i. U, baae ABCD is* to tYie V>ase ^^O^, ^ ^% c<i\flA«t 
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AX to the cylinder £S; and as the altitude MN to 
the altitude MP or KL, so is the cylinder £0 to the 
cylinder ES : therefore the cylinder AX is to the cy- 
linder £S, as the cylinder £0 is to the same cylinder 
£S ; whence the cylinder AX is equal to the cylinder 
£0 : and the same reasoning holds in cones. Q. E. D. 



PROP. XVI. PROB. 

In the greater qf two circles that have the eame centre, 
to inscribe a polygon qf an even number qf eqwU 
sides, that shall not meet the lesser circle. 

Let A BCD, EFGH he two given circles having the 
same centre K : it is required to inscribe in the greater 
circle A BCD a polygon of an even number of equal 
sides, that shall not meet the lesser circle. 

Through the centre K draw the straight line BD, 
and from the point G, where it meets the circum- 
ference of the lesser circle, draw GA at right angles 
to BD, and produce it to C; therefore AC touches* • 16. 8. 
the circle EFGH. Then, if the circumference BAD 
be bisected, and the half of it be again bisected, and 
so on, there must at length remain a circumference 




less* than AD: let this be LD: and firom the point *remiiia 
L draw LM perpendicular to BD, and produce it to 
N ; ajid join LD, DN ; therefore LD is c<\ual to DN \ 
aud because LN is parallel to AC ai\d vWx, KC Vo>M3ckKfc 
the circle EFGH; therefore L^ does xioX. ^«:^^. '^^ 

E E 2 
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than, EF, FG, GH, HE. Then because EH is greater 
than MP, AD is greater than MP; and the circles 
A BCD, MNOP are equal ; therefore the circumference 





AD is greater than MP; for the same reason, the cir- 
cumference BC is greater than NO; and because the 
straight line AB is greater than EF, which is greater 
than MN, much more is AB greater than MN: there- 
fore the circumference AB is greater than MN; and, 
for the same reason, the circumference DC is greater 
than PO: therefore the whole circumference ABCD 
is greater than the whole MNOP; but this is im- 
possible, because it is likewise equal to it: therefore 
KA is not less than LE; nor is it equal to it; there- 
fore the straight line KA must be greater than LE. 
Q. E. D. 

Cor. And if there be an isosceles triangle, the sides 
of which are equal to AD, BC, but its base less than 
AB, the greater of the two sides AB, DC ; the straight 
line KA may, in the same manner, be demonstrated to 
be greater than the straight line drawn firom the centre 
to the circumference of the circle described about the 
triangle. 

PROP. XVII. PROB. 

In the greater qf two spheree which haoe the temic ceiUr«^ 
/o mscride apolyhedrtm^ ih» superficiet o| vdIikkX l^^n)X 
nof meet the lesser sphere. 
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• 

Let there be two spheres about the same centre A; 
it is required to inscribe in the greater a polyhedron, 
the superficies of which shall not meet the lesser sphere. 

Let the spheres be .cut by a plane passing thcDugh 
the centre ; the common sections of it with the spheres 
shall be circles; because the sphere is described by 
the revolution of a semicircle about the diameter re- 
maining unmoveable ; so that in whatever position the 
semicircle be conceived, the common section of the 
plane in which it is with the superficies of the sphere 
is the circumference of a circle: and this is a great 
circle of the sphere, because the diameter of the sphere, 

* 15. 3. which is likewise the diameter of the circle, is greater* 

than any straight line in the circle or sphere. Let 
then the circle made by the section of the plane with 
the greater sphere be BCDE, and with the lesser 
sphere be FGH ; and draw the two diameters BD, CE, 
at right angles to one another; and in BCDE, the 

* 16. 12, greater of the two circles, inscribe* a polygon of an 

even number of equal sides not meeting the lesser 
circle FGH; and let its sides, in BE the fourth part 
of the circle, be BK, KL, LM, ME; join KA and 

* 12. 11. produce it to N; and from A draw* AX at right angles 

to the plane of the circle BCDE meeting the superficies 
of the sphere in the point X; and let planes pass 
through AX and each of the straight lines BD, KN, 
which, from what has been said, shall produce great 
circles on the superficies of the sphere, and let BXD,* 
KXN be the semicircles thus made upon the diameters 
BD, KN ; therefore, because X A is at right angles to 
the plane of the circle BCDE, every plane which 

* 18. 11. passes through XA is at right* angles to the plane of 

the circle BCDE; wherefore the semicircles BXD, 

KXN are at right angles to that plane. And because 

the semicircles BED, BXD, TLIL^, m^\i sJcv^ ^qj»L 

diameters BD, KN, are ec\ua\ \» otv^ ^xio^vet SiaiEvs. 



httlvoa BE, BX, KX, are equal lo one anoiher: lliere- 
fore, !is many sideb of the polygon as are in BE, bo 
many thi^re nre in BX, KX equal to the udea BK, 
KL, LM, ME. Let ihene )>a1ygons be dcGcribed, and 
their sidra he BO, OP, PH. BX; KS, ST, TY, YX. 
and join 08, PT, RYj Olid from the poinla O, 8 draw 
OV, SQ peqicndiculars to AB, AK: and because llie 
plane BOXD It nt right angles to the plane BCDE, 
and iu one of them BOXD, OV ia drawn perpendicular 
lo AB the common seciion oftlie pUtin. therefore OV 
ia perpendicular* to ihe plane BCDE. For the » 
reason SQ is perpendicular to itie same plane, becauae 
the plane KSXN Uat right angles lathe plane BCDE. 




Join VQ; and b< 

KXN the circum 

-SQ are perpendicular to their dii 

OV is equal lo SQ, and BV equi 

whole B.\ i« 



fore « BV in 
ypArallol* (oBK. 
Ihem at right angli 



VA, « 



to Ihe 
a KQ 
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« 6. II. OV is parallel* to SQ; and it has been proved that it 

* 33. 1. is also equal to it; therefore QV, SO are equal* and 

parallel: and because QV is parallel to SO, and also 

♦ 9. 11. to KB; OS is parallel* to BK; and therefore BO, KS 

which join them are in the same plane in which these 
parallels are, and the quadrilateral figure KBOS is in 
one plane. And if PB, TK be joined, and perpen- 
diculars be drawn from the points P, T to the straiglit 
lines AB, AK, it may be demonstrated that TP is 
parallel to KB in the very same way that SO was 
« 9. 11. shown to be parallel to the same KB: wherefore* TP 
is parallel to SO, and the quadrilateral figure SOFT is 
in one plane; for the same reason the quadrilateral 

• 2. 11. TPRY is in one plane : and the figure YRX* is also in 

one plane ; therefore, if from the points, O, S, P, T, 
R, Y there be drawn straight lines to the point A, there 
shall be formed a polyhedron between the circumfer- 
ences BX, KX, composed of pyramids the bases of 
which are the quadrilaterals KBOS, SOPT, TPRY, 
and the triangle YRX, and of which the common 
vertex is the point A. And if the same construction 
be made upon each of the sides KL, LM, ME, as has 
been done upon BK, and the like be done also in the 
other three quadrants, and in the .other hemisphere; 
there shall be formed a polyhedron inscribed in the 
sphere, composed of pyramids, the bases of which are 
the aforesaid quadrilateral figures, and the triangle 
YRX, and those formed in the like manner in the rest 
of the sphere, the common vertex of them all being 
the point A. 

And the superficies of this polyhedron shall not meet 
the lesser sphere in which is the circle FGH. For, from 

* 11. 11. the point A draw* AZ perpendicular to the plane of 

the quadrilateral KBOS, meeting it in Z, and join BZ, 

ZK, And because AZ is ^er^wi^AcviXax Va i\v« ^^lane 

KBOS, it makes rig^it angles mx\i ^^cti ^>x«w^^v\sB!t 
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meeting it in that plane; therefore AZ is perpen- 
dicular to BZ and ZK: and because AB is equal to 
AK, and that the squares of AZ, ZB, are equal to the 
square of AB; and the squares of AZ, ZK, to the 
square of AK:* therefore the squares of AZ, ZB, are * ^'* i* 
equal to the squares of AZ, ZK. Take from these 
equals the square of AZ, the remaining square of BZ 
is equal to the remaining square of ZK; and therefore 
the straight line BZ is equal to ZK. In like manner 
it may be demonstrated, that the straight lines drawn 
from the point Z to the points O, S are equal to BZ or 
ZK: therefore the circle described from the centre Z, 
and distance ZB, will pass through the points K, O, S, 
and KBOS will be a quadrilateral figure in the circle. 
And because KB is greater than QV, and QV equal 
to SO, therefore KB is greater than SO: but KB is 
equal to each of the straight lines BO, KS ; wherefore . 
each of the circumferences cut off by KB, BO, KS is 
greater than that cut off by OS ; and these three cir- 
cumferences, together with a fourth equal to one of 
them, are greater than the same three together with 
that cut off by OS; that is, than the whole circum- 
ference of the circle ; therefore the circumference sub- 
tended by KB is greater than the fourth part of the 
whole circumference of the circle KBOS, and conse- 
quently the angle BZK at the centre is greater than a 
right angle. And because the angle BZK is obtuse, 
the square of BK is greater* than the squares of BZ, * 12. S. 
ZK; that is, greater than twice the square o( BZ. 
Join KV, and because in the triangles KBV, OBV, 
KB, BV are equal to OB, BV, and that they contain 
equal angles; the angle KVB is equal* to the angle * 4. i. 
OVB: and OVB is a right angle; therefore also KVB 
is a right angle: and because BD is less than, tmc^e 
DV, the rectangle contained by 'D'B^'KV \%\«fc ^"w^ 
twice the rectangle DV, VBt ibat \b,"* ^^ ws^msx^"^*^'^ 
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KB is less than twice the square of KV: but the 
square of KB is greater than twice the square of BZ; 
therefore the square of KV is greater than the square 
of BZ: and because BA is equal to AK, and that the 
squares of BZ, ZA are equal together to the square of 
BA, and the squares of KV, VA to the square of AK; 
therefore the squares of BZ, ZA are equal to the 
squares of KV, V A ; and of these the square of KV is 
greater than the square of BZ ; therefore the square 
of VA is less than the square of Z A, and the straight 
line AZ greater than VA. Much more then is AZ 
greater than AG; because, in the preceding proposi- 
tion, it was proved that KV falls without the circle 
FGH: and AZ is perpendicular to the plane KBOS, 
and is therefore the shortest of all the straight lines 
that can be drawn from A, the centre of the sphere to 
that plane : therefore the plane KBOS does not meet 
the lesser sphere. 

And that the other planes between the quadranti 
BX, KX fall without the lesser sphere, is thus de- 
monstrated. From the point A» draw A I perpendicular 
to the plane of the quadrilateral SOPT, and join 10; 
and, as was demonstrated of the plane KBOS and the 
point Z, in the same way it may be shown that the 
point I is the centre of a circle described about SOPT: 
and that OS is greater than PT; and PT was shown 
to be parallel to OS : therefore, because the two trape- 
ziums KBOS, SOPT inscribed in circles, have their 
sides BK, OS parallel, as also OS, PT; and their 
other sides BO, KS, OP, ST all equal to one another, 
and that BK is greater than OS, and OS greater than 
* iLem, i>T; therefore the straight line ZB is greater* than 
lO. Join AO which will be equal to AB; and because 
AlOf AZB are right «ng,U«, the squares of A 1, 10 are 
equal to the square oi XO, ox ol K&\ ^«x.\&^ \b>^ 
squares of AZ, ZB; and t\ve iqaw^ t^^ X^ S* ^w^sx 
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tliaii die sqnare of lO, therefore the square of AZ is 
lew than the square of AI ; and the straight line AZ 
lew than the straight line AI : and it was proved that 
AZ is greater than AG; much more then is A I greatet 
dMB AG: therefore the plane SOFT falls wholly with- 
out die lesser sphere. In the same manner it may be 
demonstrated that the plane TPRY falls without the 
same sphere, as also the triangle YRX^viz. by the Cor. 
of Lemma it And after the same way it may be 
demonstrated that all the planes which contain the 
polyhedron, fall without the lesser sphere: therefore 
in the greater of two spheres which have the same 
eentre, a polyhedron is inscribed, the superficies of 
which does not meet the lesser sphere. Which was to 
be done. 

But the straight line AZ may be demonstrated to be 
greater than AG otherwise, and in a shorter manner, 
without the help of Prop. xvi. as follows. From the 
point G, draw GU at right angles to AG and join AU. 
If then the circumference BE be bisected, and its half 
again bisected, and so on, there will at length be left a 
eireumference less than the circumference which is 
subtended by a straight line equal to GU inscribed in 
the circle BCDE. Let this be the circumference KB : 
therefiire the straight line KB is less than GU: and 
because the angle BZK is obtuse, as was proved in the 
preceding, therefore BK is greater than BZ: but GU 
is greater than BK; much more then is GU greater 
than BZ, and the square of GU than the square of BZ ; 
and AU is equal to AB : therefore the square of AU, 
that is, the squares of AG, GU are equal to the square 
of AB, that is, to the squares of AZ, ZB; but the 
square of BZ is less than the square of GU; therefore 
the square of AZ is greater than tl\« w^aAX^ ^1 K^^ 
and the Btndght line AZ conBecv>3ieTvVV} ^^^Ust *dcias^ 
be Btndght line AO. 

F F 



Cor. And ir in the leser aphere there be inicribed 
a pvtyhrdron l>y drawing Btraight lines betviit cba 
pciinia in whicli llie straighl linei from ihe cenin of 
the sphere draon to all the sngles of the polyhednm In 
tlie gteater a|ihere meet the superficies of the leBsefi 
in (he same order in which are joined tiie points il 
nhich the lame lines from (be cciiDe mee[ the luper- 
ficies of the jester sphere: the polyhedron in t) 
sphere BCDE hsa (o tliis other polyhedron (he Iripli- 
L-ate ratio of that which the diameier of the spben 
BCDE has to ihe diameter of the other sphere 
if IheEe two solida he divided into the same number rf 
pyramids, and in the ume orderi (he pyramidi it 
bo similar (0 one anoilier, each to each; because Ihq ^ 
have the solid angles at their coininon vertex, tl^ 
centre of the sphere, the same in each pyramid, oitl 
their other solid angles at the base* equaJ to on,' 

1. Rnother, each to each, * because they are contained Itf 
(hrce plane angles each equal to each ; and the pyi% 
nijds are conEained by (he same numher of timiltf 

gr. plaoGs; and are therefore similar* to one ai 

each to each i but similar pyramids have to one aiMtbil 
the (riplicate* ratio of their homologous jtdea. 
tore the pyramid of which the base is the quadiiUteid 
KBOS, and vertex A, has to the pyramid in (he o( 
sphere of the same order, the triplicate ratio of thck. 
homologous sideaj that is, of that ratio, irluch Aft 
from the centre of the greater sphere has to (be stniglrf 
line from (he same centre to the superficies of ll 
leaser Gplieie. And in like niauner, each pyrintidi 
the greater sphere has to each of the same order in tl 
lesser, the triplicate ratio of thai which AB has « 
tlie semidianieter of the leaser sphere. And ■> el 
antecedent is to its consequent, so are al) die aaU 
cedents to al\ t,\\e camtn^eaU', «\verelbre the iiImI 
polyhedron \n iVicpeMw »Ti*iwe\n».«>*vti*^«.^ 
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ledron in the other, the triplicate ratio of that which 
(LB the semidiameter of the first hai to the semi- 
liameter of the other; that is, which the diameter BD 
of the greater has to the diameter of the other sphere. 
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S^kem kaoe to one another tho tryfUcatt ratio qf thai, 
wMeh their dtametere have. 

Let ABC, DEF he two spheres of which the diame- 
ters are BC, EF: the sphere ABC shall have to the 
iphere DEF the triplicate ratio of that which BC has 
toEF. 

For, if it has not, the sphere ABC must have to a 
iphere either less or greater than DEF, the triplicate 
ratio of that which BC has to EF. First, if possible, 
let it have that ratio to a less, viz. to the sphere 
($HK ; and let the sphere DEF have the same centre 
idtk GHK; and in the greater sphere DEF inscribe* * 17. H 




r M. 




k polyhedron, the superficies of which does not meet the 
leaser sphere GHK ; and in the sphere ABC inscribe 
uiother similar to that in the sphere DEF: therefore 
the polyhedron in the sphere ABC has to the poly- 
hedron in the sphere DEF, the triplicate ratio* of that *Cor.i7. 
which BC has to EF. But the sphere ABC has to the '^* 
q»here GHK, the triplicate ratio of that which BC has 
to EF; therefore, as the sphere ABC tA tVk& «^Wt% 
GHK, so is the jM>]yhedron in tVie ei^Veie ^J&C \s& ^^ 
^ybedron in the sphere BEBi l^uX ^"ft w^€^^ ^>^^ 



{ 
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* H. 5. 18 greater than the polyhedron in it; therefore* also 

the sphere GHK is greater than the polyhedron in the 
sphere DEF : but this is impossible, because it is less, 
being contained within it: therefore the sphere ABC 
has not to any sphere less than DEF, the triplicate 
ratio of that which BC has to EF. In the same man- 
ner, it may be demonstrated, that the sphere DEF has 
^ot to any sphere less than ABC, the triplicate ratio of 
that which EF has to BC. Nor can the sphere ABC 
have to any sphere greater than DEF, the triplicate 
ratio of that which BC has to EF. For, if it can, let 
it have that ratio to a greater sphere LMN : therefore, 
by inversion, the sphere LMN has to the sphere ABC, 
the triplicate ratio of that which the diameter EF has 
to the diameter BC. But as the sphere LMN to ABC, 
so is the sphere DEF to some sphere, which must be 

* 14. 5. Jess* than the sphere ABC, because the sphere LMN 

is greater than the sphere DEF : therefore the sphere 
DEF has to a sphere less than ABC the triplicate 
ratio of that which EF has to BC ; which was shown to 
be impossible : therefore the sphere ABC has not to any 
sphere greater than DEF the triplicate ratio of that 
which BC has to EF: and it was demonstrated, that 
neither has it that ratio to any sphere less than DEF: 
therefore the sphere ABC has to the sphere DEF, the 
triplicate ratio of that which BC has to EF. Q. E. D. 
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APPENDIX. 



MISCELLANEOUS EXERCISES 



IN 



PLANE GEOMETRY. 



1. From two given points to draw two straight lines 
which shall be equal to one another, and which shall 
meet in the same point in a line given in position. 

2. From two given points, on the same side, or op- 
posite sides of a line given in position to draw two lines, 
which shall meet in that line, and make equal angles 
with it. 

3. The two sides of any triangle are together greater 
than the double of the straight line which joins the 
vertex, and the point of bisection of the base. 

4. To trisect a given finite straight line. 

5. The difference between two sides of a triangle is 
less than the third side. 

6. The three straight lines drawn from the points of 
bisection of the three sides to the opposite angles, 
pass through the same point 

7. The straight line joining the points of bisection 
of two sides of a triangle, is parallel to the base. 

8. Straight lines joining the successive middle points 
of the sides of a quadrilateral figure, iotm ^ y^^^^^ 
ogram. 
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9. In any triangle, the sum of the squares of the 
tides is equal to twice the square of half the base, and 
twice the square of the straight ]ine» which joins the 
point of bisection with the vertex. 

10. Four times the sum of the squares of the three 
straight lines, drawn from the angles of a triangle, to 
the points of bisection of the opposite sides, are equal 
to three times the sum of the squares of the three sides. 

1 1. The squares of the straight lines drawn fit>m any 
point to two opposite angles of a rectangle, are to- 
gether equal to the squares of those drawn to the 
other angles. 

12. If the sides of an equilateral and equiangular 
pentagon be produced to meet, the angles formed by 
these lines are together equal to two right angles. 

13. If the sides of an equilateral and equiangular 
hexagon be produced to meet, the angles Ibrm^ by 
these lines, are together equal to lour right a^^es. 

14. If from the extremities of th^ diameter of a 
semicircle, perpendiculars be let frdl upon any line 
cutting the semicircle, the parts intercepted between 
the perpendiculars and the circumference are equaL 

15. If on each side of any point in the circumference 
of a circle, any number of equal area be taken, and 
the extremities of each pahr joined, the ttnn of the 
chords so drawn will be equal to the last chord pro- 
duced to meet a line drawn from the given point 
through the extremity of the first arc 

16. If one circle touch another externally or inter- 
nally, any straight line drawn through the point of 
contact will cut off similar s^pnents. 

17. From two given points in the circumference of 
a given circle^ to draw two lines to a point in the 
cmnimference, which s^iaW cu\. «i\vck& ^\en in position, 

MO that the part of it mtexcevte^ ^1 ^««^ ^o«J '^ 
equal to a given line. 
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18. If two circles touch each other, and also touch 
a straight line, the part of the line between the points 
of contact is a mean proportional between the dia- 
meters of the circles. 

19. If from any point within an equilateral triangle, 
perpendiculars be drawn to the sides, they are together 
equal to a perpendicular from any of the angles to the 
opposite side. 

20. The three straight lines which bisect the angles 
of a triangle, meet in the same point. 

21. If from the angles of a triangle, perpendiculars 
be drawn to the opposite sides, they will pass through 
die same point. 

22. Within or without a triangle, to draw a straight 
line parallel to the base, such that it may be equal to 
the parts of the other sides, or of their continuations, 
intercepted between it and the base. 

23. If the circumference of a circle be cut by two 
straight lines which are perpendicular to one another, 
the squares of die four segments between the point of 
intersection of the two lines, and the points in which 
they meet the circumference, are together equal to 
the square of the diameter. 

24. Describe a circle touching a given straight line, 
and also passing through two given points. 

25. In an isosceles triangle to inscribe three circles 
touching each other, and each touching two of the three 
sides of the triangle. 

26. In a given triangle to inscribe a rectangle ot a 
given magnitude. 

27. In a given triangle to inscribe a rectangle which 
shall be similar to a g^ven rectangle. 

28. In a given triangle to inscribe a square. 

29. If in proceeding round a w^vas^ vw t^^ «&9r& 
direction, points be taken m t\ie «\\«&« <st 'Qkv^ «As»» 

produced at equal distances feom t>\« fe«« «k^^^n "^^ 
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figure contained by the straight lines which join them 
■hall also be a eqnare. 

80. If squares be described on die three sides of t 
right-angled triangle, and the extremities of tht 
adjjacent sides be joined, the triangles dius formed ire 
equal to the given triangle and to each other. 

31. If squares be described on the hypothenose 
and sides of a right-angled triangle, and the eztremitiei 
of the sides of the former, and the adjacent tides of 
the others be joined, the sum of the squares of the 
lines joining them will be equal to fiye times the square 
of the hypothenuse. 

38. The squares of the four sides of a quadrilatend 
figure are together equal to the squares of the diago- 
nals, together with four times the square of the straight 
line joining their middle points. 

83. To bisect a triangle by a line drawn pacallel to 
one of its sides. 

84. If in a right-angled triangle a perpendkokr bt 
drawn fin>m the right angle to the hypotfaenuss^ and 
circles inscribed in the triangles on each side of it, their 
diameters will be to each other as the subtending sides 
of the right-angled triangle. 

85. It is required to inscribe a square in a given 
semicircle. 

36. Draw straight lines acron the angles of a given 
square, so as to form an equilateral and equias^g^ulsr 
octagon. 

37. If on one side of an equilateral triangle as a dia- 
meter, a semicircle be described, and from the opposite 
angle two straight lines be drawn to trisect that side, 
these lines produced will also trisect the semicircum- 
ference. 

38. The square of t^e side ol «xk«i^^aQ\a9uKt«lttlan^e 
iflMn'bed in a circle, is e<vuaV tA iSlsx^e ^assL^a^^waiaaa^ 

oftbe radius. 
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39. To draw straight lines from the extremities of 
the chord, to a point in. the circumference of the circle* 
so that their sum may be equal to a given straight Hne. 

40. Given the perimeter of a right-angled triangle, 
am) the perpendicular from the right angle upon the 
hjrpothenuae, to construct the triangle. 

41. Todescribe an isosceles triangle, having the angle 
at the vertex triple of each of the angles at the base. 

48. If on the three sides of any triangle, equilateral 
triangles be described, either all externally, or all in- 
ternally; the straight lines which join the centres of 
th^ circles inscribed in those three triangles will form 
an equilateral triangle. 

43. To divide a given straight line, so that the 
rectangle contained by the segments shall be equal to 
a given rectangle, not exceeding the square upon half 
the g^ven line. 

44. To produce a given straight line, so diat the 
rectangle contained by the whole line thus produced, and 
the part produced, shall be equal to a given rectangle. 

45. In a given circle to inscribe three equal circles, 
touching each other and the g^ven circle. 

46. If the tangents drawn to every two of three un- 
equal circles be produced till they meet, the points of 
intersection will be in the same straiglit line. 

47. In the given straight line joining the centres of 
two given unequal circles, that lie wholly without each 
other, to find a point such, that the two tangents drawn 
from it to the circles, shall be equal to one another. 

48. To find a point from which, if straight lines be 
drawn to three given points, diey will be propordonij 
to three given straight lines. 

49. Each of the complements of the parallelograms 
about the diagonal of a paral\e\o|^«RL,\& «^ tsamcw v^ 

p<»rdonal between these paTaiSiie\o|gc«SMu 
^0, To bisect a given Tectai\^\e,\ii \.N»o%\r5&s8p8C^'«**' 
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drawn parallel to two of ifa adjacent ndea, and etjoally 
distant from them. 

$1. The two angles which straight lines drawn from 
three given points to a fourth point being given : to 
find the position of that point. 

52. Given the base of a trianglei the vertical angle 
and the rectangle of the sides : to constmct the triangle. 

53. If from the extremities of the base of any 
triangle, two straight lines be drawn intersecting 
each other in the perpendicular, and terminating in 
the opposite sides; straight lines drawn from thence 
to the Intersection of the perpendicular with the baae, 
will make equal angles with the base. 

54. If from any angle of a rectangular parallel- 
ogram, a line be drawn to the opposite side, and from 
the acyacent angle of the trapezium dins formed, 
another be drawn perpendicular to the former; the 
rectangle contained by these two lines is equal to the 
given parallelogram. 

55. If through any point within a triangle, three 
lines be drawn parallel to the sides, the solids formed 
by the alternate segments of these lines are equaL 

56. To describe an equilateral triangle, equal to a 
given isosceles triangle. 

57. To describe a circle which shall touch a straight 
line in a g^ven point, and also touch a given circle. 

58. If on the side of a rectangular parallelogram 
as a diameter, a semicircle be described, and from any 
point in the circumference lines be drawn through its 
extremities, to meet the opposite side produced; the 
altitude of the parallelogram is a mean pr^jportional 
between the segments cut o£ 

59. If a straight line be divided into any two parts, 
and tipon the whole and l\ie two ^«x^ semicircles be 
describedf and from tVve ^\tv1 ol «ec>^oTi ^^er^cxw^vs^> 

bw be drawn, on cacYi side o^ ^Vvc\\ cvcOics. la^ ^^ 
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scribed touching it and the semicircles, these circles 

will be equal. V- 

60. Given the lengths of three lines drawn from the \ 
angles to the points of bisection of the opposite sides : 
to construct the triangle. 

61. Given the vertical angle, the difference of the 
two sides containing it, and the difference of the seg- 
ments of the base made by a perpendicular from the 
vertex : to construct the triangle. 

62. Given the three distances of a point within a 
square from three angular points: to construct the 
square. 

63. To divide a circle into any proposed number of 
equal parts, by means of concentric circles. 

64. To divide a triangle into three equal parts, by 
lines drawn frt>m a given point within it. 

65. To divide a quadrilateral into three equal parts, 
by lines drawn from the vertex of one of its angles. 

66. To divide an irregular pentagon into three 
equal parts, by lines drawn from the vertex of one of 
the angles. 

67. The sum of the perpendiculars drawn from the 
centre of the circle described about a triangle to the 
three sides, is equal to the sum of the radii of the 
circumscribed and inscribed circles. 

68. Given the three lines drawn from the vertex of 
a triangle to the base, one of them perpendicular to the 
base, one bisecting the vertical angle, and one bisecting 
the base : to construct the triangle. 

69. Given the base of a triangle, the vertical angle, 
aind the straight line bisecting that angle : to construct 
the triangle. 

70. The segments of the base made by a perpendi- 
cidar from the vertical angle, and the ratio of the sides 
are given : to construct the trian^e. 

Q O 
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CRITICAL QUESTIONS 

OM THE 

ELEMENTS OF EUCLID. 




1. What is geometry t 

Geometry is the science of magnitude, or local 
extension, and the subjects which it considers are 
extent of distance, extent of surface, and extent of 
capacity, or solid c<Hitent 

2. What is the true fmmiaiUm of eyeiy system of 
instruction t 

Adequate and precise definitiona. 

3. Whatisaci^/tetftcHi/ 

It is a clear explanation of the meaning of any term 
or word employed, and distinguishes, with absolote" 
precision, the idea expressed by that term, from the 
{dea eiqpressed by any other term. 

4. Define a powhdate. 

A postulate is the demand of the author, that the 
reader may admit the possibility of performing some 
specified operation. 

5. Define an axiom* 

An axiom is a self-evident truth. 

6. What do you understand by SipropotUum t 

It is a truth proposed to be proved, or an operation 
required to be done; and is either a theorem or a 

jpirohlein. 

7. What is meant Yj^ a tKeoremt 

A theorem U a trutSh ipro^oaeA x» \>^ ^«assM9ai&j^ 
Wh€»c evidence depend u^n^ tt^m o"l^t*««&M|^ 
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8. What is meant by a problem f 

A problem is an operation required to be performed, 
such as the drawing of a line, or the construction of a 
figure. 

9. What is a proposition named, which is preparatory 
to one or more others, and which is of no other use f 

A lemma. 

10. What do you understand by the term demon- 
etrationf 

It is the reasoning by which a truth is established. 

1 1. What is a corollary t 

It is an inference which arises easily and imme* 
diately from some other principle, not requiring any 
lengthened process of reasoning to establish its truth. 

12. What is the meaning of a aeholiumf 

A scholium is a remark subjoined to a demonstration. 

13. Wiiat is the meaning of tlie term hypothesis f 
An hypothesis is a supposition, which may be either 

true or false. 

14. What is a direct demonstration ? 

A direct demonstration commences with admitted or 
demonstrated truths, and proceeds by deducing a series 
of other truths, each depending on the preceding, 
until it finally arrives at the truth proposed to be proved. 

15. What is an indirect demonstration ? 

An indirect or negative demonstration consists in 
assuming as true a proposition which directly con- 
tradicts the one we mean to prove; and on this as- 
sumption a demonstration is founded, which issues in 
a result contrary to a self-evident or demonstrated 
truth; thus proving the truth of the proposition, by' 
demonstrating that the supposition of its contrary 
leads to an absurd conclusion. 

' 16. When are two pTopo&\uon& cwdTar^ \ft ^s«»» 
another t 

When the one affirms vrViat iVfe o^'fcx ^^i^s^^ ^ 
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denies what it affirms ; tfaiis, if it be affirmed that three 
and five are eight, the contrary proposition is, that 
three and five are not eight. 

17. When are two propositions comfene to one 
another? 

When, in the langruage of logic, the nU^eet of one 
is made the predicate of the other, and vice tfersd, 

18. What is defecUve in Euclid's definition of a 
point t 

It includes no positive property of a point ; because 
it does not define what a point is, but what it is not 

19. Give a more correct definition of a point. 

A point is that which has position, but not magnitude. 

20. In geometrical investigations, physical lines and 
points are used instead of mathematical ones ; is the 
r-easoning vitiated on this account? 

No: because the reasoning ia conducted on the 
supposition that the point has no magnitude, and the 
line no breadth. 

21. What axiom is not given by Euclid in a distinct 
form, though tacitly employed by him ? 

The whole is equal to all its parts taken together. 

22. Does the magnitude of an angle depend on the 
length of the lines which contain it, or on what ? 

Simply on their relative position. 

23. Is there any redundancy in the enunciation of 
Prop. i. Book i. ? 

Yes ; the word Jinite is unnecessary, for a ^'o«n straight 
line must be finite. Euclid, however, employs the 
word to show that the line is not of unlimited length, 
but is given in magnitude, as well as in position. 

24. What proposition affords the first instance in 
which the indirect met\vo^ ot dftxnonstration is in- 
troduced t 

The sixth has uauaW^ \>eeti T«Lm^^ %& SJevv^ ^sofc. ^sg«»- 
itio* in whicYi t\ie md^T^iX^ mo^^ oi ^w.VS^ «». 
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ployed ; but the first instance is in the demonstration 
of Prop. iv. 

2^. Why is the phrase *' on the side remote from A," 
added in diis edition to the construction of Prop. ix. 
Book L? 

Because, jf the triangle were described on the other 
side, its vertex might fall on the vertex of the given 
angle, and in this case the solution would evidently fail. 

86. What proposition of Book i. may be omitted, 
and why ? 

The seventeenth ; because it is included in the 
thirty-second of the same Book, and is not referred to 
in anything preceding that proposition. 

27. What problem in Book i. is a particular case of 
Prop. ix. Book vL? 

The tenth. 

28. How many sides has that polygon, the interior 
angles of which are together equal to twenty right angles ? 

Twelve sides. 

29. What is deficient in the demonstration of Prop, 
xlviii. Book L7 

The squares upon equal straight lines are assumed 
equal, without demonstration. 

30. From what proposition of Book L may the squares 
of equal straight lines be inferred to be equal 7 

From the forty-sixth. 

31. What is the principal object of the first Book of 
Euclid ? 

The principal object of the first Book, is to establish 
the truth of Plropi xlvii. which is so important in 
scientific inquiries, that little or no progress can be 
made in science without it. 

32. Define a gnomon. 

It is the part of a para\\e\o^«km "«\Cv3ci \%\B»»ffii. 
when either of the paxaUeVo|;;cain& tX^raX ^sca o\. "^^ 
diagonalB is removed. 



348 ATPENDIX. 

33. How much g^reater is the square of a line than 
the squares of its two parts 7 

Twice the rectangle contained liy the two parts. 

34. Of what does tlie second Book of Euclid treat? 
Of right-angled parallelograms, and of squares. 

35. Why is it a condition in Frop. iii. iv. Book iiL that 
the lines bisected must not pass through the centre. 

Because if both lines pass through the centre, they 
must bisect each other, but may be inclined to each 
other at any angle. 

36. Give a correct demonstration of Prop. ix. Book 
iii. without a diagram. 

Since from any point which is not the centre of the 
circle, only ^100 equal straight lines can be drawn to 
the circumference (vii. iii.); therefore the point from 
which more than two e^ifo/ straight lines can be drawn to 
the circumference, cannot be any other than the centre. 
Dr. Simson*s demonstration of this proposition is open 
to objection ; because, by assuming different positions 
for the fictitious centre, the reasoning will require con- 
siderable modification. The following is the shortest 
proof: — " For if the point be w)t the centre, there 
could be but ttoo equal straight lines drawn from it to 
the circumference, (vii. iii.); hence the truth of the 
proposition. 

37. Prove the truth of Prop. xiii. Book iiL without 
a diagram. 

If two circles touch one another, the straight line 
joining their centres passes through the point of contact 
(xi. and xii. iii.); therefore, if the circles could touch 
one another in more points than one, more straight 
lines than one could be drawn through their centres 
without coinciding with one another; which is im- 
possible. * 

38. Is there any illegitimate assumption in Simson's 
//emoflstratioii of Prop. xx.. Book \\\.1 



Yes : it lakes for granted B parllcular case cif Pruj). 
V. Book V. viz. : " If a mBgniliide be double of another, 
and if a part taken from the first, he douhle of ii pari 
luken troiH the second, the remainder of the first ii 
double of the remainder of the second." 

S'i. Wlist ia defective in the denionEtTBtion of 
Proii. xsx. Book iii.? 

In ihc demunslrnlion il is asserted, that " equal 
Etraiglit lines cut olT equal circumferencea \" hut it 
baa never been proved, that in the tame circle equal 
Etraigbt lines cut off equal circumfcrcnccE. 

40. Is (here any defect in tbedeiuonslrRlionof Prop, 
iii. Book iy.1 

Yi^ : it is aGsumed tlint LM,MN, NL, meet two and 
two, and form a triangle LMN, withoul deDionBtraliDn. 

41. What useful theorem may be deduced from 
Prop. iv. Book iv. ? 

The diameter of the circle inscribed in a right- 
angled triangle is equal to itie excesa of tlie sum iiC 
the legs above the hypothenuse. 

43. What other regular polygons, besides those of 
which the number of eidea is same multiple of 3, 4, S, 
may be constructed by elementary geometry 7 

All tlioie regular polygons, (he number of whose siileB 
is a power of 2 increased by unity, and is a prime 
number, that is, a number not producible by the mul- 
dpIicHtionof any twowhole numbers greater than unity; 
sucli 88 polygons of IT, SG7, and 05,537 sides ; for 
17 - a' + 1, 2S7 = 2* + 1, 65,S37 - 21" + 1. Tlie 
construction of a septemdecagon, or 17-Bided poly^uit, 
has been (he aubjee( of some very elegant researches 
by Gauu, Lonry, and others. 

43. Define the term tquiwmllipln. 

Equimultiples of magnitudcE sre m 
lain iho<e magniludeB respeclivelj, ' 
g/timo. 
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44. What k meant by the expression, " sunili* 
tude of ratios/* in Del viii. Book t.? 

It signifies simply the equality of ratios. 

45. When are numbers or magnitudes said to be 
eommenturablej or mcomiii emum ^lg/ 

According as they have a common measure or not 

46. When are magnitudes said to be of the same ktMd f 
When they admit of comparison as to dieir equality 

or inequality. 

47. What is meant by " continual proportionals ?" 
The meaning is, that each of the terms, except the 

first and last, is used as the consequent of one ratio, 
and the antecedent of another, 

48. In continual proportionals, of what are the ratios 
of the first to the third, the first to the fourth, the first 
to the fith compounded ? 

Two equal ratios, three equal ratios, n — 1 equal 
ffatios : hence the terms duplicate ratio, triplicate 
ratio, and so on. 

49. What is defective in the demonstration of Prop. i. 
Book tU 

It is assumed, that if the base of one triangle be 
greater or less than the base of another of the same 
altitude, then the area of the former is greater or less 
than the area of die latter, without proof or axiom. 
Besides, it ought to have been proved that the triangles 
and parallelograms are to one another as their bases ; 
whereas it is proved that the bases are to one another 
as the triangles and parallelograms. 

50. What is defective in the enunciation of Prop. ii. 
Book vi.7 

It does not specify in the analogy what lines are 

homologous to one another; but assumes that the 

segments between the parallel and the base are 

/lomoiogous to one another. 

ffU Enunciate tVioBc pTo^as\\\o3n& ol ^^0«.^v nthieh 
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peculiarly facilitate the application of algebra to 
geometrical investigations. 

- ( 1 .) *^ The sides about the equal angles of equiangular 
triangles are proportionals," &c. 

(2.) ** If four straight lines be proportionals, the 
rectangle contained by the extremes is equal to the 
rectangle contained "by the means," &c. 

52. Specify those propositions of Book vi. which 
generalize certain propositions in Book i. 

Prop. iv. V. vi. Book vi., generalize Prop. xxvi. viii. 
iv. Book i. 

53. Of what does the sixth Book of Euclid treat? 
Of the sides and areas of certain rectilineal figures, 

and contains the investigation of lines that have a 
proposed ratio to given lines. 

54. What do the eleventh and twelfth Books treat of 7 
Of the geometry of planes and solids. 

55. Of how many Books do the Elements of Euclid 
consist ? 

Fifteen. 

56. About what period did Euclid flourish ? 
About 300 years, b. c. at the time Ptolemy Lagos 

was king of Egypt 

57. What answer did Euclid give to the question of 
his pupil, King Ptolemy — " Is there no shorter way of 
coming at geometry than by your Elements ?" 

** There is no royal road to geometry." 
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NOTES, 



NOTE I. 

AKOTHER DEMONSTRATION OF PROPOSITION XIII. 

BOOK II. 

{See thefiffuree in p. 64.) 

Let ABC be any triangle, and the angle at B one of 
its acute angles; and upon BC, or its prolongation, 

* 12. 1. one of the sides containing it, let fell the perpendicular* 

MD from the opposite angle : the square of the side 
AC, subtending the angle B, shall be less than the 
squares of AB, BC, by twice the rectangle CB, BD. 

For if the perpendicular AD falls within the triangle 
ABC, the straight line BC is divided into two parts in 
the point D, and if it falls without the triangle, then 
BD is divided into two parts in the point C ; therefore, 

* 7k 2. in either case, the squares of CB, BD are equal* to 

twice the rectangle contained by CB, BD, together 
with the square of DC : to each of these equals add the 
square of AD; therefore, the squares of CB, BD, DA, 

* 2. Ax. are equal* to twice the rectangle CB, BD, together 

with the squares of AD, DC ; but the square of AB is 

* 47. 1. equal* to the squares of BD, DA, because the angle 

BDA is a right angle; and the square of AC is equal 
to the squares of AD, DC; therefore, the squares of 
CB, BA are equal to the square AC, and twice the 
rectangle CB, BD; that is, the square of AC alone, is 
less than t\\e s<\viaxe^ o^ C^,\i^.,'h^ twice the rectangle 
CB, BD. But*\l t\ve «v^e K.^\iei^^x^^\v^N!t>SSajt\s,^C 
t]i«n BC latYve alxa\g^v\.\\\^e^^^^^«:^^i^^>^'«:^^^^'9^ 
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and the acute angle at B : and because the square of 
AB is equal* to the squares of BC, CA; therefore the * 47, |, 
squares of AB, BC are equal to the square of AC, and 
twice the square of BC: therefore in every triangle 
&c. Q. £. D. 



NOTE It. 

KkJteefftlCAL EXPLANATION OF DEFINITION V. BOOK V. 

1. Let it be required to ascertain whether 4 has the- 
same ratio to 7 which 24 has to 42, or if 4 : 7 : : 24 : 42. 

Of the Jirst and third take any equimultiples 12 and 
72 ; and of the second and fourth take any equimul*' 
tiples 14 and 84; then the multiples of the four pro* 
posed numbers, taken in their order, are 

12, 14, 72, 84. 

Now the multiple of the first is less than that of thtf 
second, and the multiple of the third is less than that 
o( the fourth. 

Again, of the first and third take any equimultiples 
28 and 168, and of the second and fourth take the 
equimultiples 28 and 168; then the multiples are 

28,28,168,168; 

where the multiple of the first is equal to that of the 
second, and the multiple of the third is also equal to 
that of the/oar/*. 

Lastly, o{ the first and third take any equimultiples 
20 and 120, and of the second and fourth take equimul- 
tiples 14 and 84; then these multiples are 

20, 14, 120, 84. 

Here the multiple of the first is greater than that oi 
the second, and the multiple of the ikM \» «&aK) ^«iMM^ 
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than that of the fomrth; dierefore the three conditions 
enunciated in the definition are completely fulfilled 
and consequently 

4: 7:: 24: 42; 
or 4 has to 7 the same ratio which 24 has to 42. 

2. Determmet by BmeluTs definition qf proportiim, 
whether 

7: 22: : 113: 355. 

The fiulure of fulfilling any one of the three conditions 
stated in the definition, will be a certain indication 
that the four given numbers cannot constitute a pro- 
portion. NoW) if by taking equimultiples of the first 
and third we have 

154, 22, 2486, 355, 

and by taking equimultiples of tlie second and fourth 
we have 

154, 154,2486,2485; 

then the multiple of the first is equal to that of the 
second, but the multiple of the third is mot equal to 
that of the fourth ; consequently the proposed numbers 
cannot constitute a proportion, because they fail to 
fulfil one of the conditions of the definition of pro- 
portion. 
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NOTE III. 






SYNOPSIS OP PROPORTION. 




If 


a 


b : 


e 


if 


Pfrmuiando 


a 


e 


b 


d 


Jnvertendo 


b . : 


a 


d 


e 


Componendo a + b 


b '. 


: c + d 


: if 


Dimdendo a — h 


b . 


: : e—d 


if 


Convertendo 


a 


: a — b 


: e 


:e— If 


or 


.« 


a-i-b 


e 


: c + d 


Also, if 


a 


b 


d 


e 


and 


b : 


e 


: e 


: / 


then ex €Bquo 
ordinate y 


a 


e 


d 


: / 


But, if 


a 


b 


'. : e 


: / 


and 


b : 


e 


d 


9 

• 


then, ex aquo \ 
perturbaie J 


■ 

a 


e 


:i d 


: / 


Again, if 


a 


b 


'. I c 


d 


then i 


j + A 


:«-* 


: le-i-d 


: e— if 


also 


ma 


: mb 


: : nc 


: ml 


or 


ma 


nb '. 


: mc 


: nd 




a 


a 


e 


d 


• • t • 


m 


m 


n 


n 




a 


b 


e 


d 


.... 


— 


', -» 


•■• 


t — 




f» 


n 


m 


n 


• t •« 


«" 


b^ 


: : c» 


: iP» 


Also, if 


a 


b 


: : C 


d 


and 


e 


: / 


:: ff 


h 


and 


k 


/ 


: m 


: ft 


then 


ack 


: bfl 


: : c^wi 


:dfA» 
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NOTE IV. 

ON INCOMMENSURABLE MAGNITUDES. 

1. A magnitude thai meamtrtB two other magmtudei, 
measuree aUo their sum end difference. 

Let M be a magnitude that measures each of the 
magnitudes A and B; and let M measure A, m times, 
and B| ii times ; then A is equal to m times M, and B 
is equal to n times M; therefore A and B together are 
equal to m times M, together with n times M ; that is, 
to as many times M as there are units contained in the 
sum of m and n ; hence M measures the sum of A and 
B. It likewise measures their difference; for the 
difference between A and B is equal to the difference 
between m times M and n times M ; that is to as many 
times M as there are units in the difference between 
m and »; hence M measures the difference of A and B. 

Hence if M measures B, and either the sum of A 
and B, or the excess of A above B, it will measure A. 
For if M measure B and the excess of A above B, it 
will measure A, which is the sum of B, and the excess 
of it above B. For the same reason, if M measures B 
and the sum of A and B, it will measure their differ- 
ence ; that is, M measures A. 

2. Two magnitudes of the same kind being given, to 
^nd their greatest common measure. 

Let A and B be the given magnitudes ; it is required 
to find the greatest magnitude that will measure each 
of them. Let A be the greater of the two magnitudes, 
and find the multiple of B that is nearest to A, either 
greater or less than it, and let the difference between 
A and this multiple be C, which must be either equal 
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to the half of B, or iess than its half. In like manner 

find the multiple of C nearest to B, R) A 7 » 

and let the difference between B g 

and this multiple be D, a mag- — ttt « /„ 

nitude either less than the half of q 

C, or exactly equal to its half; pro- — ^ q i 

ceed in this manner till no re« . 

mainder be left, or till the last dif- 

ference measures the preceding one ; then shall the last 
difference be the greatest common measure required. 

Let D be the last difference; then D measures C, 
and therefore it measures any multiple of C ; hence D 
measures both the sum and difference of D, and a mul- 
tiple of C ; but the sum or difference of D and a mul- 
tiple of C is equal to B; hence D measures B, and 
therefore D measures any multiple of B ; but the differ- 
ence of A and a multiple of B is C, which is measured 
by D ; hence D measures the sum or difference of C 
and a multiple of B ; that is, D measures A ; conse- 
quently D measures both A and B. 

Also, D is the greatest common measure of A and B; 
for since the magnitude required measures A, B, and 
also any multiple of B; therefore it measures the 
difference between A and a multiple of B ; that is, it 
measures C. Again, since it must measure any mul- 
tiple of C, it must also measure the difference between 
B and a multiple of C ; that is, it measures D. 

But a magnitude cannot be measured by a magnitude 
greater than itself; hence the last difference is the 
greatest common measure of A and B. 

If the preceding process is interminable, the given 
magnitudes cannot have a common measure, and are 
consequently mcommeMurdble. 

THE END. 
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